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This paper investigates the stability of the equilibria of the piecewise-linear models of genetic regulatory networks

on the intersection of the thresholds of all variables. It first studies circling trajectories and derives some stability

conditions by quantitative analysis in the state transition graph. Then it proposes a common Lyapunov function for

convergence analysis of the piecewise-linear models and gives a simple sign condition. All the obtained conditions are

only related to the constant terms on the right-hand side of the differential equation after bringing the equilibrium to

Zero.
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1. Introduction

In recent years there has been a growing inter-
est in the study of the analysis and control of ge-
netic regulatory networks.l'~2% This is partly due
to recent advances in the experimental techniques
used in genomics such as cDNA microarrays, oligonu-
cleotidechips and the mass spectrometric identifica-
tion of gel-separated proteins. Currently, it is im-
possible to build a model that generates the exact
behaviour of the genetic regulatory networks owing
to no or incomplete understanding of the biochemical
reaction mechanisms underlying the interactions and
the general absence of quantitative information on ki-
netic parameters and molecular concentrations. It is
of significance to find an effective model which cap-
tures the main properties of the genetic regulatory net-
works and is convenient for numerical analysis. One
of the most interesting approach to this problem is to
use the piecewise-linear (PL) models originally pro-

[14] Numerous studies have been

posed by Glass et al.
conducted to investigate the equilibria of this model,
which lie on the threshold hyperplanes. For example,
Gouzé et al.'® introduced the Filippov solution to the
PL models of genetic regulatory networks on threshold
hyperplanes. Subsequently, de Jong et al.®! presented

a method for the qualitative simulation of genetic reg-
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ulatory networks based on PL models. Founded on
the works of Refs. [18] and [8], Casey et al.l’l put
the problem of stability in this class of PL systems
into the framework of differential inclusions and Fil-
ippov solutions, and proved several results on the sta-
bility of singular equilibria based on properties of the
state transition graph. In the meantime, many stud-
ies have been made on periodic trajectories or limit
cycles. However, the obtained results mainly focus on
a special case where all degradation rates are assumed

10,12,19] 414 few results are established to

to be equall
tackle the general case where the degradation rates are
different. To our knowledge, there are only two works
(by Snoussi et al.??! and Farcot et al.''l) which do
not require the uniform degradation assumption.

In this paper, we follow the work of Refs. [5], [8],
and [18] and investigate the equilibria stability of the
PL models of genetic regulatory networks with differ-
ent degradation rates. The equilibrium considered in
this paper is an isolated point lying on the intersec-
tion of the thresholds of all variables and there may be
transition cycles around the equilibrium, which is dif-
ferent from Refs. [5] and [8] where the focal point is the
stability of an equilibrium set contained in a switching
domain and the given stability condition is that every
contiguous regulatory domain should have a transi-

tion entering the switching domain. We first study

*Project supported by the National Natural Science Foundation of China (Grant No. 60672029).

fCorresponding author. E-mail: Lin_peng0103@sohu.com

(© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

108701-1



Chin. Phys. B Vol. 20, No. 10 (2011) 108701

the case where there exist transition cycles around
the equilibrium in the state transition graph. In many
situations, the transition cycles correspond to circling
trajectories. It is almost impossible to analyse the
stability of the equilibrium point in the existence of
transition cycles by the state-transition-graph-based
approach used in Refs. [5] and [8] which took no ac-
count of the detailed solution of the system. The ap-
proach adopted is to first perform a model transfor-
mation by bringing the equilibrium to zero and then
including the quantitative analysis in the state tran-
sition graph. The derived conditions are only related
to the constant terms on the right-hand side of the
obtained system. In Ref. [11], the case where there
are transition cycles around the equilibrium was also
studied, but it is required that there is a compression
function, which is hard to find and may not exist in
some cases, to guarantee the convergence of the equi-
librium of the system. Without considering the state
transition graph, we study the stability of the equilib-
rium from a different angle by introducing a common
Lyapunov function. As commonly known, it is not
an easy task to construct a common Lyapunov func-
tion for switching systems, especially when the sub-
systems have different equilibrium points. Based on
the introduced common Lyapunov function, we ob-
tain a simple condition consisting of a sign sum of the
constant terms on the right-hand side of the differ-
ential equation. Compared with the approach based
on the state transition graph, the proposed Lyapunov
approach needs no information about the solution of
the system but only the dynamics of the system in
each regulatory domain and might be employed to
deal with the time-delay case for genetic regulatory
networks.

The following notations will be used through-

out this paper. The RZ, denotes the set of all n-

1, z; >0,
s (z5,0;) = T
0, T <9j,

Here, 0; is called the threshold for the protein concen-
tration x;. It should be noted that at each threshold
x; = 05, the step functions are not defined and hence
neither are the regulation functions.

Let g(x) = (gl(m)w--agn<m))
diag{v1,...,7}. Rewriting the system (1) in a ma-

T and v =

dimensional real column vectors whose entries are pos-
itive; Z* denotes the set of the positive integers; AT
represents the transpose of the vector or matrix A;

I - |2 refers to the 2-norm for vectors or matrices.

2. Models

The genetic regulatory network under consider-
ation consists of n genes. Suppose that the protein
concentration of the product of the i-th gene (i € .#)
has the dynamics (proposed originally by Ref. [14]) as

follows:

& = gi(x) — viwi, 2i(0) = Toy, (1)
where # = {1,2,...,n} is an index set, ¢ =
(1,...,2,)T, gi(x) denotes the expression rate which

depends on the concentrations « of proteins in the cell
and ~;x; is the degradation rate. A primary feature
of the genetic regulatory networks is the presence of
threshold-like relationships between the system vari-
ables, i.e., below (or above) a certain value, a vari-
able z; has little or no effect on another variable z;,
whereas above (or below) this value the effect of x;
on z; increases rapidly to a constant value. In this
paper, these threshold-like relationships are described
by step functions. The function g; : R%, — Rxq is
defined as -

gi(®) =Y rabu(), (2)

les
where k;; > 0 is a rate parameter and b; : R, —
{0,1} is a regulation function. The function 5”(:3)
describes the conditions under which the protein en-
coded by the i-th gene is synthesized at a rate kj

and is expressed as combinations of step functions
st,s7 1 RE, — {0,1}:

and s (z;,0;) =1— st (xj,0,). (3)

\
trix form, we have
@ = g(z) - yz. (4)

Definition 1 (Filippov solution)?®! Let x(t) be
an absolutely continuous function. We say that a(t)
is a Filippov solution of the system (4) on [to, ] if,
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for almost all ¢ € [to, t/],
&(t) € H(z) = co({g(x) — yz|@ € D" € R(D)}), (5)

where ¢o denotes convex closure.

Throughout this paper, the solution of the system
(4) will be discussed on the basis of Definition 1.

In the following, we will introduce some concepts
and definitions about the phase space and the state
transition graph (referring to Refs. [5] and [8].

2.1. Domains in phase space

Consider an n-dimensional phase space 2 = (21 x
25 X ... %x §2y, where 2; = {z; € R>0|0 < a; <my; >
maxgcn(gi(x)/v:)} for some positive parameter m;.
For the threshold 6; of xz;, it is assumed that 6; < m;.
Define the sets e;1 = {z; € 2|0 < x; < 6;}, e;a =
{z; € Qi|x; = 0;}, and e;3 = {x; € 2;10; < x; < my}.
For aregion D = dy X...xd, C £2,ifd; € {e;1,e;2,€i3}
for any ¢ € #, then the region D is called a domain.
Furthermore, if d; € {e;1,e;3} for any ¢ € &, then
the region D is called a regulatory domain. It is clear
that in a regulatory domain none of the variables are
equal to their corresponding threshold. Moreover, if
D is a domain and there is at least one integer i € .
such that d; = e;2, then the region D is said to be a
switching domain and the i-th variable x; is a switch-
ing variable of D. For convenience of discussion, the
set of the indexes of all switching variables of the do-
main D is denoted as Vp and the sets of regulatory
and switching domains are denoted as %, and %, re-
spectively.

For each domain D, define the sets A(D) = {D’ €
9s|D" C 0D} and R(D) ={D’" € 2,|D C 9D'}. The
set A(D) consists of the switching domains lying on
the boundary of D, whereas the set R(D) consists of
regulatory domains whose boundary contains the do-
main D. Two domains, D and D’, are said to be
contiguous if D € A(D') or D' € A(D,).
of the following discussion, we define that if D € 2,
then R(D) ={D};if D € 95, D ¢ A(D).

For clarity

2.2. State transition graph

Let D,D’ € 2 be two contiguous domains. We
say that there exists a transition from D to D’ if one
of the following two properties holds.

(i) If D’ € A(D), then there exist ¢y € D and a
Filippov solution @:(x() defined on a finite time inter-
val [0, 7] such that x,(x) € D for all ¢ € [0,7), and
x,(xo) € D'.

(ii) If D € A(D’), then there exist g € D and a
Filippov solution @;(x¢) defined on a finite time inter-
val [0, 7] such that o (o) = xo € D, and x;(xo) € D’
for all t € (0, 7].

Clearly, a transition between two different do-
mains is accomplished in finite time.

A state transition graph is a directed graph whose
vertices are the domains of the system and whose
edges are the transitions between these domains. A
transition path of length (h — 1)-th is a non-empty
., Dy) such that, for
every i, 1 < i < h, there exists a transition from D;

sequence of domains (Dy, Do, ..

to D;+1. A transition cycle is a transition path that
begins and ends with the same domain, but otherwise
all the domains are different.

Consider a transition path (D;, Dy, D3), where
Dy € 9. The switching domain Ds is called a trans-
parent wall with respect to Dy and Dj if when the
solution of Eq. (4) enters Dy from D;, it immedi-
ately leaves Dy for D3 without any residence. Clearly,
the residence time in D5 is zero when the solutions of
Eq. (4) go through Dy, Do, Ds.

3. Equilibria and stability

The PL system (4) has two kinds of equilibrium
points: one kind lies inside the regulatory domains
and the another kind locates on the threshold hyper-
planes (Ref. [21]).
known to be asymptotically stable. The latter con-

The former is easily handled and

sists of the possible homeostatic points of the regu-
latory system and is as important as the former but
causes a difficulty for the PL formalism due to discon-
tinuities at the thresholds. Many results have been
obtained on these points, e.g.,. Refs. [5], [8], [18], [21],
and [22]. Moreover, considering the circling trajecto-
ries, we usually assume that the degradation rates are
equal and few results have been established to tackle
the general case where the degradation rates are dif-
ferent. To our knowledge, there are only two works
(by Snoussi et al.??) and Farcot et al.l''l) that do not
require the uniform degradation assumption. Our ob-
jective is to follow the works of Refs. [5], [8], and [11]
and give some conditions for the asymptotical stability
of the equilibrium point on the interconnection of the
thresholds of all variables with different degradation
rates.

Define § = (01,0s,...,0,)". To prove that 6 is
an asymptotical equilibrium point, we need make a
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Let fi = .’131‘—61' and£ =
&)Y, Then system (4) can be rewritten

model transformation.

(&1, &, -
as

é = k(()’) - ’-YS? g(to) = 507 (6)
where k(o) = [k1(0), k2(0), ..., kn(0)]" = g(0 + &) —
~0, o(t) € {1,2,..
time t and N denotes the number of all possible do-

., N} denotes the domain index at

mains. Here, it should be noted that the switching
threshold of each variable of &(t) becomes zero.

Consider the state transition graph of the system
(6). Transitions between contiguous domains often
form transition cycles. It is easy to see that the solu-
tion of system (6) along the transitions which do not
belong to any transition cycle will ultimately either
reach a transition cycle or enter a domain and not go
away after finite transitions. So we can judge whether
the solution converges to the equilibrium point by
analysing the transition cycles or the domain that
the solution eventually reaches. In many situations,
the transition cycles correspond to circling trajecto-
ries. It is almost impossible to analyse the stability of
the equilibrium point, around which there exist tran-
sition cycles, just based on the state transition graph.
In Theorem 1, we will focus on the case of circling
trajectories by including quantitative analysis in the
state transition graph and give conditions for the sta-
bility of the system in {2 € R™. Moreover, without
considering the state transition graph, we will study
the stability of the equilibrium point from a different
angle by introducing a Lyapunov function in Theorem
2.

Before presenting Theorem 1, we need to make
J1:g2
11,12
obtained by deleting all the rows whose indices belong

some more preparation. Denote | B| as the matrix
to Vp, UVp, and all the columns whose indices belong
to Vp,UVp,, from the matrix B denote |g]
vector obtained by deleting all the entries whose in-

i1,i, as the
dices belong to Vp, UVp, from the column vector g,
where Vp, is the index set of all switching variables
of the domain Dj. From matrix theory, it is easy to
see that || Ayll> < [|Allallyll>

Lemma 1 Consider a transition path (D, Do,
Ds), where D5 is a switching domain. The following
statements hold.

(a) If the domain Dj is a transparent wall with
respect to the domains D; and D3, then Vp, C Vp,.

(b) If the domain D5 is not a transparent wall
with respect to the domains D; and Ds, then Vp, C
Vb,

Proof a) Since D is a transparent wall with re-
spect to the domains D; and Ds, the resident time
in Dy is zero. Also, & # 0 and & is finite for any
i € (S — Vp,). Thus, & cannot become zero for any
i € (4 — Vp,) when trajectories go through the do-
main Dy. This implies that Vp, C Vp,.

b) It is clear that & = 0 for any i € Vp,. Then &
is constant in Dy from system (6). If & # 0, then the
resident time for the system (6) in Dy is zero. This
means that the domain D5 is a transparent wall with
respect to the domains D; and Ds, which is a contra-
diction. So & = 0 for any i € Vp,. Therefore, £ =0
for any i € Vp, at the switching time from D5 to Ds
(when trajectories leave the domain Dy and enter the
domain Ds). That is, there is a point in D3 such that
& =0forany i € Vp,. According to the definition
of the domain, & = 0 for any ¢ € Vp, in Ds. This
implies Vp, C Vp,. 0

Let 2 C R™. We first study the simplest case in
the presence of a transition cycle with different degra-
dation rates. Consider the domains, Dy, Do, ..., Do,
where p > 0 is an integer, Do;_1 € R({0}) and
Dy; € A({0}). Suppose that all transitions form a
transition cycle in the sequence of (D1, Da, ..., Dy,
D;). We have the following lemma.

Lemma 2 Let #(0) € (2 be a sufficiently small
ball around the origin. If

1,2 2p,2p—1
F =l ]1" 11122 121" |
2pu—1

<[LIeol<e<t

for some positive constant 0 < p < 1, then the so-

lution of the system (6) with initial condition &, €
2p
U (D; N #(0)) converges to the origin as t — o0,

=1
i)vhere P(i)=1— mk:(i)e:]ri7 ¢ € VpUVp, ., —Vp,N
Vb1, and e, € R™ stands for the column vector in
which only the g;-th entry is 1 and all the other entries
are 0.

Proof Under the assumption, the solution of
the system (6) starting in a regulatory domain D;
(i=1,3,...,2l — 1) will reach the switching domain
D;41 in finite time. Then we need only to analyse the
solutions starting in the switching domains. Without
loss of generality, take &y(tg) = &o € Do HB(0). De-
note t; as the switching times for i € Z* and p; as
the switching variable of the switching domain Dsyj,
{pj} = Vbp,,, for j =1,2,..., u. It is easy to see that
&(t) € Dy for t € (to,t1) and &, is the switching vari-
able at time t;. Evidently, &,, (to) # 0, &, (t1) = 0
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and kp, (1) # 0. (If kp, (1) = 0, it would take infinite
time for the solution to reach the switching domain
D,.) It follows from Eq. (5) that

1 k, (1) — t
tl—toz—ln pl( ) 5}71(0)7101.

Vp1 kp, (1)

Then for any j € .Z,

&i(ty) = L(l) e Vilti= to)(fj )
Vi

_ k@) T (1 Epy (t0), p1>_%/%1
’YJ Pl( )

< (&0 - 7(”)

42 (2)(-

&y (t0)Vps )}

Fon (1)
(&(to) ’“Jjj)wo@;(to»
k) L & () ()
= =, ) R
B &tk
Vi k1() * (pl(tO))
_ &) sm(t)g(to)
Ep, (to)kj1
b o () (8)

Rewriting Eq. (8) in matrix form, we have

1 T
() P T
oL, (to)ep €L ))E ()
A(0)E (o).

£tr) = ( vE(to)ep,

where 1,, = [ ...,l]T € R". Note that &,,(t1) =0
and &p, (to) = 0. Then we have

[&(t1) )1 = [A(t) ¥ 1€(to) ], = LA(#)] 15" [€(t0) -
Thus,

1€t 12 < ILA) 12" 11€)l2-

Similarly, it can be obtained that

€tz < ILA) 3712 IE(t-1)ll, (2 < < ),

where
1
Alt)) =T — ——Kk(2j — 1)el
(.]) kp](Q‘]fl) (-7 ) D
1 T
—E(t,—
+kpj(2j—1)7£(] 1)epj

+ 0(1n§T(tj_1)epj egj).

On the other hand, it is easy to see that Vp, U
VDI - VDQ;Lm VDI = VDQ;LU VDI = VDQ;LU VDQ;L—I =
VD?u and VDiU Vb — VD,-m Vb = VDiU Vb, =

it+1 it1 i+1

Vp,UVp, , = Vp, for i = 2,4,...,2p — 2. Thus,
~ | VDYUVD, Vb,,\ VDzu 1 .

LD vppve, I = IPCH v, v, =1 (=

2,4,...,2p — 2) Also, since & € () is sufficiently
small, £(¢;) for 1 < i < p are also sufficiently small.
Then, the condition (7) implies that

ILA(t) 12" H LA 1)) <p< L.

Thus, [|€(tu)l2 < pllE(o)ll2-
easily see that when the solution of the system

By induction, we

(6) returns to the domain D, for the m-th time,
1€t 2 < p™||E(to) |2 for any m € Z*. Similarly,
it can be proved that when the solution of the sys-
tem (6) returns to the domain D,; for the m-th
time, [€(ty.ey)ll2 < (1) for any m € Z* and

j=1,2,...,u— 1. It follows that '1i+m E(ty) =
1—T00
Consequently, , ligl £t) = (For linear systems,
— 400
the system gains are finite in finite time.) O

Remark 1 It should be noted that in Lemma 2,
we do not assume that each variable &; activates the
production of the next variable &;,1, which is different
from Ref. [11].

Remark 2 When the system (6) is considered
in a sufficiently small ball around the origin, the term
—~¢€ is very small in comparison with the nonzero con-
stant term k(o) and the nonzero term k(o) plays a
main role in determining the solution trajectories. So,
as shown in the proof of Lemma 2, the dynamic vari-
ation of the system (6) in each domain D; can be de-

scribed by @(i) and the solution gain in each domain

3,2—1
zz-&-lH

in view of the fact that the switching variables remain

D; can be approximately measured by ||| (%) ]

zero in D;.
In the following, we will consider the stability of
the system (6) when there exist multiple transition
cycles under the following two assumptions.
Assumption 1 There are altogether [ transi-
The path se-
1) as {Dyy,
s Dysjs D}, where p; is the number of do-
Each domain D;;
1) is assumed to have m;;
af ’"w}
Assumption 2 Denote Z;, = {Dk] | j =
1,...,Lk=1,...

tion cycles, denoted by ci,co,...,¢.

quence of each cycle ¢; (j = 1,2,...
Doy, ...
mains in the transition cycle c;.
(t=1,2,...,p5,i=1,2,...,
switching variables, denoted by {§p ,fp yeen

,1tj }. There are no transitions from
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any domain D; € (9,U 2, — %) to any domain
Dy € Dye.

Assumption 3 The solution trajectories start-
ing in a domain D; € (Z4J 2, — Z.) finally converge
to the domain {6}.

Figure 1 shows an example of a 3-dimensional
phase space and figure 2 shows an example of a state
transition graph in the phase space as shown in Fig. 1.
It is easy to see that the assumptions 1 and 2 are satis-
fied and there are totally four transition circles: (D,
D, D3, D¢, Dy, Dg, D7, Dy, D1), (D7, Dy, D1, D1y,
Dyy1, D12, D15, Dig, Di7, Dig, D7), (Do, D11, D12,
Dy5, Dig, D17, D16, D13, Dio), and (D19, D2o, D2,
Doy, Doz, Dag, Das, Daa, Dig). Since transitions de-
scribe the tendency of the solutions of the system and
different solutions may go through the same domains,
then the transition cycles are allowed to be connected
and share common domains.

ms3 . :
Dy Dy
Dg  Dj . ‘
T iR Dz D’%\
T3 O ||| . 1
’ Dyg| D1y Dig
<Dz Bar D
Dy g D1 D12
m2 (- D35 Dzz ””””” Dig
DﬂﬁBmDie
\ 02 Do Dy Dsy
€2
0 0, -
—_—
T

Fig. 2. One example of a state transition graph in the
phase space as shown in Fig. 1.

Theorem 1 Under the assumptions 1, 2, and 3,

if
Fy = |18, 57 (@5 () )27 Lo~
J J 17,25 5\l wij,1g
pi—1
l ,(i—1)
x H ;) Gyl <p <t (9)

forj=1,2,..
totically stable, where 0 < p < 1 is a scalar,

., 1, then the system (6) is locally asymp-

(i) =1 - k(ij)eg,, .

1
kq.; (i)
%ij € VD1, Y Vb — VD(i+1)jm Vp,; and e, € R"
stands for the column vector in which only the ¢;;-th
entry is 1 and all the other entries are 0.

Proof Since what we considered is the local sta-
bility of the system (6), we can study the solution of
the system (6) in a sufficiently small ball #(0) around
the origin by calculating the system gain along each
transition cycle and then following the lines of the
proof of Lemma 2 this theorem can be proved. How-
ever, four points should be emphasized.

1) If Dy; is a transparent wall, by Lemma 1, Vp, U
Hence, ¢;; € Vp,;. Then by simple
125 (0) 37 G =

VD), = Vi

ij,(i+1)j
1.
2) If D,; is not a transparent wall, by Lemma 1,
VD11,V VDiy = VDiyay; and Vb0 Vb, = Vb,

Thus, VD(HWU Vp,; — VD(Hl)jﬁ Vp,; is the set of the
variables which vanish to zero when the solution goes
from the domain D; to the domain D, ;.

3) Consider the solution of the system (6) travel-
ing along the path (D(;_1);, Dij, D(i41);). Note that
in each domain, the switching variables are kept zero.
Thus, & is zero for any k € Vp, U Vb, at the
switching time from D(;_1); to D;; whereas & is zero

for any k € Vp,,U Vp,_,,; at the switching time from
Djj to D(;11)j- So, we use the matrix |®; (z)Jz;EZ};;
to calculate the system gains.

4) The solution trajectories starting in a domain
D; € Y. either finally converge to a domain D; €
20 D, — D;. or remain in the domains belonging to
Dyie. Then from the assumption 3 and following the
lines of the proof of Lemma 2, this theorem can be
proved. O

Remark 3 The condition (9) is only related to
the constant terms of the right-hand side of the sys-
tem in each domain and the switching variables of
every two contiguous domains in each transition cy-
cle. We can check the condition (9) in three steps:
i) perform a model transformation as that in system
(6); ii) find out all possible transition cycles in the
state transition graph and the switching variables of
each domain in each transition cycle and then check
whether assumptions 2 and 3 are satisfied; iii) check
whether the condition (9) is satisfied.

108701-6



Chin. Phys. B Vol. 20, No. 10 (2011) 108701

In Ref. [5], Casey et al. investigated the stability
of an equilibrium set contained in a switching domain.
They showed that the equilibrium set is asymptoti-
cally stable if every contiguous regulatory domain D,,
has a transition entering the switching domain. In
particular, if the equilibrium set is a single point and
lies on the intersection of the thresholds of all vari-
ables, the equilibrium set is asymptotically stable. In
this case, it is easy to see that sgn(&;)k;(c) < 0 for
any j € . in each regulatory domain D,, where

1, gj > 0,
sgn(fj) = Oa gj = Oa (10)
-1, fj <0.

Motivated by this, we will use the Lyapunov approach
to analyse the system (6). Though numerous results
have been obtained with the Lyapunov approach for
switching systems,?”! few can be applied directly to
the system (6) due to the fact that all subsystems of
system (6) do not have a common equilibrium point
and the specific solution cannot be obtained in each

regulatory domain.
Theorem 2 Let 2 C R™. If > sgn(§;)k (o) <
=1

j
0 in each regulatory domain D, € R({f}), then
the system (6) is asymptotically stable. Further, if

> sgn(&)k;j(o) < 0 for each D, € R({6}), the solu-

j=1
tion of the system (6) will approach 6 in finite time.

Proof Define a Lyapunov function for the system
(6) as follows:

V(D)= 3 1600

Let o(0) = [¢1(0), ¢2(0), - - ., on(c)]T be an arbitrary

vector in a domain D,. Calculating V (t), we have

V(t) € Y eo({sen(p;(0))(ki(o)

< mx{ S lsn(os )i o)

(& (D)6 (D) | 9(0) € Dy Dy € R(D)}

=n- Z '7min5gn<£j (t))gj (t)

j=1

— 5" minsen(&; (0)&(¢)

j=1

IN

- _meinV(t)) (11)
where
= ; k. <0
7 Dagllgée}){jz_;sgn(%(a)) J(U)} <
and Ymin = min{y;} > 0. It follows that
J

V(t)/V(t) < —Ymin. Thus, V(t) < V(0) e Ymint,
This means that &(¢) vanishes exponentially fast

with a speed of vnin as t — 4oo. Moreover, if
n

>~ sgn(¢;)kj(o) < 0 for each regulatory domain D,
j=1

then it follows from formula (11) that V() < n < 0.
Consequently, £(t) will approach 6 in finite time. O

Remark 4 It should be noted that all the analy-
sis in Theorem 2 is based on the differential inclusion
and nonsmooth analysis, which allows the Lyapunov
function to be nonsmooth.

Remark 5 Generally, the Lyapunov function is
adopted in the quadratic form, but invalid here due
to the special structure of the system (6). Moreover,
it should be pointed out that the common Lyapunov
function adopted in Theorem 2 does not require that
each subsystem should be asymptotically stable, dif-
ferent from the generally used Lyapunov functions
where all subsystems should be asymptotically stable.

Remark 6 The condition given in Theorem 2
is much simpler than that given in Theorem 1 and
it is only related to the constant terms of the right-
hand side of the system in each regulatory domain.
Also, it needs no information about the transition in-
formation and can be applied to the cases not covered
by Refs. [5] and [8]. Moreover, since the approach is
based on Lyapunov functions, the results obtained in
Theorem 2 might be extended to the time-delay case.
Nevertheless, the use of Lyapunov functions may ne-
glect the information of the relationship between two
contiguous domains, which makes the results obtained
somewhat conservative.

4. Numerical examples

To illustrate Theorems 1 and 2, let us first con-

sider a two-gene network with the following equations:
&y = r11sT (22,02)s (w1,01)

+ k128t (22, 02)sT (21,601) — 1121,

12
k215 (T2,02)s™ (x1,61) 12

To
+ koost (22, 02)s™ (21,61) — Y22,

in three cases:
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Case 1 K11 = 2, K12 = 3, K91 = 4, Koo = 2.5,

’)/1:1,’)/2:2,61:62:1;

Case 2 K11 = 3,%12 = 2,/%21 = 2, K929 = 3,
’)/1:1,’)/2:1,01:62:1;
Case 3 K11 = 4,/‘612 = 3, KRo1 = 3,%22 = 2 and

"}’1:2,’)/2:1, 01:62:1.
Let & = z1 — 1 and & = 23 — 1. The system (12)

can be rewritten as

& = kst (& +1,02)s7 (& +1,601)
+ k128t (€2 +1,02)sT (& + 1,61)
—m — 71,

& = kars (&2 +1,02)s7 (&1 4+ 1,01)
+ koosT (&2 +1,02)s7 (&1 + 1,61)
=72 — Y22

(13)

By simple calculations, we have that the sys-
tem (12) has the same transitions for all three
It is clear that the as-
sumptions 1 and 2 are satisfied and there is only

cases as shown in Fig. 3.

one transition circle c¢;, whose path sequence is
(D1, Da, D3, Dy, Ds, Ds, D7, Ds, Di).
p1 = 8. Moreover, in the domain Dy, the dynamics
of the system (12) is & = & = 0. Then it is easy to
see that the solution trajectories starting in the do-

Clearly,

main Dg remain in the domain Dg all the time in the
absence of disturbances. Thus, the assumption 3 is
satisfied.

ma
T N

D7 wl)g—» Dy

Dl<*£4<—£3
0 0, mi

T

—

Fig. 3. State transition graph of the system (12).

Consider Case 1. Note that D11 = D1, Dy = Do,
and Dg; = Dg. Then, VD1U VD2 — VDlﬁ VD2 = {2},
i.e., q11 = 2. Then

IS = 1L - kel 15

1,8
= [[[T]2l =111 =1,

where T' = . Similarly, it can be obtained that

11981(2) 50510 = [1@1(4) 4051 = | [81(6) 5121
= [I[@1(8) 5 11] = 1,
I121(3) 517311 = 2.

and
1181(5) 2161l = [ @1(7) | 5181] = 0.5.

Thus, F; = 0.5. Then applying Theorem 1, we can
easily see that the system (12) is locally asymptoti-
cally stable at Dy (i.e., {6}). It should be noted that
Zn: sgn(&;)k;(o) > 0 in D7 and thus Theorem 2 can-

Jj=1
not be applied.

For Case 2, it can be obtained that F; = 1
and thus Theorem 1 cannot be applied. But note
that Xn: sgn(&;)k;(o) = 0 in each regulatory domain.
Then],:al];)plying Theorem 2, the system (12) is asymp-
totically stable at Dg.

For Case 3, it can also be obtained that F} = 0.25
and il sgn(&;)k;j(o) < 0 in each regulatory domain.

J
Both conditions of Theorems 1 and 2 are satisfied and

thus the system (12) is asymptotically stable at Dy.

Fig. 4. State trajectories of the system (12) for Case 1.

2.0

T2

Fig. 5. State trajectories of the system (12) for Case 2.
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0.951

Fig. 6. State trajectories of the system (12) for Case 3.

Figures 4-6 show the state trajectories of the sys-
tem (12) for Cases 1-3. It is clear that all state tra-
jectories asymptotically converge to the switching do-
main Dg, which is consistent with Theorems 1 and
2.

From Cases 1-3, the approaches used in Theo-
rems 1 and 2 have no absolute advantage over each
other. They can be combined to analyse the stability
of the PL models of genetic regulatory networks. To
illustrate this, we present the following example.

Consider a three-gene network with the following

equations:

&y = Ki1sT (@2, 02)s™ (21,01)
+ k1281 (22, 02)sT (21, 01) — y121,
Ty = Ka15~ (w2, 02)s™ (v1,01) (14)

+ KkoosT (x2,02)s™ (21,01) — Y2,

T3 = K31 — Y3%3,

where k11 = 2, kK19 = 3, Ko1 = 4, Koo = 2.5, K31 = 3,
=1 "v%=2 7 =3 and 0; =0y =05 = 1.

Let & =21 —1, & =29 — 1, and & = x5 — 1.
The system (14) can be rewritten as

& = kst (& +1,00)s7 (& + 1,61)
+r128F(E +1,602)sT (&1 + 1,61)
-7 —mé,

= ks (2 +1,02)s" (&1 +1,60)  (15)
+ koasT (&2 +1,62)s™ (614 1,601)
— Y2 — 72€2,

€3 = K31 — 73 — 1363 = —3Es.

By simple calculations, the system (14) has the

transitions shown in Fig. 7.

Fig. 7. The state transition graph for the system (14)
with the phase space shown in Fig. 1.

It is clear that the assumptions 1 and 2 are satis-
fied and there are three transition circles in total ¢,
¢a, ¢3, whose path sequences are (D1, Do, D3, Dg, Do,
Dg, D7, Dy, D1), (D10, D11, D12, D15, D1g, D17, Dis,
Dy, D10>7 and <D19, Dao, Da1, Day, Daz, Dag, Dos,
Dss, D1g), respectively. Moreover, in the domains Ds

and Di3, the system (15) can be written as

él = 07
52 = 07
€3 = —38s.

Then it is easy to see that the solution trajectories
starting in the domains D5 and Do3 finally converge
to the domain D14 (i.e., {6}). Moreover, it is easy to
see that there are no transitions from or to the domain
Dy4. Clearly, the assumption 3 is satisfied.

However, by simple calculations, we have F; >
1, F5 > 1, F3 > 1 and thus Theorem 1 can be directly
applied. To analyse the stability of the system, we can
combine Theorems 1 and 2. Consider the transition
circle ¢; without considering the third variable &3. As
discussed in case 1) of the system (12), it is easy to
see that

lim &(t) = lim &(t) = 0.

t——+oo t——+oo

On the other hand, construct a Lyapunov function
V = |¢&|. Calculating V, we have V = —3V (t) < 0,
which means that lim;_, o &3(¢) = 0. Similar results
can be obtained for the transition circles ¢y and cs.
That is, the system (14) is locally asymptotically sta-
ble.

Figure 8 shows the state trajectories of the system
(14). It is clear that the state trajectories asymptoti-
cally converge to the switching domain D14, which is
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consistent with our theoretical analysis.

09 0.6 1

Fig. 8. State trajectories of the system (14).

5. Conclusions

This paper investigates the stability of the PL
models of genetic regulatory networks. Sufficient con-
ditions are presented on the stability of the equilibria
lying on the intersection of the thresholds of all vari-
ables. All of the obtained conditions are only related
to the constant terms on the right-hand side of the dif-
ferential equation. It is worthwhile noting that future
investigations could be directed towards considering
the time-delay case, which is more general.
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