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elliptic function, new solutions and the corresponding Bäcklund transformation of the equation are presented. Based on

this, the generalized pentavalent KdV equation and the breaking soliton equation are chosen as applicable examples and
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1. Introduction

The development history of soliton theory con-
tains three stages. In the first stage (from 1834 to
1951), much work was done including the discovery of
the natural phenomenon[1] of the Russell solitary wave
(1834), the introduction of the Bäcklund transforma-
tion for the sine-Gordon equation (1885), the propo-
sition of the mathematical model KdV equation and
solitary wave solutions[2] (1895), and the introduction
of the Cole–Hopf transformation (from 1950 to 1951).
In the second stage (from 1955 to 1970), numerous
work was done including the problem of FPU (1955),
the proposition of the conception of solitons (1965),
the discovery of the inverse scattering method (1967),
the introduction of the Miura transformation (1968),
and the conception of Lax pairs (1968). Then in 1970,
the study of soliton theory entered a new stage, vari-
ous powerful methods for obtaining solutions of non-
linear evolution equations have been presented, such
as, Hirota’s bilinear method, the homogeneous bal-
ance method, the hyperbolic tangent function expan-
sion method, the auxiliary equation method, and so
on. These methods have been applied to construct

smooth solitary wave solutions of nonlinear evolution
equations.

In 1993, Camassa and Holm (Los Alamos Na-
tional Laboratory) found the following shallow water
wave equation (CH equation)[3]

ut + 2kux + 3uux − 2uxuxx − uxxt − uuxxx = 0, (1)

where k is a constant. When k = 0, they obtained the
solitary wave solution of the CH equation as follows:

u(x, t) = c exp(−|ξ|) = c exp(−|x − ct|), (2)

Describing graph (2) on the plane u–ξ, there is a
sharp point on the peak, which is called the peak soli-
ton solution. It is a new solution in the field of exact
solutions of nonlinear evolution equations.

Alber et al.[4] studied the geometric structure of
peak solitary wave solutions, Clarkson et al.[5] dis-
cussed the symmetry reduction of peak soliton equa-
tion, the authors in Refs. [6]–[8] researched the prob-
lems of the existence, stability and conservation mea-
sure of solutions to peak soliton equations, respec-
tively. Tian et al.[9] presented the conception of con-
cave and convex peak solitary wave and smooth soli-
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tons, and new results of the CH equation were ob-
tained when k = 0.

In 2002, Dullin et al.[10] set up the CH-r equation
when they researched the motion rule of the inviscid
shallow layer of nonspin and no compress under the
effect of the Earth’s gravity and surface of self-fluid
extension

ut + c0ux + 3uux − α2
(
uxxt + uuxxx + 2uxuxx

)
+ ruxxx = 0, (3)

where c0, α, r are constants and α 6= 0.
CH-r equation included two important shallow

water wave equations. When γ = 0 and α = 0, Eq. (3)
becomes the CH equation and KdV equation, respec-
tively.

In Ref. [11], analytic expressions and relation of
isolated peak wave and periodic peak wave of Eq. (3)
were discussed.

In Ref. [12], compact soliton solutions, peak soli-
ton solutions and the Painlevé integrability for one
type of nonlinear dispersive generalized DGH equa-
tion (4) were studied

ut − uxxt + 2ωux + aumux + γuxxx

− 2uxuxx − uuxxx = 0, (4)

where a and γ are constants, m is a positive integer.
In Refs. [13] and [14], Degasperis–Procesi equa-

tion (5) was discussed by using qualitative analysis
theory and analytic expressions of peak solitary wave
solutions and periodic peak wave solutions were given
by phase diagram

ut + c0ux + γuxxx − α2uxxt

−
(
βu2 + δu2

x + θuuxx

)
x

= 0, (5)

where α, β, γ, δ, θ, and c0 are constants.
Degasperis–Procesi equation is a new type of com-

plete integrable shallow water wave equation, the

equation contains the CH-r equation. When θ =
α2, β = − 3

2 ,−(2δ + θ) = −2α2, equation (5) becomes
the CH-r equation.

The peak soliton solutions of nonlinear evolution
equations is much more important in physics. For ex-
ample, superconduction electron and superfluid liquid
helium atom are peak solitons, the properties of mo-
tion invariance and collision stability of this type of
soliton caused superconduction property and super-
fluid property. Therefore, peak soliton solutions play
important role in the study of superconduction prin-
ciple and superconduction material.

In 1993, Rosenau and Hyman set up K(m,n)
equation[15] when they researched the change rule of
liquid drop

ut + (um)x + (un)xxx = 0, (6)

where m > 0, 1 < n ≤ 3. They obtained the following
soliton solutions of the K(2, 2) equation, the K(2, 3)
equation, the K(3, 2) equation and the K(3, 3) equa-
tion

u(x, t) =


4λ

3
cos2

(
x − λt

4

)
,

∣∣∣∣x − λt

4

∣∣∣∣ ≤ π

2
,

0,

∣∣∣∣x − λt

4

∣∣∣∣ >
π

2
.

(7)

In the past, smooth soliton solutions and peak
soliton solutions existed in long wave form, that is,
the height of the soliton was not zero when |ξ| < ∞
in u–ξ plane. However, the height of solution (7) was
zero when |ξ| > π/2, the soliton solution was called
the compact soliton solution.

In 2002, Yan founded the following B(m,n)
equation[16] by studying change of liquid drop

utt = (um)xx + (un)xxxx, (8)

where m,n ∈ R. He obtained following compact soli-
ton solutions of Eq. (8) by using algebraic method

u(x, t) =


[

2mv2

m + 1
cos2

(
m − 1
2m

(x − vt)
)]1/(m−1)

,

∣∣∣∣ (m − 1)(x − vt)
2m

∣∣∣∣ ≤ π

2
,

0,

∣∣∣∣ (m − 1)(x − vt)
2m

∣∣∣∣ >
π

2
,

(9)

u(x, t) =


[

2mv2

m + 1
sin2

(
m − 1
2m

(x − vt)
)]1/(m−1)

,

∣∣∣∣ (m − 1)(x − vt)
2m

∣∣∣∣ ≤ π

2
,

0,

∣∣∣∣ (m − 1)(x − vt)
2m

∣∣∣∣ >
π

2
.

(10)
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In Ref. [17], K(m,n, 1) equation was discussed and the following compact soliton solutions of K(2, 2, 1)
equation were gained

ut + α(um)x + β(un)xxx + γuxxxxx = 0, (11)

u(x, t) =


16D − 1

12
sin2

(
1
4
(x − Dt)

)
, 2nπ ≤ 1

4
(x − Dt) ≤ (2n + 1)π,

0, others.
(12)

where α, β, γ, m, and n are constants.
In Refs. [3]–[17], the finite peak solitary wave solu-

tions and compact soliton solutions of nonlinear evolu-
tion equations (1), (3)–(6), (8) were obtained by using
different methods. Since 1970, soliton theory began
to enter the third evolutionary stage, various solving
methods[18−39] have been proposed to construct exact
solutions of nonlinear evolution equations. Accord-
ing to materials that we have mastered, a few meth-
ods are applied to search for peak soliton solutions
and compact soliton solutions of nonlinear evolution
equations. In theory, nonlinear evolution equations
exist infinite solutions. Therefore, to construct infi-
nite sequence smooth solitary solutions, infinite se-
quence peak soliton solutions, and infinite sequence
compact soliton solutions of nonlinear evolution equa-
tions, studying highly the first kind of elliptic equa-
tion, new solutions, and the corresponding Bäcklund
transformation of the equation are presented. Based
on this, generalized pentavalent KdV equation and
the breaking soliton equation are chosen as applica-
ble examples and infinite sequence smooth soliton so-
lutions, infinite sequence peak solitary wave solutions,
and infinite sequence compact soliton solutions are ob-
tained with the help of symbolic computation system
Mathematica, where included infinite sequence exact
solutions composed by Jacobi elliptic function, hyper-
bolic function, triangle function, and rational function
alone. The method is of significance to seek infinite
sequence new exact solutions of other nonlinear evo-
lution equations.

2. New solutions and the cor-

responding Bäcklund transfor-

mation of the first kind of el-

liptic equation

The first kind of elliptic equation has played im-
portant role in constructing exact solutions of nonlin-

ear evolution equations. The equation has been ap-
plied to obtain only finite exact solutions of nonlinear
evolution equations, infinite sequence exact solutions
are not given. For example, in Refs. [40]–[43], finite
smooth soliton exact solutions of nonlinear evolution
equations are constructed. Now, in the following we
study the first kind of elliptic equations, new solutions,
and the corresponding Bäcklund transformation of the
equation will be presented, and these results are of sig-
nificance to construct infinite sequence exact solutions
of nonlinear evolution equations.

2.1.The solutions of the first kind of el-

liptic equation

2.1.1. The known solutions of the first kind of
elliptic equation

In many literatures, exact solutions of nonlinear
evolution equations are constructed by using the fol-
lowing solutions of the first kind of elliptic equation(

z(ξ)
dξ

)2

= a + bz2(ξ) + cz4(ξ). (13)

To be written explicitly, for a = 1, b = −1−k2, c = k2,
z(ξ) = sn(ξ, k), we obtain(

sn(ξ, k)
dξ

)2

= 1 + (−1 − k2) sn2(ξ, k)

+ k2 sn4(ξ, k); (14)

for a = 1 − k2, b = 2k2 − 1, c = −k2, z(ξ) = cn(ξ, k),
we have(

cn(ξ, k)
dξ

)2

= (1 − k2) + (2k2 − 1) cn2(ξ, k)

− k2 cn4(ξ, k); (15)

and for a = −1 + k2, b = 2 − k2, c = −1, z(ξ) =
dn(ξ, k), we gain(

dn(ξ, k)
dξ

)2

= (−1 + k2) + (2 − k2) dn2(ξ, k)

− dn4(ξ, k). (16)
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2.1.2. The new solutions of the first kind of el-
liptic equation

According to the definition of Jacobi elliptic func-
tion, we obtain

sn(ξ + 4K(k)) = sn(ξ), cn(ξ + 4K(k)) = cn(ξ),

dn
(
ξ + 2K(k)) = dn(ξ), (17)

where

K(k) =
∫ π/2

0

1√
1 − k2 sin2 ϕ

dϕ

=
∫ 1

0

1√
(1 − x2)(1 − k2x2)

dx, 0 ≤ k ≤ 1.

In this paper, to construct infinite sequence com-
pact soliton solutions of nonlinear evolution equations,
according to solutions (14)–(16) and periodicity of Ja-
cobi elliptic function, new type solutions of the first
kind of elliptic function are found as given below.

When a = 1, b = −(1 + k2), c = k2, the solution
of Eq. (13) is taken the form,

z(ξ) =

 sn(ξ, k), K(k) ≤ ξ ≤ 5K(k),

1, others,
(18)

When a = (1 − k2), b = (2k2 − 1), c = −k2, the
solution of Eq. (13) is taken the form,

z(ξ) =

 cn(ξ, k), 0 ≤ ξ ≤ 4K(k),

1, others.
(19)

When a = −(1 − k2), b = 2 − k2, c = −1, the
solution of Eq. (13) is taken the form,

z(ξ) =

 dn(ξ, k), 0 ≤ ξ ≤ 2K(k),

1, others.
(20)

When a = 0, the solutions of Eq. (13) are taken
the forms,

z(ξ) =


[
−b

c
sec2[(−b)1/2ξ]

]1/2

, (b < 0, c > 0),

0, (b < 0, c > 0);
(21)

z(ξ) =


[
−b

c
sec2[(−b)1/2ξ]

]1/2

, (b < 0, c > 0),

±
√

−b

c
, (b < 0, c > 0);

(22)

z(ξ) =


[
−b

c
csc2[(−b)1/2ξ]

]1/2

, (b < 0, c > 0),

0, (b < 0, c > 0);
(23)

z(ξ) =


[
−b

c
csc2[(−b)1/2ξ]

]1/2

, (b < 0, c > 0),

±
√

−b

c
, (b < 0, c > 0);

(24)

z(ξ) =


[
−b

c
sech2[(b)1/2ξ]

]1/2

, (b > 0, c < 0),

0, (b > 0, c < 0);
(25)

z(ξ) =


[
−b

c
sech2[(b)1/2ξ]

]1/2

, (b > 0, c < 0),

±
√

−b

c
, (b > 0, c < 0);

(26)

z(ξ) =


[
b

c
csch2[(b)1/2ξ]

]1/2

, (b > 0, c > 0),

0, (b > 0, c > 0);
(27)

z(ξ) =


[
b

c
csch2[(b)1/2ξ]

]1/2

, (b > 0, c > 0),

±
√

−b

c
, (b > 0, c > 0);

(28)

When b2 − 4ac = 0, the solutions of Eq. (13) are
taken the forms,

z(ξ) =

√
b√
2c

tan
(√

b√
2
|ξ|

)
, (b > 0, c > 0), (29)

z(ξ) =

√
−b

[
1 + exp(

√
−2b|ξ|)]

√
2c

[
1 − exp(

√
−2b|ξ|)]

, (b < 0, c > 0). (30)

When a = b = 0, the solution of Eq. (13) is taken
as the form

z(ξ) =
1√
c|ξ|

, (c > 0). (31)

2.2.The Bäcklund transformation of the

first kind of elliptic equation

Making the following transformation

z2(ξ) = ρ(ξ), (32)

equation (13) becomes into the second kind of elliptic
equation

[ ρ′(ξ)]2 = 4aρ(ξ) + 4bρ2(ξ) + 4cρ3(ξ). (33)

According to Eqs. (32), (33), and the Bäcklund
transformation of the second kind of elliptic equa-
tion (34) in Ref. [18], we may obtain a Bäcklund
transformation of Eq. (13) (Where only two Bäcklund
transformations are listed)(

z(ξ)
dξ

)2

= az(ξ) + bz2(ξ) + cz3(ξ). (34)

In the following discussion, we will give som solu-
tions of Eq. (13) for different cases.

Case 1 When zn−1(ξ) is the solution of Eq. (13),
the following zn(ξ) are also the solutions of Eq. (13)
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z2
n(ξ) = ∓

2a + (b ±
√

b2 − 4ac)z2
n−1(ξ)

±b +
√

b2 − 4ac ± 2cz2
n−1(ξ)

, (n = 1, 2, . . .); (35)

z2
n(ξ) =

a
[
−
√

3A2 ∓ 9
(
z′n−1(ξ)

)2]
√

3A2(b −
√

b2 − 3ac) + 2
√

3A2cz2
n−1(ξ) ± 3(b +

√
b2 − 3ac)

(
z′n−1(ξ)

)2 , (n = 1, 2, . . .), (36)

where A2 =
√

1
16c2

[128b3 − 432abc + 2(16b2 − 48ac)3/2].

Case 2 When zn−1(ξ) is the solution of Eq. (13), the following zn(ξ) are also the solutions of Eq. (13):

zn(ξ) =
i b[S + Lz2

n−1(ξ)]

b
√

SL ∓ i b

√
(−2Sc + bL)2

b2
zn−1(ξ) + 2c

√
SLz2

n−1(ξ)

, (SL < 0, b2 − 4ac = 0, n = 1, 2, . . .); (37)

zn(ξ) =
i b[S + Lz2

n−1(ξ)]

b
√

SL ∓ i b

√
(−2Sc + bL)2

b2
zn−1(ξ) − 2c

√
SLz2

n−1(ξ)

, (SL < 0, b2 − 4ac = 0, n = 1, 2, . . .). (38)

Case 3 When zn−1(ξ) is the solution of Eq. (13), the following zn(ξ) are also the solutions of Eq. (13):

z2
n(ξ) =

−bz2
n−1(ξ)

b + cz2
n−1(ξ)

, (a = 0, n = 1, 2, . . .); (39)

z2
n(ξ) =

−2
√

3A1cz
2
n−1(ξ) ± 6b[z′n−1(ξ)]

2

c[
√

3A1 ∓ 9[z′n−1(ξ)]2]
,

(
a = 0, b > 0, A1 = 4

√
b3

c2
, n = 1, 2, . . .

)
; (40)

z2
n(ξ) =

−8b
√

3A1 − 2
√

3A1cz
2
n−1(ξ)

4c
[√

3A1 ∓ 9[z′n−1(ξ)]2]
,

(
a = 0, b < 0, A1 = 4

√
b3

c2
, n = 1, 2, . . .

)
. (41)

Case 4 When zn−1(ξ) is the solution of Eq. (13), the following zn(ξ) are also the solutions of Eq. (13):

zn(ξ) =
d [−

√
cz2

n−1(ξ) + z′n−1(ξ)]
p + zn−1(ξ)[q + rzn−1(ξ)] + mz′n−1(ξ)

, (a = b = 0, n = 1, 2, . . .); (42)

zn(ξ) =
(d −

√
c ∓ q)z2

n−1(ξ) + dz′n−1(ξ)
qzn−1(ξ) + rz2

n−1(ξ) + mz′n−1(ξ)
, (a = b = 0, n = 1, 2, . . .); (43)

zn(ξ) =
B
√

c[Bzn−1(ξ) + Cz2
n−1(ξ) + dz′n−1(ξ)]

B
√

c[±B + [q + rzn−1(ξ)]zn−1(ξ)] ∓ [(C + d
√

c)(C + d
√

c − q) + Br]z′n−1(ξ)
, (n = 1, 2, . . .).(44)

In Eqs. (42)–(44), d, m, p, q, r, B and C are arbitrary constants and all not zero, a = b = 0 and c (c > 0) is an
arbitrary constant.

3. Summary of the method

For a given nonlinear evolution equation of some
physical fields u(x, t) with two variables x and t,

H(u, ux, ut, uxx, uxt, utt, . . .) = 0, (45)

by taking the wave transformations u(x, t) = u(ξ) and
ξ = µx + ωt, we obtain the following ordinary differ-
ential equation,

G(u, uξ, uξξ, uξξξ, . . .) = 0. (46)

Set the formal solution of Eq. (46) as follows:

u(x, t) = u(ξ) = f
(
z(ξ), z′(ξ)

)
. (47)

where f(z(ξ), z′(ξ)) is a polynomial or rational frac-
tion with respect to z(ξ) and z′(ξ); z(ξ) is determined

by Eq. (13), the coefficients of z(ξ) and z′(ξ) in the
f(z(ξ), z′(ξ)), µ and ω are constants to be determined.

Substituting Eqs. (13) and (47) into Eq. (46), and
setting the coefficients of zj(ξ)(z′(ξ))i (i = 0, 1; j =
0, 1, 2, . . .) to zero, yield a set of nonlinear algebraic
equations. With the help of symbolic computation
system Mathematica, solving the set of nonlinear al-
gebraic equations and taking each solution along with
infinite sequence solutions obtained by arbitrary so-
lution of Eq. (13) and corresponding Bäcklund trans-
formation through iterating into Eq. (47), we obtain
infinite sequence smooth soliton solutions, infinite se-
quence compact soliton solutions and infinite sequence
peak soliton solutions of nonlinear evolution equa-
tion (45).
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4. Application of the method

For illustration, we apply the method to solve the
generalized pentavalent KdV equation, and the break-
ing soliton equation and successfully construct infinite
sequence smooth soliton solutions, infinite sequence
compact soliton solutions and infinite sequence peak
soliton solutions.

Example 1 Infinite sequence new exact solutions
of the generalized pentavalent KdV equation

In Ref. [45], Wu found new exact solutions of the
following generalized pentavalent KdV equation using
the characteristic sequence method, proposed

ut + αuuxxx + βuxuxx + γu2ux + uxxxxx = 0, (48)

where α, β and γ (αβγ 6= 0) are real constants.
In Ref. [45], the properties of Eq. (48) were

discussed under a special condition and relative re-
search achievements were reviewed when α, β and γ

were different constants. Making wave transformation
u(x, t) = u(ξ), ξ = µx+ωt, equation (48) becomes the
following ordinary differential equation

ωu′ + µ3αuu′′′ + µ3βu′u′′ + µγu2u′ + µ5u(5) = 0.(49)

According to the proposed method, we expand
the solutions in the following forms to construct new
infinite sequence exact solutions of the generalized
pentavalent KdV equation,

u(x, t) = f
(
z(ξ), z′(ξ)) = g0 + g1z(ξ) + g2z

2(ξ). (50)

Substituting Eqs. (13) and (50) into Eq. (49),
and setting the coefficients of zj(ξ)

(
z′(ξ)

)i (i = 1;
j = 0, . . . , 5) to zero yield a set of nonlinear algebraic
equations. Solving the set of the equations by use of
Mathematica, we obtain the following results:

ω = ∓2(b2 − 3ac)µ5

γ
(±2αβ ± β2 + β∆ ∓ 12γ),

g0 = ∓bµ2

γ
(±2α ± β + ∆),

g1 = 0, g2 = ∓3cµ2(±2α ± β + ∆)
γ

,

∆ =
√

(2α + β)2 − 40γ; (51)

ω = ∓2b2µ5

γ
(±2αβ ± β2 + β∆ ∓ 12γ),

g0 = ∓bµ2

γ
(±2α ± β + ∆),

a = 0, g1 = 0, g2 = ∓3cµ2(±2α ± β + ∆)
γ

,

∆ =
√

(2α + β)2 − 40γ; (52)

ω = ∓b2µ5

2γ
(±2αβ ± β2 + β∆ ∓ 12γ),

g0 = ∓bµ2

γ
(±2α ± β + ∆),

b2 = 4ac, g1 = 0, g2 = ∓3b2µ2(±2α ± β + ∆)
4aγ

,

∆ =
√

(2α + β)2 − 40γ. (53)

Taking Eqs. (51)–(53) into Eq. (50), we obtain the
following solutions of Eq. (48)

u(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ]

× [b + 3cz2(µx + ωt)], (54)

u(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ]

× [b + 3cz2(µx + ωt)], (a = 0), (55)

u(x, t) = ∓ bµ2

4aγ
[±2α ± β +

√
(2α + β)2 − 40γ]

× [4a + 3bz2(µx + ωt)], (b2 = 4ac). (56)

In solutions (54)–(56), ω is determined by the results
of Eqs. (51)–(53), respectively.

Now we expand the solution of Eq. (49) in the
form

u(x, t) = f(z(ξ), z′(ξ))

= g0 + g1z(ξ) + g2z
2(ξ) + f1z

′(ξ). (57)

Substituting Eqs. (13) (a = b = 0) and (57)
into Eq. (49), and setting the coefficients of zj(ξ)
(j = 0, 1, 2, . . . , 7) to zero yield a set of nonlinear al-
gebraic equations. Solving the set of these equations
with the aid of Mathematica, we obtain the following
result:

g2 = −
√

cf1, g1 = 0. (58)

Substituting Eqs. (58) into Eq. (57), we obtain
the following solution of Eq. (48)

u(x, t) = g0 −
√

cf1z
2(µx + ωt) + f1z

′(µx + ωt),

(a = b = 0). (59)

By means of new solutions and the corresponding
Bäcklund transformation for the first kind of elliptic
equation, we can construct the following infinite se-
quence new exact solutions of generalized pentavalent
KdV equation. Here in the following cases we given
several Bäcklund transformations of solutions.

Case I Infinite sequence smooth soliton solutions
of generalized pentavalent KdV equation
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Case I(a) Infinite sequence smooth solitary wave
solutions of Jacobi elliptic function type

Inserting infinite sequence solutions determined
by the following solutions and Bäcklund transforma-

tion (36) for the first kind of elliptic function into
Eq. (54), we can search for three kinds of infinite se-
quence smooth soliton solutions of generalized pen-
tavalent KdV equation



un(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ][b + 3cz2

n(ξ)], (n = 1, 2, . . .),

z2
n(ξ) =

a[−
√

3A2 ∓ 9(z′n−1(ξ))
2]

√
3A2(b −

√
b2 − 3ac) + 2

√
3A2cz2

n−1(ξ) ± 3(b +
√

b2 − 3ac)(z′n−1(ξ))2
,

z0(ξ) =

√
N2(k2 − 1) + M2

M2 + N2k2
+ cn(ξ, k)

M sn(ξ, k) + N dn(ξ, k)
,

(
a =

1
4(M2 + N2k2)

, b =
1
2
− k2, c =

1
4
(M2 + N2k2)

)
.

(60)

Infinite sequence smooth soliton solutions of Jacobi elliptic function type of generalized pentavalent KdV
equation are obtained by iterating the formula (60), where M and N are arbitrary constants which are not all
zero.

Case I(b) Smooth solitary wave solutions of hyperbolic function type
When k = 1, the solution (60) becomes the following smooth solitary wave solutions of hyperbolic function

type 

un(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ][b + 3cz2

n(ξ)], (n = 1, 2, . . .),

z2
n(ξ) =

a[−
√

3A2 ∓ 9(z′n−1(ξ))
2]

√
3A2(b −

√
b2 − 3ac) + 2

√
3A2cz2

n−1(ξ) ± 3(b +
√

b2 − 3ac)(z′n−1(ξ))2
,

z0(ξ) =

√
M2

M2 + N2
+ sech(ξ)

M tanh(ξ) + N sech(ξ)
,

(
a =

1
4(M2 + N2)

, b = −1
2
, c =

1
4
(M2 + N2)

)
.

(61)

Infinite sequence smooth soliton solutions of hyperbolic function type of the generalized pentavalent KdV
equation are gained by iterating the formula (61), where M and N are arbitrary constants which are not all
zero.

Case I(c) Smooth solitary wave solutions of triangle function type
When k = 0, the solution (60) becomes the following smooth solitary wave solutions of triangle function

type 

un(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ][b + 3cz2

n(ξ)], (n = 1, 2, . . .),

z2
n(ξ) =

a[−
√

3A2 ∓ 9(z′n−1(ξ))
2]

√
3A2(b −

√
b2 − 3ac) + 2

√
3A2cz2

n−1(ξ) ± 3(b +
√

b2 − 3ac)(z′n−1(ξ))2
,

z0(ξ) =

√
M2 − N2

M2
+ cos(ξ)

M sin(ξ) + N
,

(
a =

1
4M2

, b =
1
2
, c =

M2

4
,M2 − N2 > 0

)
.

(62)

Infinite sequence smooth soliton solutions of triangle function type of generalized pentavalent KdV equation
are given by iterating the formulas (62). ω is determined by Eq. (51) in the solutions (60)–(62).

Case II Infinite sequence peak soliton solutions of generalized pentavalent KdV equation
Case II(a) Peak solitary wave solutions of hyperbolic function type
Substituting infinite sequence solutions determined by the known solutions (30) and Bäcklund transforma-

tion (37) for the first kind of elliptic function into Eq. (56), we can construct the infinite sequence peak solitary
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wave solutions of hyperbolic function type to the generalized pentavalent KdV equation as follows:

un(x, t) = ∓ bµ2

4aγ
[±2α ± β +

√
(2α + β)2 − 40γ][4a + 3bz2

n(ξ)], (b2 = 4ac, n = 1, 2, . . .),

zn(ξ) =
i b[S + Lz2

n−1(ξ)]

b
√

SL ∓ i b

√
(−2Sc + bL)2

b2
zn−1(ξ) + 2c

√
SLz2

n−1(ξ)

, (SL < 0, b2 − 4ac = 0),

z0(ξ) =
√
−b[1 + exp(

√
−2b|ξ|)]√

2c[1 − exp(
√
−2b|ξ|)]

, (b < 0, c > 0, ξ = µx + ωt).

(63)

Case II(b) Peak solitary wave solutions of triangle function type
Taking infinite sequence solutions determined by the known solutions (29) and Bäcklund transformation

(37) for the first kind of elliptic function into Eq. (56), we can find the infinite sequence peak solitary wave
solutions of triangle function type to the generalized pentavalent KdV equation as follows:

un(x, t) = ∓ bµ2

4aγ
[±2α ± β +

√
(2α + β)2 − 40γ][4a + 3bz2

n(ξ)], (b2 = 4ac, n = 1, 2, . . .),

zn(ξ) =
i b[S + Lz2

n−1(ξ)]

b
√

SL ∓ i b

√
(−2Sc + bL)2

b2
zn−1(ξ) + 2c

√
SLz2

n−1(ξ)

, (SL < 0, b2 − 4ac = 0),

z0(ξ) =

√
b√
2c

tan(

√
b√
2
|ξ|), (b > 0, c > 0, ξ = µx + ωt),

(64)

where ω is determined by the result (53) in the solutions (63) and (64).
Case II(c) Peak solitary wave solutions of rational function type
Inserting infinite sequence solutions, determined by the known solutions (31) and Bäcklund transformation

(43) for the first kind of elliptic function, into Eq. (59) yields the infinite sequence peak solitary wave solutions
of rational function type to the generalized pentavalent KdV equation as follows:

un(x, t) = g0 −
√

cf1z
2
n(ξ) + f1z

′
n(ξ), (a = b = 0, n = 1, 2, . . .),

zn(ξ) =
(d −

√
c ∓ q)z2

n−1(ξ) + dz′n−1(ξ)
qzn−1(ξ) + rz2

n−1(ξ) + mz′n−1(ξ)
, (a = b = 0, n = 1, 2, . . .),

z0(ξ) = z(ξ) =
1√
c|ξ|

, (a = b = 0, c > 0, ξ = µx + ωt).

(65)

Case III Infinite sequence compact soliton solutions of generalized pentavalent KdV equation
Case III(a) Compact soliton solutions of Jacobi elliptic function type
Substituting infinite sequence solutions, determined by the known solutions (18) and Bäcklund transfor-

mation (36) for the first kind of elliptic function into Eq. (54), we can search for the infinite sequence compact
soliton solutions of Jacobi elliptic function type to the generalized pentavalent KdV equation as follows:

un(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ][b + 3cz2

n(ξ)], (n = 1, 2, . . .),

z2
n(ξ) =

a[−
√

3A2 ∓ 9(z′n−1(ξ))
2]

√
3A2(b −

√
b2 − 3ac) + 2

√
3A2cz2

n−1(ξ) ± 3(b +
√

b2 − 3ac)(z′n−1(ξ))2
,

z0(ξ) =

 sn(ξ, k), K(k) ≤ ξ ≤ 5K(k),

1, others,
(a = 1, b = −(1 + k2), c = k2, ξ = µx + ωt),

(66)

where ω is determined by Eq. (53).
Case III(b) Compact soliton solutions of hyperbolic function type
Taking infinite sequence solutions, determined by the known solutions (28) and Bäcklund transformation

(40) for the first kind of elliptic function, into Eq. (55), we can construct the infinite sequence compact soliton
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solutions of hyperbolic function type to the generalized pentavalent KdV equation as follows:

un(x, t) = ∓µ2

γ
[±2α ± β +

√
(2α + β)2 − 40γ][b + 3cz2

n(ξ)], (a = 0, n = 1, 2, . . .),

z2
n(ξ) =

−2
√

3A1cz
2
n−1(ξ) ± 6b[z′n−1(ξ)]

2

c[
√

3A1 ∓ 9[z′n−1(ξ)]2]
,

(
a = 0, b > 0, A1 = 4

√
b3

c2
, n = 1, 2, . . .

)
,

z0(ξ) =


[
b

c
csch2[(b)1/2ξ)]

]1/2

, (b > 0, c > 0),

±
√

−b

c
, (b > 0, c > 0).

(67)

Case III(c) Compact soliton solutions of trian-
gle function type

Inserting infinite sequence solutions, determined
by the known solutions (22) and Bäcklund transfor-
mation (41) for the first kind of elliptic function, into
Eq. (55), we find the infinite sequence compact soliton
solutions of triangle function type to the generalized
pentavalent KdV equation as follows.

Example 2 Infinite sequence new exact solutions
of the breaking soliton equation.

In Ref. [46], new exact solutions of breaking soli-
ton equation were obtained. Now we will apply the
first kind of elliptic equation to search for infinite se-
quence new exact solutions of the equation

ut + βuxxy + 4βuvx + 4βuxv = 0, (68)

vx − uy = 0. (69)

Substituting u(x, y, t) = u(ξ), v(x, y, t) = v(ξ),
ξ = λx + µy + ωt into Eqs. (68) and (69), and in-
tegrating once about ξ, we obtain the following non-
linear ordinary differential equations (set the integral
constant to zero)

ωu + βλ2µu′′ + 4βλuv = 0, (70)

v =
µ

λ
u. (71)

Substituting Eq. (71) into Eq. (70), we obtain

ωu + βλ2µu′′ + 4βµu2 = 0. (72)

Now we will choose the solutions of Eq. (72) as
Eqs. (50) and (57) to construct infinite sequence new
exact solutions of breaking soliton equation.

Substituting Eqs. (13) and (50) into Eq. (72), and
setting the coefficients of zj(ξ) (j = 0, 1, . . . , 4) to zero,
yield a set of nonlinear algebraic equations. Solving
the set of thsese equations with the aid of Mathemat-
ica, we obtain the following results

ω = ∓4
√

b2 − 3acλ2µβ, g1 = 0,

g0 =
1
2
(−bλ2 ±

√
b2 − 3acλ2), g2 = −3cλ2

2
; (73)

a = 0, ω = −4bλ2µβ, g1 = 0,

g0 = 0, g2 = −3cλ2

2
; (74)

a = 0, ω = 4bλ2µβ, g1 = 0,

g0 = −bλ2, g2 = −3cλ2

2
; (75)

b2 − 4ac = 0, ω = −2bλ2µβ, g1 = 0,

g0 = −bλ2

4
, g2 = −3b2λ2

8a
; (76)

b2 − 4ac = 0, ω = 2bλ2µβ, g1 = 0,

g0 = −3bλ2

4
, g2 = −3b2λ2

8a
. (77)

Substituting Eqs. (13) (a = b = 0) and (57)
into Eq. (72), and equating the coefficients of zj(ξ)
(j = 0, 1, . . . , 4) to zero, yield a set of nonlinear al-
gebraic equations. Solving the set of these equations
by means of Mathematica, we obtain the following re-
sults:

ω = −4µβg0, g1 = 0, g2 = −
√

cf1; (78)

g1 = 0, g0 = 0, g2 = −
√

cf1. (79)

Inserting Eqs. (73)–(77) into Eq. (50), we find the
following exact solutions of breaking soliton equation,

u(x, y, t) = ±1
2
λ2[∓b +

√
b2 − 3ac ∓ 3cz2(ξ)],

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy ∓ 4
√

b2 − 3acλ2µβt;

(80)


u(x, y, t) = −3

2
cλ2z2(ξ),

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy − 4bλ2µβt;

(81)


u(x, y, t) = −1

2
λ2[2b + 3cz2(ξ)],

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy + 4bλ2µβt;

(82)
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u(x, y, t) = −bλ2

8a
[2a + 3bz2(ξ)],

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy − 2bλ2µβt;

(83)


u(x, y, t) = −3bλ2

8a
[2a + bz2(ξ)],

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy + 2bλ2µβt.

(84)

Substituting Eqs. (78) and (79) into Eq. (57), we
obtain the following exact solutions of breaking soliton
equation

u(x, y, t) = g0 −
√

cf1z
2(ξ) + f1z

′(ξ),

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy − 4µβg0t;

(85)


u(x, y, t) = f1[−

√
cz2(ξ) + z′(ξ)],

v(x, y, t) =
µ

λ
u(x, y, t),

ξ = λx + µy + ωt.

(86)

Substituting a number of infinite sequence solu-
tions, determined by new solutions and corresponding
Bäcklund transformations for the first kind of elliptic
function, into Eqs. (80)–(86), we can search for many
infinite sequence new exact solutions of the breaking
soliton equation (not given).

5. Conclusion

In 1993, Camassa and Holm set up CH equation
and first obtained peak soliton solutions. In the same
year, Rosenau and Hyman founded K(m,n) equation
and discovered compact soliton solutions of the equa-
tion when they studied the rule of liquid drop change.
Therefore mathematicians and physicists have focused
considerable attention on the peak soliton solutions
and compact soliton solutions. With the development
of computerized symbolic computation, many effective
methods have been presented to construct peak soliton
solutions of the CH-r equation, the generalized DHG
equation, Degasperis–Procesi equation and finite com-
pact soliton solutions of the B(m,n) equation and the
K(m,n, 1) equation.

In this paper, by studying a large number of re-
searches, we summarize the following characteristics.
Firstly, finite smooth soliton exact solutions of nonlin-
ear evolution equations can only be obtained by using
auxiliary equation method. Secondly, finite peak soli-
ton solutions and compact soliton solutions of a few

nonlinear evolution equations, such as CH-r equation
and K(m,n) equation, etc. are found in the construct-
ing exact solutions of nonlinear evolution equations.
Finally, peak solitary wave solutions and compact soli-
ton solutions of nonlinear evolution equations are spe-
cial cases of smooth soliton solutions.

On the lines of the three characteristics and the
thought of nonlinear evolution equations with infinite
solutions, our interest in the paper is how to intro-
duce new methods for constructing infinite sequence
smooth soliton solutions, infinite sequence compact
soliton solutions and infinite sequence peak soliton so-
lutions of nonlinear evolution equations. Finally, by
studying the first kind of elliptic equation, new solu-
tions and the corresponding Bäcklund transformation
of the equation are presented. Taking the generalized
pentavalent KdV equation and the breaking soliton
equation as applicable examples, a number of new in-
finite sequence exact solutions are obtained with the
help of symbolic computation system Mathematica.
The method can be also applied to seek infinite se-
quence new exact solutions of other nonlinear evolu-
tion equations.
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