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This paper investigates the stability of the equilibria of the piecewise-linear models of genetic regulatory networks
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conditions by quantitative analysis in the state transition graph. Then it proposes a common Lyapunov function for
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1. Introduction

In recent years there has been a growing inter-
est in the study of the analysis and control of ge-
netic regulatory networks.[1−25] This is partly due
to recent advances in the experimental techniques
used in genomics such as cDNA microarrays, oligonu-
cleotidechips and the mass spectrometric identifica-
tion of gel-separated proteins. Currently, it is im-
possible to build a model that generates the exact
behaviour of the genetic regulatory networks owing
to no or incomplete understanding of the biochemical
reaction mechanisms underlying the interactions and
the general absence of quantitative information on ki-
netic parameters and molecular concentrations. It is
of significance to find an effective model which cap-
tures the main properties of the genetic regulatory net-
works and is convenient for numerical analysis. One
of the most interesting approach to this problem is to
use the piecewise-linear (PL) models originally pro-
posed by Glass et al.[14] Numerous studies have been
conducted to investigate the equilibria of this model,
which lie on the threshold hyperplanes. For example,
Gouzé et al.[18] introduced the Filippov solution to the
PL models of genetic regulatory networks on threshold
hyperplanes. Subsequently, de Jong et al.[8] presented
a method for the qualitative simulation of genetic reg-

ulatory networks based on PL models. Founded on
the works of Refs. [18] and [8], Casey et al.[5] put
the problem of stability in this class of PL systems
into the framework of differential inclusions and Fil-
ippov solutions, and proved several results on the sta-
bility of singular equilibria based on properties of the
state transition graph. In the meantime, many stud-
ies have been made on periodic trajectories or limit
cycles. However, the obtained results mainly focus on
a special case where all degradation rates are assumed
to be equal[10,12,19] and few results are established to
tackle the general case where the degradation rates are
different. To our knowledge, there are only two works
(by Snoussi et al.[22] and Farcot et al.[11]) which do
not require the uniform degradation assumption.

In this paper, we follow the work of Refs. [5], [8],
and [18] and investigate the equilibria stability of the
PL models of genetic regulatory networks with differ-
ent degradation rates. The equilibrium considered in
this paper is an isolated point lying on the intersec-
tion of the thresholds of all variables and there may be
transition cycles around the equilibrium, which is dif-
ferent from Refs. [5] and [8] where the focal point is the
stability of an equilibrium set contained in a switching
domain and the given stability condition is that every
contiguous regulatory domain should have a transi-
tion entering the switching domain. We first study
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the case where there exist transition cycles around
the equilibrium in the state transition graph. In many
situations, the transition cycles correspond to circling
trajectories. It is almost impossible to analyse the
stability of the equilibrium point in the existence of
transition cycles by the state-transition-graph-based
approach used in Refs. [5] and [8] which took no ac-
count of the detailed solution of the system. The ap-
proach adopted is to first perform a model transfor-
mation by bringing the equilibrium to zero and then
including the quantitative analysis in the state tran-
sition graph. The derived conditions are only related
to the constant terms on the right-hand side of the
obtained system. In Ref. [11], the case where there
are transition cycles around the equilibrium was also
studied, but it is required that there is a compression
function, which is hard to find and may not exist in
some cases, to guarantee the convergence of the equi-
librium of the system. Without considering the state
transition graph, we study the stability of the equilib-
rium from a different angle by introducing a common
Lyapunov function. As commonly known, it is not
an easy task to construct a common Lyapunov func-
tion for switching systems, especially when the sub-
systems have different equilibrium points. Based on
the introduced common Lyapunov function, we ob-
tain a simple condition consisting of a sign sum of the
constant terms on the right-hand side of the differ-
ential equation. Compared with the approach based
on the state transition graph, the proposed Lyapunov
approach needs no information about the solution of
the system but only the dynamics of the system in
each regulatory domain and might be employed to
deal with the time-delay case for genetic regulatory
networks.

The following notations will be used through-
out this paper. The Rn

≥0 denotes the set of all n-

dimensional real column vectors whose entries are pos-
itive; Z+ denotes the set of the positive integers; AT

represents the transpose of the vector or matrix A;
‖ · ‖2 refers to the 2-norm for vectors or matrices.

2. Models

The genetic regulatory network under consider-
ation consists of n genes. Suppose that the protein
concentration of the product of the i-th gene (i ∈ I )
has the dynamics (proposed originally by Ref. [14]) as
follows:

ẋi = gi(x) − γixi, xi(0) = x0i, (1)

where I = {1, 2, . . . , n} is an index set, x =
(x1, . . . , xn)T, gi(x) denotes the expression rate which
depends on the concentrations x of proteins in the cell
and γixi is the degradation rate. A primary feature
of the genetic regulatory networks is the presence of
threshold-like relationships between the system vari-
ables, i.e., below (or above) a certain value, a vari-
able xi has little or no effect on another variable xj ,
whereas above (or below) this value the effect of xi

on xj increases rapidly to a constant value. In this
paper, these threshold-like relationships are described
by step functions. The function gi : Rn

≥0 → R≥0 is
defined as

gi(x) =
∑
l∈I

κilbil(x), (2)

where κil > 0 is a rate parameter and bil : Rn
≥0 →

{0, 1} is a regulation function. The function bil(x)
describes the conditions under which the protein en-
coded by the i-th gene is synthesized at a rate κil

and is expressed as combinations of step functions
s+, s− : R2

≥0 → {0, 1}:

s+(xj , θj) =

 1, xj > θj ,

0, xj < θj ,
and s−(xj , θj) = 1 − s+(xj , θj). (3)

Here, θj is called the threshold for the protein concen-
tration xj . It should be noted that at each threshold
xj = θj , the step functions are not defined and hence
neither are the regulation functions.

Let g(x) = (g1(x), . . . , gn(x))T and γ =
diag{γ1, . . . , γn}. Rewriting the system (1) in a ma-

trix form, we have

ẋ = g(x) − γx. (4)

Definition 1 (Filippov solution)[26] Let x(t) be
an absolutely continuous function. We say that x(t)
is a Filippov solution of the system (4) on [t0, tf ] if,
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for almost all t ∈ [t0, tf ],

ẋ(t) ∈ H(x) = co({g(x) − γx|x ∈ D′ ∈ R(D)}), (5)

where co denotes convex closure.
Throughout this paper, the solution of the system

(4) will be discussed on the basis of Definition 1.
In the following, we will introduce some concepts

and definitions about the phase space and the state
transition graph (referring to Refs. [5] and [8].

2.1.Domains in phase space

Consider an n-dimensional phase space Ω = Ω1×
Ω2 × . . . × Ωn, where Ωi = {xi ∈ R≥0|0 ≤ xi ≤ mi >

maxx∈Ω(gi(x)/γi)} for some positive parameter mi.
For the threshold θi of xi, it is assumed that θi < mi.
Define the sets ei1 = {xi ∈ Ωi|0 ≤ xi < θi}, ei2 =
{xi ∈ Ωi|xi = θi}, and ei3 = {xi ∈ Ωi|θi < xi ≤ mi}.
For a region D = d1×. . .×dn ⊂ Ω, if di ∈ {ei1, ei2, ei3}
for any i ∈ I , then the region D is called a domain.
Furthermore, if di ∈ {ei1, ei3} for any i ∈ I , then
the region D is called a regulatory domain. It is clear
that in a regulatory domain none of the variables are
equal to their corresponding threshold. Moreover, if
D is a domain and there is at least one integer i ∈ I

such that di = ei2, then the region D is said to be a
switching domain and the i-th variable xi is a switch-
ing variable of D. For convenience of discussion, the
set of the indexes of all switching variables of the do-
main D is denoted as VD and the sets of regulatory
and switching domains are denoted as Dr and Ds, re-
spectively.

For each domain D, define the sets A(D) = {D′ ∈
Ds|D′ ⊆ ∂D} and R(D) = {D′ ∈ Dr|D ⊆ ∂D′}. The
set A(D) consists of the switching domains lying on
the boundary of D, whereas the set R(D) consists of
regulatory domains whose boundary contains the do-
main D. Two domains, D and D′, are said to be
contiguous if D ∈ A(D′) or D′ ∈ A(D). For clarity
of the following discussion, we define that if D ∈ Dr,
then R(D) = {D}; if D ∈ Ds, D /∈ A(D).

2.2. State transition graph

Let D,D′ ∈ D be two contiguous domains. We
say that there exists a transition from D to D′ if one
of the following two properties holds.

(i) If D′ ∈ A(D), then there exist x0 ∈ D and a
Filippov solution xt(x0) defined on a finite time inter-
val [0, τ ] such that xt(x0) ∈ D for all t ∈ [0, τ), and
xτ (x0) ∈ D′.

(ii) If D ∈ A(D′), then there exist x0 ∈ D and a
Filippov solution xt(x0) defined on a finite time inter-
val [0, τ ] such that x0(x0) = x0 ∈ D, and xt(x0) ∈ D′

for all t ∈ (0, τ ].
Clearly, a transition between two different do-

mains is accomplished in finite time.
A state transition graph is a directed graph whose

vertices are the domains of the system and whose
edges are the transitions between these domains. A
transition path of length (h − 1)-th is a non-empty
sequence of domains 〈D1, D2, . . . , Dh〉 such that, for
every i, 1 ≤ i < h, there exists a transition from Di

to Di+1. A transition cycle is a transition path that
begins and ends with the same domain, but otherwise
all the domains are different.

Consider a transition path 〈D1, D2, D3〉, where
D2 ∈ Ds. The switching domain D2 is called a trans-
parent wall with respect to D1 and D3 if when the
solution of Eq. (4) enters D2 from D1, it immedi-
ately leaves D2 for D3 without any residence. Clearly,
the residence time in D2 is zero when the solutions of
Eq. (4) go through D1, D2, D3.

3. Equilibria and stability

The PL system (4) has two kinds of equilibrium
points: one kind lies inside the regulatory domains
and the another kind locates on the threshold hyper-
planes (Ref. [21]). The former is easily handled and
known to be asymptotically stable. The latter con-
sists of the possible homeostatic points of the regu-
latory system and is as important as the former but
causes a difficulty for the PL formalism due to discon-
tinuities at the thresholds. Many results have been
obtained on these points, e.g.,. Refs. [5], [8], [18], [21],
and [22]. Moreover, considering the circling trajecto-
ries, we usually assume that the degradation rates are
equal and few results have been established to tackle
the general case where the degradation rates are dif-
ferent. To our knowledge, there are only two works
(by Snoussi et al.[22] and Farcot et al.[11]) that do not
require the uniform degradation assumption. Our ob-
jective is to follow the works of Refs. [5], [8], and [11]
and give some conditions for the asymptotical stability
of the equilibrium point on the interconnection of the
thresholds of all variables with different degradation
rates.

Define θ = (θ1, θ2, . . . , θn)T. To prove that θ is
an asymptotical equilibrium point, we need make a

108701-3



Chin. Phys. B Vol. 20, No. 10 (2011) 108701

model transformation. Let ξi = xi − θi and ξ =
(ξ1, ξ2, . . . , ξn)T. Then system (4) can be rewritten
as

ξ̇ = k(σ) − γξ, ξ(t0) = ξ0, (6)

where k(σ) = [k1(σ), k2(σ), . . . , kn(σ)]T = g(θ + ξ) −
γθ, σ(t) ∈ {1, 2, . . . , N} denotes the domain index at
time t and N denotes the number of all possible do-
mains. Here, it should be noted that the switching
threshold of each variable of ξ(t) becomes zero.

Consider the state transition graph of the system
(6). Transitions between contiguous domains often
form transition cycles. It is easy to see that the solu-
tion of system (6) along the transitions which do not
belong to any transition cycle will ultimately either
reach a transition cycle or enter a domain and not go
away after finite transitions. So we can judge whether
the solution converges to the equilibrium point by
analysing the transition cycles or the domain that
the solution eventually reaches. In many situations,
the transition cycles correspond to circling trajecto-
ries. It is almost impossible to analyse the stability of
the equilibrium point, around which there exist tran-
sition cycles, just based on the state transition graph.
In Theorem 1, we will focus on the case of circling
trajectories by including quantitative analysis in the
state transition graph and give conditions for the sta-
bility of the system in Ω ∈ Rn. Moreover, without
considering the state transition graph, we will study
the stability of the equilibrium point from a different
angle by introducing a Lyapunov function in Theorem
2.

Before presenting Theorem 1, we need to make
some more preparation. Denote bBcj1,j2

i1,i2
as the matrix

obtained by deleting all the rows whose indices belong
to VDi1

∪VDi2
and all the columns whose indices belong

to VDj1
∪VDj2

from the matrix B denote bgci1,i2 as the
vector obtained by deleting all the entries whose in-
dices belong to VDi1

∪ VDi2
from the column vector g,

where VDk
is the index set of all switching variables

of the domain Dk. From matrix theory, it is easy to
see that ‖Ay‖2 ≤ ‖A‖2‖y‖2.

Lemma 1 Consider a transition path 〈D1, D2,
D3〉, where D2 is a switching domain. The following
statements hold.

(a) If the domain D2 is a transparent wall with
respect to the domains D1 and D3, then VD3 ⊂ VD2 .

(b) If the domain D2 is not a transparent wall
with respect to the domains D1 and D3, then VD2 ⊂
VD3 .

Proof a) Since D2 is a transparent wall with re-
spect to the domains D1 and D3, the resident time
in D2 is zero. Also, ξi 6= 0 and ξ̇i is finite for any
i ∈ (I − VD2). Thus, ξi cannot become zero for any
i ∈ (I − VD2) when trajectories go through the do-
main D2. This implies that VD3 ⊂ VD2 .

b) It is clear that ξi = 0 for any i ∈ VD2 . Then ξ̇i

is constant in D2 from system (6). If ξ̇i 6= 0, then the
resident time for the system (6) in D2 is zero. This
means that the domain D2 is a transparent wall with
respect to the domains D1 and D3, which is a contra-
diction. So ξ̇i = 0 for any i ∈ VD2 . Therefore, ξi = 0
for any i ∈ VD2 at the switching time from D2 to D3

(when trajectories leave the domain D2 and enter the
domain D3). That is, there is a point in D3 such that
ξ̇i = 0 for any i ∈ VD2 . According to the definition
of the domain, ξi = 0 for any i ∈ VD2 in D3. This
implies VD2 ⊂ VD3 . ¤

Let Ω ⊂ Rn. We first study the simplest case in
the presence of a transition cycle with different degra-
dation rates. Consider the domains, D1, D2, . . . , D2µ,
where µ > 0 is an integer, D2i−1 ∈ R({θ}) and
D2i ∈ A({θ}). Suppose that all transitions form a
transition cycle in the sequence of 〈D1, D2, . . . , D2µ,

D1〉. We have the following lemma.
Lemma 2 Let B(0) ∈ Ω be a sufficiently small

ball around the origin. If

F = ‖bΦ(1)c1,2µ
2,1 ‖‖bΦ(2µ)c2µ,2µ−1

2µ,1 ‖

×
2µ−1∏
i=2

‖bΦ(i)ci,i−1
i,i+1‖ < ρ < 1 (7)

for some positive constant 0 < ρ < 1, then the so-
lution of the system (6) with initial condition ξ0 ∈
2µ∪
i=1

(Di

∩
B(0)) converges to the origin as t → +∞,

where Φ(i) = I− 1
kqi

(i)k(i)eT
qi

, qi ∈ VDi∪VDi+1 −VDi∩
VDi+1 , and eqi ∈ Rn stands for the column vector in
which only the qi-th entry is 1 and all the other entries
are 0.

Proof Under the assumption, the solution of
the system (6) starting in a regulatory domain Di

(i = 1, 3, . . . , 2l − 1) will reach the switching domain
Di+1 in finite time. Then we need only to analyse the
solutions starting in the switching domains. Without
loss of generality, take ξ0(t0) = ξ0 ∈ D2l∩ B(θ). De-
note ti as the switching times for i ∈ Z+ and ξpj as
the switching variable of the switching domain D2j ,
{pj} = VD2j , for j = 1, 2, . . . , µ. It is easy to see that
ξ(t) ∈ D1 for t ∈ (t0, t1) and ξp1 is the switching vari-
able at time t1. Evidently, ξp1(t0) 6= 0, ξp1(t1) = 0
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and kp1(1) 6= 0. (If kp1(1) = 0, it would take infinite
time for the solution to reach the switching domain
D2.) It follows from Eq. (5) that

t1 − t0 =
1

γp1

ln
kp1(1) − ξp1(t0)γp1

kp1(1)
.

Then for any j ∈ I ,

ξj(t1) =
kj(1)
γj

+ e−γj(t1−t0)

(
ξj(t0) −

kj(1)
γj

)
=

kj(1)
γj

+
(

1 − ξp1(t0)γp1

kp1(1)

)−γj/γp1

×
(

ξj(t0) −
kj(1)
γj

)
=

kj(1)
γj

+
[
1 +

(
− γj

γp1

)
×

(
− ξp1(t0)γp1

kp1(1)

)]
× (ξj(t0) −

kj(1)
γj

) + o(ξ2
p1

(t0))

=
kj(1)
γj

+ ξj(t0) +
ξp1(t0)ξj(t0)γj

kp1(1)

− kj(1)
γj

− ξp1(t0)kj(1)
kp1(1)

+ o(ξ2
p1

(t0))

= ξj(t0) +
ξp1(t0)ξj(t0)γj

kp1(1)

− ξp1(t0)kj1

kp1(1)
+ o(ξ2

p1
(t0)). (8)

Rewriting Eq. (8) in matrix form, we have

ξ(t1) = (I − 1
kp1(1)

k(1)eT
p1

+
1

kp1(1)
γξ(t0)eT

p1

+ o(1nξT(t0)ep1e
T
p1

))ξ(t0)

, A(t1)ξ(t0),

where 1n = [1, 1, . . . , 1]T ∈ Rn. Note that ξp1(t1) = 0
and ξpl

(t0) = 0. Then we have

bξ(t1)c1 = bA(t1)cµ
1 bξ(t0)cµ = bA(t1)c1,2µ

1,2 bξ(t0)cµ.

Thus,

‖ξ(t1)‖2 ≤ ‖bA(t1)c1,2µ
1,2 ‖‖ξ(t0)‖2.

Similarly, it can be obtained that

‖ξ(tj)‖2 ≤ ‖bA(tj)c2j−1,2j−2
2j−1,2j ‖‖ξ(tj−1)‖2, (2 ≤ j ≤ µ),

where

A(tj) = I − 1
kpj (2j − 1)

k(2j − 1)eT
pj

+
1

kpj (2j − 1)
γξ(tj−1)eT

pj

+ o(1nξT(tj−1)epj e
T
pj

).

On the other hand, it is easy to see that VD2µ∪
VD1 − VD2µ∩ VD1 = VD2µ∪ VD1 = VD2µ∪ VD2µ−1 =
VD2µ and VDi∪ VDi+1 − VDi∩ VDi+1 = VDi∪ VDi+1 =
VDi∪ VDi−1 = VDi for i = 2, 4, . . . , 2µ − 2. Thus,

‖bΦ(i)c
VDi

∪VDi−1
VDi

∪VDi+1
‖ = ‖bΦ(2µ)c

VD2µ
∪VD2µ−1

VD2µ
∪VD1

‖ = 1 (i =
2, 4, . . . , 2µ − 2). Also, since ξ0 ∈ B(θ) is sufficiently
small, ξ(ti) for 1 ≤ i ≤ µ are also sufficiently small.
Then, the condition (7) implies that

‖bA(t1)c1,2µ
1,2 ‖

µ∏
j=2

‖bA(tj)c2j−1,2j−2
2j−1,2j ‖ < ρ < 1.

Thus, ‖ξ(tµ)‖2 < ρ‖ξ(t0)‖2. By induction, we
easily see that when the solution of the system
(6) returns to the domain D2µ for the m-th time,
‖ξ(tiµ)‖2 < ρm‖ξ(t0)‖2 for any m ∈ Z+. Similarly,
it can be proved that when the solution of the sys-
tem (6) returns to the domain D2j for the m-th
time, ‖ξ(tiµ+j)‖2 ≤ ρi‖ξ(tj)‖2 for any m ∈ Z+ and

j = 1, 2, . . . , µ − 1. It follows that lim
i→+∞

ξ(ti) = 0.

Consequently, lim
t→+∞

ξ(t) = 0. (For linear systems,

the system gains are finite in finite time.) ¤
Remark 1 It should be noted that in Lemma 2,

we do not assume that each variable ξi activates the
production of the next variable ξi+1, which is different
from Ref. [11].

Remark 2 When the system (6) is considered
in a sufficiently small ball around the origin, the term
−γξ is very small in comparison with the nonzero con-
stant term k(σ) and the nonzero term k(σ) plays a
main role in determining the solution trajectories. So,
as shown in the proof of Lemma 2, the dynamic vari-
ation of the system (6) in each domain Di can be de-
scribed by Φ(i) and the solution gain in each domain
Di can be approximately measured by ‖bΦ(i)ci,i−1

i,i+1‖
in view of the fact that the switching variables remain
zero in Di.

In the following, we will consider the stability of
the system (6) when there exist multiple transition
cycles under the following two assumptions.

Assumption 1 There are altogether l transi-
tion cycles, denoted by c1, c2, . . . , cl. The path se-
quence of each cycle cj (j = 1, 2, . . . , l) as {D1j ,

D2j , . . . , Dµjj , D1j}, where µj is the number of do-
mains in the transition cycle cj . Each domain Dij

(i = 1, 2, . . . , µj , j = 1, 2, . . . , l) is assumed to have mij

switching variables, denoted by {ξp1
ij

, ξp2
ij

, . . . , ξ
p

mij
ij

}.
Assumption 2 Denote Dtc = {Dkj | j =

1, . . . , l, k = 1, . . . , µj}. There are no transitions from
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any domain Di ∈ (Ds∪ Dr − Dtc) to any domain
Dk ∈ Dtc.

Assumption 3 The solution trajectories start-
ing in a domain Di ∈ (Ds∪ Dr − Dtc) finally converge
to the domain {θ}.

Figure 1 shows an example of a 3-dimensional
phase space and figure 2 shows an example of a state
transition graph in the phase space as shown in Fig. 1.
It is easy to see that the assumptions 1 and 2 are satis-
fied and there are totally four transition circles: 〈D1,
D2, D3, D6, D9, D8, D7, D4, D1〉, 〈D7, D4, D1, D10,
D11, D12, D15, D18, D17, D16, D7〉, 〈D10, D11, D12,

D15, D18, D17, D16, D13, D10〉, and 〈D19, D20, D21,
D24, D27, D26, D25, D22, D19〉. Since transitions de-
scribe the tendency of the solutions of the system and
different solutions may go through the same domains,
then the transition cycles are allowed to be connected
and share common domains.

 

D5

D6

D7

D8

D9

D10

D11

D12

D13

D14

D15

D16

D17

D18
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D20

D21

D22

D23

D24

D25

D26

D27

D1

D2

D3

D4

m3

m2

m1

  x3

  x2

  x1

 θ3

 θ2

 θ1

Fig. 1. One example of a 3-dimensional phase space.
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D5

D6
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D8

D9

D10

D11

D12

D13

D14

D15

D16

D17

D18

D19

D20

D21

D22

D23

D24

D25

D26

D27

Fig. 2. One example of a state transition graph in the

phase space as shown in Fig. 1.

Theorem 1 Under the assumptions 1, 2, and 3,
if

Fj = ‖bΦj(1)c1j,µjj
1j,2j ‖‖bΦj(µj)c

µjj,(µj−1)j
µjj,1j ‖

×
µj−1∏
i=2

‖bΦj(i)cij,(i−1)j
ij,(i+1)j‖ < ρ < 1, (9)

for j = 1, 2, . . . , l, then the system (6) is locally asymp-
totically stable, where 0 < ρ < 1 is a scalar,

Φj(i) = I − 1
kqij (ij)

k(ij)eT
qij

,

qij ∈ VD(i+1)j
∪ VDij − VD(i+1)j

∩ VDij and eqij ∈ Rn

stands for the column vector in which only the qij-th
entry is 1 and all the other entries are 0.

Proof Since what we considered is the local sta-
bility of the system (6), we can study the solution of
the system (6) in a sufficiently small ball B(0) around
the origin by calculating the system gain along each
transition cycle and then following the lines of the
proof of Lemma 2 this theorem can be proved. How-
ever, four points should be emphasized.

1) If Dij is a transparent wall, by Lemma 1, VDij∪
VD(i+1)j

= VDij . Hence, qij ∈ VDij . Then by simple

calculations, it is easy to see that ‖bΦj(i)cij,(i−1)j
ij,(i+1)j‖ =

1.
2) If Dij is not a transparent wall, by Lemma 1,

VD(i+1)j
∪ VDij = VD(i+1)j

and VD(i+1)j
∩ VDij = VDij .

Thus, VD(i+1)j
∪ VDij − VD(i+1)j

∩ VDij is the set of the
variables which vanish to zero when the solution goes
from the domain Di to the domain Di+1.

3) Consider the solution of the system (6) travel-
ing along the path 〈D(i−1)j , Dij , D(i+1)j〉. Note that
in each domain, the switching variables are kept zero.
Thus, ξk is zero for any k ∈ VDij∪ VD(i−1)j

at the
switching time from D(i−1)j to Dij whereas ξk is zero
for any k ∈ VDij∪ VD(i+1)j

at the switching time from

Dij to D(i+1)j . So, we use the matrix bΦj(i)cij,(i−1)j
ij,(i+1)j

to calculate the system gains.
4) The solution trajectories starting in a domain

Di ∈ Dtc either finally converge to a domain Dj ∈
Ds∪ Dr − Dtc or remain in the domains belonging to
Dtc. Then from the assumption 3 and following the
lines of the proof of Lemma 2, this theorem can be
proved. ¤

Remark 3 The condition (9) is only related to
the constant terms of the right-hand side of the sys-
tem in each domain and the switching variables of
every two contiguous domains in each transition cy-
cle. We can check the condition (9) in three steps:
i) perform a model transformation as that in system
(6); ii) find out all possible transition cycles in the
state transition graph and the switching variables of
each domain in each transition cycle and then check
whether assumptions 2 and 3 are satisfied; iii) check
whether the condition (9) is satisfied.
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In Ref. [5], Casey et al. investigated the stability
of an equilibrium set contained in a switching domain.
They showed that the equilibrium set is asymptoti-
cally stable if every contiguous regulatory domain Dσ

has a transition entering the switching domain. In
particular, if the equilibrium set is a single point and
lies on the intersection of the thresholds of all vari-
ables, the equilibrium set is asymptotically stable. In
this case, it is easy to see that sgn(ξj)kj(σ) < 0 for
any j ∈ I in each regulatory domain Dσ, where

sgn(ξj) =


1, ξj > 0,

0, ξj = 0,

−1, ξj < 0.

(10)

Motivated by this, we will use the Lyapunov approach
to analyse the system (6). Though numerous results
have been obtained with the Lyapunov approach for
switching systems,[27] few can be applied directly to
the system (6) due to the fact that all subsystems of
system (6) do not have a common equilibrium point
and the specific solution cannot be obtained in each
regulatory domain.

Theorem 2 Let Ω ⊂ Rn. If
n∑

j=1

sgn(ξj)kj(σ) ≤

0 in each regulatory domain Dσ ∈ R({θ}), then
the system (6) is asymptotically stable. Further, if
n∑

j=1

sgn(ξj)kj(σ) < 0 for each Dσ ∈ R({θ}), the solu-

tion of the system (6) will approach θ in finite time.
Proof Define a Lyapunov function for the system

(6) as follows:

V (t) =
n∑

j=1

|ξj(t)|.

Let ϕ(σ) = [ϕ1(σ), ϕ2(σ), . . . , ϕn(σ)]T be an arbitrary
vector in a domain Dσ. Calculating V̇ (t), we have

V̇ (t) ∈
n∑

j=1

co({sgn(ϕj(σ))(kj(σ)

− γjξj(t)) | ϕ(σ) ∈ Dσ, Dσ ∈ R(D)})

≤ max
σ

{ n∑
j=1

[sgn(ϕj(σ))kj(σ)

− γjsgn(ξj(t))ξj(t)] | ϕ(σ) ∈ Dσ, Dσ ∈ R(D)
}

= η −
n∑

j=1

γminsgn(ξj(t))ξj(t)

≤ −
n∑

j=1

γminsgn(ξj(t))ξj(t)

= −γminV (t), (11)

where

η = max
Dσ∈R({θ})

{ n∑
j=1

sgn(ϕj(σ))kj(σ)
}

≤ 0

and γmin = min
j

{γj} > 0. It follows that

V̇ (t)/V (t) < −γmin. Thus, V (t) ≤ V (0) e−γmint.
This means that ξ(t) vanishes exponentially fast
with a speed of γmin as t → +∞. Moreover, if
n∑

j=1

sgn(ξj)kj(σ) < 0 for each regulatory domain Dσ,

then it follows from formula (11) that V̇ (t) ≤ η < 0.

Consequently, ξ(t) will approach θ in finite time. ¤
Remark 4 It should be noted that all the analy-

sis in Theorem 2 is based on the differential inclusion
and nonsmooth analysis, which allows the Lyapunov
function to be nonsmooth.

Remark 5 Generally, the Lyapunov function is
adopted in the quadratic form, but invalid here due
to the special structure of the system (6). Moreover,
it should be pointed out that the common Lyapunov
function adopted in Theorem 2 does not require that
each subsystem should be asymptotically stable, dif-
ferent from the generally used Lyapunov functions
where all subsystems should be asymptotically stable.

Remark 6 The condition given in Theorem 2
is much simpler than that given in Theorem 1 and
it is only related to the constant terms of the right-
hand side of the system in each regulatory domain.
Also, it needs no information about the transition in-
formation and can be applied to the cases not covered
by Refs. [5] and [8]. Moreover, since the approach is
based on Lyapunov functions, the results obtained in
Theorem 2 might be extended to the time-delay case.
Nevertheless, the use of Lyapunov functions may ne-
glect the information of the relationship between two
contiguous domains, which makes the results obtained
somewhat conservative.

4. Numerical examples

To illustrate Theorems 1 and 2, let us first con-
sider a two-gene network with the following equations:

ẋ1 = κ11s
+(x2, θ2)s−(x1, θ1)

+κ12s
+(x2, θ2)s+(x1, θ1) − γ1x1,

ẋ2 = κ21s
−(x2, θ2)s−(x1, θ1)

+κ22s
+(x2, θ2)s−(x1, θ1) − γ2x2,

(12)

in three cases:
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Case 1 κ11 = 2, κ12 = 3, κ21 = 4, κ22 = 2.5,
γ1 = 1, γ2 = 2, θ1 = θ2 = 1;

Case 2 κ11 = 3, κ12 = 2, κ21 = 2, κ22 = 3,
γ1 = 1, γ2 = 1, θ1 = θ2 = 1;

Case 3 κ11 = 4, κ12 = 3, κ21 = 3, κ22 = 2 and
γ1 = 2, γ2 = 1, θ1 = θ2 = 1.

Let ξ1 = x1 − 1 and ξ2 = x2 − 1. The system (12)
can be rewritten as

ξ̇1 = κ11s
+(ξ2 + 1, θ2)s−(ξ1 + 1, θ1)

+κ12s
+(ξ2 + 1, θ2)s+(ξ1 + 1, θ1)

− γ1 − γ1ξ1,

ξ̇2 = κ21s
−(ξ2 + 1, θ2)s−(ξ1 + 1, θ1)

+κ22s
+(ξ2 + 1, θ2)s−(ξ1 + 1, θ1)

− γ2 − γ2ξ2.

(13)

By simple calculations, we have that the sys-
tem (12) has the same transitions for all three
cases as shown in Fig. 3. It is clear that the as-
sumptions 1 and 2 are satisfied and there is only
one transition circle c1, whose path sequence is
〈D1, D2, D3, D4, D5, D6, D7, D8, D1〉. Clearly,
µ1 = 8. Moreover, in the domain D9, the dynamics
of the system (12) is ξ̇1 = ξ̇2 = 0. Then it is easy to
see that the solution trajectories starting in the do-
main D9 remain in the domain D9 all the time in the
absence of disturbances. Thus, the assumption 3 is
satisfied.

D1

D2

D3D4

D9
D6

D7 D8

x1

x2

m2

m1θ1

θ2

D5

0

Fig. 3. State transition graph of the system (12).

Consider Case 1. Note that D11 = D1, D21 = D2,
and D81 = D8. Then, VD1∪ VD2 − VD1∩ VD2 = {2},
i.e., q11 = 2. Then

‖bΦ1(1)c11,81
11,21‖ = ‖bI − 1

k2(1)
k(1)eT

2 c
1,8
1,2‖

= ‖bT c1,8
1,2‖ = ‖1‖ = 1,

where T =

1 1

0 0

. Similarly, it can be obtained that

‖bΦ1(2)c21,11
21,31‖ = ‖bΦ1(4)c41,31

41,51‖ = ‖bΦ1(6)c61,51
61,71‖

= ‖bΦ1(8)c81,71
81,11‖ = 1,

‖bΦ1(3)c31,21
31,41‖ = 2,

and

‖bΦ1(5)c51,41
51,61‖ = ‖bΦ1(7)c71,61

71,81‖ = 0.5.

Thus, F1 = 0.5. Then applying Theorem 1, we can
easily see that the system (12) is locally asymptoti-
cally stable at D9 (i.e., {θ}). It should be noted that
n∑

j=1

sgn(ξj)kj(σ) > 0 in D7 and thus Theorem 2 can-

not be applied.
For Case 2, it can be obtained that F1 = 1

and thus Theorem 1 cannot be applied. But note

that
n∑

j=1

sgn(ξj)kj(σ) = 0 in each regulatory domain.

Then, applying Theorem 2, the system (12) is asymp-
totically stable at D9.

For Case 3, it can also be obtained that F1 = 0.25

and
n∑

j=1

sgn(ξj)kj(σ) ≤ 0 in each regulatory domain.

Both conditions of Theorems 1 and 2 are satisfied and
thus the system (12) is asymptotically stable at D9.

Fig. 4. State trajectories of the system (12) for Case 1.

Fig. 5. State trajectories of the system (12) for Case 2.
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Fig. 6. State trajectories of the system (12) for Case 3.

Figures 4–6 show the state trajectories of the sys-
tem (12) for Cases 1–3. It is clear that all state tra-
jectories asymptotically converge to the switching do-
main D9, which is consistent with Theorems 1 and
2.

From Cases 1–3, the approaches used in Theo-
rems 1 and 2 have no absolute advantage over each
other. They can be combined to analyse the stability
of the PL models of genetic regulatory networks. To
illustrate this, we present the following example.

Consider a three-gene network with the following
equations:

ẋ1 = κ11s
+(x2, θ2)s−(x1, θ1)

+κ12s
+(x2, θ2)s+(x1, θ1) − γ1x1,

ẋ2 = κ21s
−(x2, θ2)s−(x1, θ1)

+κ22s
+(x2, θ2)s−(x1, θ1) − γ2x2,

ẋ3 = κ31 − γ3x3,

(14)

where κ11 = 2, κ12 = 3, κ21 = 4, κ22 = 2.5, κ31 = 3,
γ1 = 1, γ2 = 2, γ3 = 3, and θ1 = θ2 = θ3 = 1.

Let ξ1 = x1 − 1, ξ2 = x2 − 1, and ξ3 = x3 − 1.
The system (14) can be rewritten as

ξ̇1 = κ11s
+(ξ2 + 1, θ2)s−(ξ1 + 1, θ1)

+κ12s
+(ξ2 + 1, θ2)s+(ξ1 + 1, θ1)

− γ1 − γ1ξ1,

ξ̇2 = κ21s
−(ξ2 + 1, θ2)s−(ξ1 + 1, θ1)

+κ22s
+(ξ2 + 1, θ2)s−(ξ1 + 1, θ1)

− γ2 − γ2ξ2,

ξ̇3 = κ31 − γ3 − γ3ξ3 = −γ3ξ3.

(15)

By simple calculations, the system (14) has the

transitions shown in Fig. 7.

D1

D2

D3

D4

D5

D6

D7

D8

D9

D10

D11

D12

D13

D14

D15

D16

D17

D18

D19

D20

D21

D22

D23

D24

D25

D26

D27

Fig. 7. The state transition graph for the system (14)

with the phase space shown in Fig. 1.

It is clear that the assumptions 1 and 2 are satis-
fied and there are three transition circles in total c1,
c2, c3, whose path sequences are 〈D1, D2, D3, D6, D9,
D8, D7, D4, D1〉, 〈D10, D11, D12, D15, D18, D17, D16,
D13, D10〉, and 〈D19, D20, D21, D24, D27, D26, D25,
D22, D19〉, respectively. Moreover, in the domains D5

and D13, the system (15) can be written as
ξ̇1 = 0,

ξ̇2 = 0,

ξ̇3 = −γ3ξ3.

Then it is easy to see that the solution trajectories
starting in the domains D5 and D23 finally converge
to the domain D14 (i.e., {θ}). Moreover, it is easy to
see that there are no transitions from or to the domain
D14. Clearly, the assumption 3 is satisfied.

However, by simple calculations, we have F1 >

1, F2 > 1, F3 > 1 and thus Theorem 1 can be directly
applied. To analyse the stability of the system, we can
combine Theorems 1 and 2. Consider the transition
circle c1 without considering the third variable ξ3. As
discussed in case 1) of the system (12), it is easy to
see that

lim
t→+∞

ξ1(t) = lim
t→+∞

ξ2(t) = 0.

On the other hand, construct a Lyapunov function
V = |ξ3|. Calculating V̇ , we have V̇ = −γ3V (t) ≤ 0,
which means that limt→+∞ ξ3(t) = 0. Similar results
can be obtained for the transition circles c2 and c3.
That is, the system (14) is locally asymptotically sta-
ble.

Figure 8 shows the state trajectories of the system
(14). It is clear that the state trajectories asymptoti-
cally converge to the switching domain D14, which is
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consistent with our theoretical analysis.

Fig. 8. State trajectories of the system (14).

5. Conclusions

This paper investigates the stability of the PL
models of genetic regulatory networks. Sufficient con-
ditions are presented on the stability of the equilibria
lying on the intersection of the thresholds of all vari-
ables. All of the obtained conditions are only related
to the constant terms on the right-hand side of the dif-
ferential equation. It is worthwhile noting that future
investigations could be directed towards considering
the time-delay case, which is more general.
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