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Birefringence (polarization-related phase-shift), polarization dependent gain (PDG) and mode coupling are three

factors that may synchronously influence the transmission of single-wavelength polarized light in optical fibers. This

paper obtains a new Mueller matrix analysis, which can be used under conditions that all these three factors are

existing and changing. According to our transmission model, the state of polarization (SOP) changes along an optical

microstructure fiber with co-existence of birefringence-PDG-mode coupling were simulated. The simulated results,

which show the phenomena of SOP constringency, are in good agreement with previous theoretical analyses.
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1. Introduction

With the progresses of optical communica-
tion systems, research on the state of polariza-
tion (SOP) control technologies becomes increas-
ingly important. Those technologies can be used
in various fields, such as the PMD (polarization
mode dispersion) compensation,[1−3] coherent op-
tical communication,[4,5] polarization based optical
code division multiple access (OCDMA),[6,7] polariza-
tion multiplexing in optical time domain multiplex-
ing (OTDM)[8] and design of microstructure optical
fibers.[9] Any polarized light’s SOP can be completely
described by four measurable quantities now known as
the Stokes polarization parameters S,[10] and Mueller
calculus is a matrix-algebraic method of specifying a
beam of light and the optical devices encountered by
the beam, and computing the SOP of output light,[11]

where Sout = MSin, where M is a 4×4 Mueller ma-
trix.

Birefringence, PDG and mode coupling exist uni-
versally in fibers. Firstly, the birefringence is one of
the basic polarization effects which contribute to the
well-known PMD.[12] Secondly, the possible PDG or
polarization dependent loss (PDL) occurs when a fiber

is bent or in some special optical fibers as non-circular
air holes microstructure optical fibers (MOFs), poled
fibers, fiber polarizers and liquid crystal cladding
fibers. Thirdly, extensive mode coupling occurs in
twisted fibers, span fibers, connectors, splices and
other passive components in an optical link.[13]

Sometimes, not all of the three factors play major
roles in some kinds of fibers, so only one or two fac-
tors need to be considered to find the SOP changes.
In these conditions, many papers are devoted to the
Mueller matrix theoretical analyses. The Mueller ma-
trix method in a fiber system with both birefringence
and PDL factors have been proposed,[14,15] and the
matrix considering both birefringence and mode cou-
pling has also been given.[16]

In some conditions, however, the birefringence,
PDG and mode coupling should be considered at the
same time in some optical transmission mediums, such
as research and design of the hyperfine SOP evolve-
ment for some MOFs. Unfortunately, no appropri-
ate Mueller matrix analysis with the co-existence of
birefringence-PDG-mode coupling has been put for-
ward. An accurate and elaborate Mueller matrix
model is the foundation for studying the SOP prob-
lems in optical systems. Therefore, new Mueller ma-
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trix analyses for the above situations would be bene-
ficial for research and development of high speed and
optical communication devices.

In this paper, a new Mueller matrix analysis
is proposed and the derivative processes of a sin-
gle wavelength Mueller matrix with co-existence of
birefringence-PDG-mode coupling are given in detail.
At first, a mode coupling matrix considering all three
factors is proposed in Section 2, then the Jones ma-
trix is obtained from the mode coupling matrix, and
the Mueller matrix is calculated from the Jones ma-
trix in Section 3. In Section 4, the simulation results
are given and some SOP constringency phenomena are
obtained, which can prove the correctness of the new
Mueller matrix analysis.

2. The mode coupling equation

for co-existence of birefring-

ence-PDG-mode coupling

Although the mode coupling equation with bire-
fringence is well-known,[17] it is not appropriate when
considering two orthogonal modes with PDG/PDL.
Thus, a new mode coupling equation with the
PDG/PDL should be deduced. Set the principal x0–
y0 axis of PDG/PDL in the first ∆z segment of fiber to
coincide with the x–y axis, then the axis of PDG/PDL
in the next segment after mode coupling would not be
affected, Fig. 1 is the schematic diagram. The coor-
dinate system for birefringence is the same as the one
for PDG/PDL.

 Y

X

Z

y0
y1

x0 x1

fibre. Dz fibre: Dz

mode coupling

axis of PDG/L axis of PDG/L

Fig. 1. Axis x–y of PDG/PDL in an optical fiber.

The optical field propagates along the z-axis and
the transverse components of the optical fields are rep-
resented by

E =

 Ėx(z)

Ėy(z)

 =

 Ėx0(z) e−αxz

Ėy0(z) e−αyz

 , (1)

where αx and αy are the transmission loss coefficients
(real number) along the z direction, Ėx0 and Ėy0

are the two components of Jones vectors in lossless
condition. According to mode coupling theory, the
mode coupling equations and its matrix Cint under
co-existence of birefringence-PDG-mode coupling con-
dition can be described as

dĖx

dz
= c11Ėx + c12Ėy,

dĖy

dz
= c21Ėx + c22Ėy,

Cint =

 c11 c12

c21 c22

 . (2)

Because of the symmetry of mode coupling, c12 is
equal to c21. Substitute Ėx0 and Ėy0 in Eq. (1) into
Ėx and Ėy in Eq. (2), then a new mode coupling equa-
tion can be expressed as

dĖx0

dz
= (c11 + αx) Ėx0 + c12Ėy0 e(αx−αy)z,

dĖy0

dz
= c21Ėx0 e−(αx−αy)z + (c22 + αy) Ėy0.

(3)

Based on the energy conservation law, the total energy
of Ėx0 and Ėy0 is a constant under lossless condition,
that is

d
dz

{∣∣∣Ėx0

∣∣∣2 +
∣∣∣Ėy0

∣∣∣2} =
d
dz

{
Ėx0Ė

∗
x0 + Ėy0Ė

∗
y0

}
≡ 0.

(4)
Substituting Eq. (3) into Eq. (4), we obtain

(c11 + c∗11 + 2αx) Ėx0Ė
∗
x0 + (c12

+ c∗21)Ėy0Ė
∗
x0 e−(αx−αy)z

+(c∗12 + c21) Ėx0Ė
∗
y0 e−(αx−αy)z

+(c∗22 + c22 + 2αy) Ėy0Ė
∗
y0 ≡ 0. (5)

If Eq. (5) holds true under any condition, the coeffi-
cients must satisfy

c11 + c∗11 + 2αx = 0,

c22 + c∗22 + 2αy = 0,

c12 = −c∗21.

(6)

The coefficients c11 and c22 can be divided into
the real parts and the imaginary parts, namely c11 =
c11r +ic11i, and c22 = c22r +ic22i. Hence, from Eq. (6)
we have 2c11r + 2αx = 0, 2c22r + 2αy = 0, where
c11i and c22i are the self-coupling coefficients, in other
words, they are the propagation constants βx and βy

in noncircular regular optical fibers. Note also that
c12 = c21 6= 0, which means that c12 and c21 are
pure imaginary numbers, so they can be written as
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c12 = c21 = ik, where k is the mode coupling coeffi-
cient (a real number). Then a new mode coupling ma-
trix for co-existence of birefringence-PDG-mode cou-
pling condition can be written as

C =

−αx+iβx ik

ik −αy+iβy

 . (7)

Considering the PDG, we can set gx and gy as the gain
coefficients, instead of −αx and −αy, we can write the
new mode coupling matrix C as

C =

 gx+iβx ik

ik gy+iβy

 . (8)

According to Eq. (8), the mode coupling equations (2)
is changed to


dĖx0

dz
= (gx+iβx)Ėx0 + ikĖy0,

dĖy0

dz
= ikĖx0 + (gy+iβy)Ėy0.

(9)

If matrix C is independent of z, and the coef-
ficients gx, gy, βx, βy and k are all real numbers,
Eq. (9) can be regarded as liner differential equations
with constant coefficients, and the light fields can be
solved as

[
Ėx (z)

Ėy (z)

]
= exp [(g + iβ) z]

 cos (− i ηz) +
i ∆g − ∆β

η
sin (− i ηz) −k

η
sin (− i ηz)

−k

η
sin (− i ηz) cos (− i ηz) − i ∆g − ∆β

η
sin (− i ηz)

[
Ėx (0)

Ėy (0)

]
.

(10)

The parameters g, ∆g, β, ∆β and η are defined
as below, respectively:

g =
gx + gy

2
, ∆g =

gx − gy

2
, β =

βx + βy

2
,

∆β =
βx − βy

2
, η =

√
(∆g − i∆β)2 − k2. (11)

3. The Mueller matrix analysis

Equation (9) can be used to calculate the
new Mueller matrix. Equation (12) is the rela-

tionship between the Jones complex vector E =[
Ėx (z) Ėy (z)

]T and its corresponding Stokes vector
S.

S =


s0

s1

s2

s3

 =


E+A0E

E+A1E

E+A2E

E+A3E

 , (12)

where Aj (j = 1, 2, 3) are Pauli matrices, and they are

A0 =

 1 0

0 1

 , A1 =

 1 0

0 −1

 , A2 =

 0 1

1 0

 , A3 =

 0 i

−i 0

 , (13)

and the symbol ‘+’ means Hermite transposition (U+ = U∗T ). Substituting E, E+ and Aj (j = 1, 2, 3) into
Eq. (12), we can calculate s0, s1, s2 and s3 respectively. Finally, a new Mueller matrix M is obtained as follows:

M = e2gz



0

@

η2
i − ∆β2 − k2

η2
r + η2

i

1

A cos
`

2ηiz
´

+

0

@

η2
i + ∆g2

η2
r + η2

i

1

A cosh (2ηrz)

0

@

∆gηr + ∆βηi

η2
r + η2

i

1

A sinh (2ηrz)

+

0

@

∆gηi − ∆βηr

η2
r + η2

i

1

A sin
`

2ηiz
´

kηi

η2
r + η2

i

sinh (2ηrz)

−
kηr

η2
r + η2

i

sin
`

2ηiz
´

k∆g

η2
r + η2

i

cosh (2ηrz)

−
k∆g

η2
r + η2

i

cos
`

2ηiz
´

0

@

∆gηr + ∆βηi

η2
r + η2

i

1

A sinh (2ηrz)

+

0

@

∆gηi − ∆βηr

η2
r + η2

i

1

A sin
`

2ηiz
´

0

@

η2
i − ∆β2

η2
r + η2

i

1

A cos
`

2ηiz
´

+

0

@

η2
i + ∆g2 − k2

η2
r + η2

i

1

A cosh (2ηrz)

k∆β

η2
r + η2

i

cosh (2ηrz)

−
k∆β

η2
r + η2

i

cos
`

2ηiz
´

kηr

η2
r + η2

i

sinh (2ηrz)

+
kηi

η2
r + η2

i

sin
`

2ηiz
´

kηi

η2
r + η2

i

sinh (2ηrz)

−
kηr

η2
r + η2

i

sin
`

2ηiz
´

k∆β

η2
r + η2

i

cosh (2ηrz)

−
k∆β

η2
r + η2

i

cos
`

2ηiz
´

0

@

η2
i + ∆g2 − k2

η2
r + η2

i

1

A cos
`

2ηiz
´

+

0

@

η2
i − ∆β2

η2
r + η2

i

1

A cosh (2ηrz)

−

0

@

∆gηi − ∆βηr

η2
r + η2

i

1

A sinh (2ηrz)

+

0

@

∆gηr + ∆βηi

η2
r + η2

i

1

A sin
`

2ηiz
´

k∆g

η2
r + η2

i

cos
`

2ηiz
´

−
k∆g

η2
r + η2

i

cosh (2ηrz)

−
kηr

η2
r + η2

i

sinh (2ηrz)

−
kηi

η2
r + η2

i

sin
`

2ηiz
´

0

@

∆gηi − ∆βηr

η2
r + η2

i

1

A sinh (2ηrz)

−

0

@

∆gηr + ∆βηi

η2
r + η2

i

1

A sin
`

2ηiz
´

0

@

η2
i + ∆g2

η2
r + η2

i

1

A cos
`

2ηiz
´

+

0

@

η2
i − ∆β2 − k2

η2
r + η2

i

1

A cosh (2ηrz)



. (14)
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It is easy to see that some parts of matrix M are symmetric and other parts are antisymmetric. When we

consider the especial condition, namely z tends to infinity and the other parameters are fixed, the expression of

M turns into Eq. (15).

M =
e2αz+2ηrz

2 (η2
r + η2

i )


η2
i + ∆α2 ∆αηr + ∆βηi kηi k∆α

∆αηr + ∆βηi η2
i + ∆α2 − k2 k∆β kηr

kηi k∆β η2
i − ∆β2 − (∆αηi − ∆βηr)

−k∆α −kηr ∆αηi − ∆βηr η2
i − ∆β2 − k2

 . (15)

The new coefficients are defined by

η = ηr + i ηi,

η∗ = ηr − i ηi,

ηη∗ = η2
r + η2

i ,

ηrηi = −∆α∆β,

η2
r = ∆α2 − ∆β2 − k2 + η2

i .

(16)

4. Simulation

We can use the new Mueller matrix analysis to
investigate the SOP evolvement in a special optical
fiber, such as an MOF with elliptical air holes whose
cross sectional schematic diagram is shown in Fig. 2.

Fig. 2. Cross sectional schematic diagram of an MOF.

The changes of the SOPs in the MOF can be sim-
ulated with the following reference parameters. In the
cross section, the value of PDL is about −0.0002 dB/m
in x-axis direction, and about −0.14 dB/m in y-axis
direction, so the parameters gx and gy were set to be
−0.001× (1+dx) and −0.032× (1+dy), where dx and
dy are small range random disturbances. The beat

length of this MOF is about 0.4 −0.6 mm, ∆β is cal-

culated to be distributed randomly from 2512 to 3768

rad/m, while k from 0.01 to 0.1. At first, every seg-

ment ∆z was set to be 0.00005 m, then the evolvement

tracks of SOPs on the Poincaré sphere are calculated

for z from 0 to 0.5 m. Figure 3 shows the simulated

tracks of the SOPs.

In Fig. 3, the solid symbols on the Poincaré sphere

are the beginning SOPs of the SOP evolvement tracks,

the consecutive small points built up the tracks and

the hollow symbols are the end SOPs. One symbol

stands for an SOP, circle, square, diamond, trian-

gle, pentagram and hexagram for Stokes parameters

[ 1 1 0 0 ]T, [ 1 0 1 0 ]T, [ 1 0 0 1 ]T, [ 1 −1 0 0 ]T,

[ 1 0 −1 0 ]T and [ 1 0 0 −1 ]T, respectively. It is easy

to find that the changes of the SOPs are not distinct

on the Poincaré sphere for 5 m transmission length,

some points are almost unmoved and the other points

only vary along the longitudes.

Then the segment ∆z was assigned to be 0.05 m,

and the evolvement tracks of the SOPs on the Poincaré

sphere for z from 0 to 500 m were simulated. Figure 4

is the simulated tracks of the SOPs, with (a) being a

figure with all tracks, while (b) being the simplified

figure which only contains the start and end points.

The exact details of the SOP changes in the MOF

can be obtained from the figures. The two pictures

show that all the SOP evolvement tracks rotate along

a same axis and end at the same point. It means that

the SOP is constringed to a point from any location on

the Poincaré sphere after enough long transmissions.

The locations of the axis and the point are determined

by the values of parameters in the Mueller matrix M .
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Fig. 3. Simulated tracks of the SOPs for z from 0 to 0.5 m.

Fig. 4. Simulated tracks of the SOPs for z from 0 to 500 m: (a) the SOP tracks, (b) only the start and end

points.
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In a word, at a single wavelength, if all of the
mode coupling coefficient k, propagation constants βx

and βy, gain coefficients gx and gy are almost invari-
ant, the phenomena of the SOP constringency is ob-
vious after a sufficient transmission distance, and the
point of SOP constringency and the distance can be
calculated.

5. Conclusion

To our knowledge, we obtained the Mueller ma-
trix with co-existence of birefringence-PDG-mode cou-
pling at a single wavelength which was defined for the
first time and can be used to investigate the changes
of the SOPs optical fibers. The changes of the SOPs
in a special MOF using the new Mueller matrix anal-
ysis were simulated and the hyperfine SOPs evolve-
ment and the phenomena of SOP constringency for
long transmission distance were obtained. The new
Mueller matrix analysis can be used for studying the
hyperfine changes of the SOPs and designing struc-
tures related to the SOPs in almost any optical fibers,
especially for fibers which have microstructure.
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