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Linear analysis of a three-dimensional rectangular
Cerenkov maser with a sheet electron beam*
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A linear theory of a rectangular Cerenkov maser (RCM) with a sheet electron beam is developed by using the field-

match method. Based on the three-dimensional beam-wave interaction model proposed in this paper, a hybrid-mode

dispersion equation and its analytical solution are derived for the RCM. Through numerical calculations, the effects of

the beam-grating gap, beam thickness, current density, beam voltage and waveguide width on the linear growth rate

are analysed. Moreover, the performance difference between the RCM with the closed transverse boundary and that

with the upper open boundary is compared. The results show that the closed RCM model can avoid the effect of RF

radiation on beam-wave interaction, which is more rational for practical applications.
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1. Introduction

The research on Cerenkov masers can be dated
back to the late 1940s.
remarkable theoretical and experimental results has

From then on, a series of

been reported.!' =9 Cerenkov masers, characterized by
high power and high frequency coherent radiation and
a wide tunable range of working frequency, have be-
come one of the most promising candidates to produce
high power millimeter-waves or microwaves, which
have potential applications in radar, communication
systems and plasma heating.

For practical Cerenkov masers (CM), there are
two possible structures. One is a cylindrical Cerenkov
maser (CCM) and the other is a rectangular Cerenkov
maser (RCM). The CCM adopts a cylindrical waveg-
uide as the interaction structure, where an annular
electron beam interacts with the TM,, modes. In the
1990s, a CCM produced megawatt-level peak and/or
kilowatt-level average powers in the centimeter-wave
regime with a efficiency of 30%-50%.[5:6:19=13] How-
ever, the geometrical scale of the practical device is al-
ways analogous to the working wavelength, so the op-
eration of a CCM for high power levels is limited when
the wavelength becomes short. Moreover, in order to
keep a proper shape and position of the beam for the
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beam—wave interaction, and to avoid the beam defor-
mation and the boundary interception of the beam
resulting from the high current density in the hollow
beam, a strong axial magnetic field must be applied,
which commonly needs large focusing equipment. An
RCM with a sheet beam adopts a rectangular waveg-
uide with a loaded dielectric layer or metal slow-wave
structure, in which the RF field interacts with a sheet
beam. Compared with the conventional CM, the fo-
cusing of the beam in the RCM can be realized using
periodic permanent magnets, because of the smaller
space-charge force in the sheet beam. In the RCM, a
transverse size of the sheet beam can be enlarged to
improve the power capability and reduce space-charge
force, while the other size remains small and compat-
ible with the millimeter-wave operation.

Some work on the RCM was done in the early
1990s, when the researchers in the University of Wis-
consin derived a hybrid-mode dispersion equation for
a dielectric loaded RCM with a sheet beam, in which
the analytic results for growth rates, bandwidth and
mode competition in the limit of a dilute beam are
presented. In the early 2000s, Calsten has put for-
ward a conceptual design of the RCM that was used in
a low-frequency communication system.!'® According
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to the particle in cell (PIC) simulation, he obtained
1.2-dB/cm gain at 28.7 GHz using the sheet electron
beam (140 kV, 15 A) and the interaction efficiency ap-
proached to 15%-25%. McVey et al.'® dealt with a
cold dispersion equation without a beam for a metal-
grating rectangular waveguide structure that can be
used in an RCM as an interaction circuit.'®! Mehrany
and Rashidian'" proposed a two-dimensional (2D)
model of the sheet beam Cerenkov grating amplifier,
in which the transverse geometrical boundaries are
open.

In this paper, a three-dimensional (3D) beam-
wave interaction model of the RCM is proposed,
in which the transverse geometrical boundaries are
closed with perfect metal. By using the field-match
method at interfaces, a hybrid-mode dispersion equa-
tion and its analytical solution are derived. Through
numerical calculations, the effects of the relevant elec-
tric and geometrical parameters on the linear growth
rate are analysed. Moreover, the performance differ-

ence between this closed RCM and its corresponding
open structure without the upper boundary is com-
pared.

2. Model and formulas

2.1. Model

Figure 1 shows the model of the RCM with the
sheet beam, which consists of a rectangular waveguide
of height p and width w with periodic metal-gratings.
The grating has a periodicity 7', groove width d and
depth h. A sheet electron beam interacts with the
guided wave in the structure. The dotted line at y = a
corresponds to the central plane of the beam. The
sheet beam is immersed in a strong axial magnetic
field that constrains electron motion only along the z
axis. The drift velocity of the beam vy is constant and
the beam thickness is 2b. All the derivations in this
paper are based on this model.
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Fig. 1. Model of RCM with sheet beam.

2.2. Derivation of dispersion equation

If the z axis is chosen as the longitudinal direction,
the modes in this structure are hybrid modes that si-
multaneously include the z-axial field components E,
and H,, which can be represented by the superposi-
tion of the normal TE and TM modes in a perfect
metal waveguide. However, as shown in Refs. [16] and
[18], the hybrid mode discussed here can be simply
expressed as a transverse electric mode with respect
to the z direction, TE,.

For a self-consistent analysis, the electron motion
equations and Maxwell equations must be combined
to obtain a solution. As shown in Fig. 1, the whole
structure can be divided into four different regions.
Regions 1, 2, 3, and 4 are defined as a + b < y < p,
a—b<y<a+b 0<y<a-—->b and —h <y <0,

respectively.

2.2.1. Field solutions in regions 1, 2 and 3

By linearizing Lorentz-force equations and
Maxwell equations, the beam region 2 can be replaced

by an equivalent dielectric layer with the effective per-

mittivity constant as below,8—20]
1 0 0
o1 o | )

where the susceptibility x, = —w2/(7*(w — vo)?) re-
flects the electron polarization response to the per-
turbing field component E,. wp, [, and 7 denote
plasma frequency, propagation constant and relativis-
tic factor, respectively. Hence the field solution can be
reduced into an equivalent multilayer field problem.

By using the method of variable separation, the
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field solution can be expressed as

N
w
n;Na sin T+ 5
X (ejkyiy + Rine_jk'yiy)ejﬂnz7 (2)

where ¢ = 1, 2, and 3 correspond to region 1, 2, and 3
respectively; a;, is the amplitude coefficient; the val-
ues of R;,,, when the values of index, 7 take 1, 2, and 3,
respectively, denote reflection coefficients in the planes
y=p,y=a+b, and y = ab;

lm

2nm
n — o ) :1a2"'7
Bn = Bo + T k " l (3a)

kyl:kyS:ky:\/kg_k;%_ 72”

kde, — k2
ky2 = kyp = \/%g_kg (k(2) —kz —B7) (3b)
0 T

with
1+ x5 in region 2,

1 in regions 1 and 3,

_wﬁ 5
72(“} - Uoﬁn)2 . ( C)

By using the metallic boundary condition and the

Xn =

continuous conditions of the transverse fields, the re-
flection coefficient, R;,, can be obtained through te-
dious algebraic operations,

(i) in the plane y = p

Ry, = elkv?p, (4a)
(ii) in the plane y = a+b
L jkytan(ky(a+ b —p)) ke, — k2

Kyp k/’g — k3
Roy, = . ) D)
14 kytan(ky(a +b—p)) kjen — kz
kyb k% — k3
x ek (ath); (4b)

(iii) in the plane y = a — b,

k2 — k2 Ky e@Re(e=d) Ry
 K2e, — k2 ky, eZhw(a=b) L R, 2jky (a—b)
B-1 kR, ©

1 b =
T Ren k2 &, PR+ Ry,

R3, =

(4¢)

2.2.2. Field solutions in region 4

In general, the field solution in region 4 can

be expanded into a Fourier series with the following

form:[16:21]

H, = i Bmcosh\/(nzlﬂ)Z FR2— k2 (y+h)
m=0

X sink, (CL‘ + %) cos %z (5)
However, if T' < \¢ and the z dependence of the field
quantity can be neglected, the fields in region 4 can be
approximately represented by the lowest order mode

in formula (5) as below

H, = Bysink, (:v-i— %) cosh\/M(y'i‘h)a

(6a)

—iwuB 7 1.2
E. = jwpBoy/ kK kosinkx(x—kg)

kE— k2 2

x sinhy/k2 — k2 (y +h). (6b)

Subsequently, the approximate continuous conditions

of the tangent field components at y = 0 are applied

E.4(z,07,2), 0< 2 <d,
E.5(z,07,2) = 4 ) (7a)
0, d<z<T,

H,3(z,0",2) = Hpu(z,07, 2). (7b)

Through algebraic operations, a simplified dispersion

equation can be written as

d
2
N sinc (ﬁn>
2/ 1+ Rs,
D = E
(607)() ,]ky 1— RSn

n=—N
_Tcoth\/k:%—k%h_o ()
d\/k2 = k2 '

As the beam density approaches to zero, there exist

the following relationships:

en — 1, (9a)
R3n - ej k:y2p’ (Qb)
1+ Rz, —1

B (9¢)

1— R,  tanh(jk,p)

Hence, equation (8) can be reduced into

. (10)

(. d
N sinc ﬁn§ cot (jw/k?ﬁ _]ggh) T
n:Z_N V k:% - k(% E

ky tanh (j kyp)

Equation (10) is consistent with the cold dispersion

equation obtained in Ref. [16].
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2.2.3. Analytical solution of dispersion equa-
tion

Usually, one can obtain the complex propagation
constant by solving the transcendental Eq. (8) nu-
merically. However, when the dilute beam assump-
tion is adopted, an approximate solution can be ob-
tained. There are the guided surface-wave and the
space-charge wave in the RCM with sheet beam. Ac-
cording to the coupling mode theory, the coupling be-
tween the two waves becomes strong when their phase
velocities are close to each other, which is commonly
The coupled

fields are modified from the fields of an uncoupled

known as the synchronous condition.
guided surface-wave. Since the beam is dilute (i.e.
Xb < 1), the field modification due to the coupling
is moderate. Based on this point, equation (8) can
be expanded around xp = 0 and the resonant point
(Wres; Bres) using Taylor series,

D(w,8,X) = D(w, B, X+1) | (wrew,Bree,x=0)
9D(x+1 =0)
+ CWT |(wres,ﬁres)

oD
+ X“er |(wresvﬁre57x=0) : (11)

+1

If the first harmonic of the guided surface wave
strongly couples to the space-charge wave, the propa-
gation constant can be written as

Bo =w/vg —2w/T + 65. (12)

Through combining Egs. (3a), (3¢), and (12), the first-

order susceptibility x 41 can be expressed as

(Wp/'}’)Q

XL = = 5 Bu)T (13)

Substituting Eq. (13) into Eq. (11), one can obtain

(o y? L D Boxan) 1
vy Oxq
D (Bo, x+1)
9Bo

56 = (14)

The partial derivatives in Eq. (14) are given by

9D (Bo, x+1)
8X+1 res,x=0

1 . 2 (w d> 2 8R31
= — Sinc —5 | T/ =
ky v02) (1— Ra;) Oe

where

)

res,x=0

(15)
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(1 T TR + R21>
N )
e2ikyp(a=b) 4 Ro) k2 — k2
Rop — 1—jtanky(a+b—p) o2iky(ath)

1+jtanky(a+b—p)

tanky(a +b—p)
(1+]tanky(a+b—p))?

j2k2 1
w:kQ—lﬁ —2bj k 2aj ky )2
0~ kz (e 20ikue 4 e2aiky)

9

2, .
—Qb\/k;g—k%— (w) 1—Jtanl<;y(a+b—p)+

vo) 1+jtank,(a+b—p)

oD (607 X = O)
9B
Bnd Bnd . Bnd
B i 14 Ry, dsine(B,d/2) 2 (2) oo (2) . i 14 Ryn Bosinc?(8,d/2)
1R Ry (Bnd/2)? = 1= R, 2\ /i — k2 — 32

sinc2%(1 —jtanky(a+b—p)) 0 23kyb(atb)
(1+jtanky(a+b —p))\/m

According to Eq. (12), the linear growth rate is the imaginary part of Eq. (14).

_8aj Bn

N
! n:Z—N ky (1 - R?m)2 (16)

3. Numerical calculation

As an example, a sheet beam interacting with the first harmonic of the TE,;9 mode in the RCM is
investigated by the linear theory. The propagation constant of the uncoupled guided wave is 8y = 915/m. The
waveguide-grating parameters used in the calculation for the RCM are listed in Table 1.

108402-4



Chin. Phys. B Vol. 20, No. 10 (2011) 108402

Table 1. Waveguide-grating parameters.
Closed RCM

Parameters

Grating periodicity 7'/mm 1.8

Grating width d/mm 0.8
Grating depth h/mm 6
Waveguide height p/mm 7.9
Waveguide width w/mm 15.8
Beam thickness 2b/mm 2.2

Beam central position a/mm 2.1

Figure 2 shows that the normalized amplitude of
the longitudinal field component FE, falls quickly with
the increase of waveguide width when the width is less
than 5 cm and gradually reaches a stable value with
the further increase of the width. This implies that the
coupling between the beam and the guided wave weak-
ens as width increases. The same initial state is used
in Figs. 3(a) and 3(b), in which the initial value of the
current density and the total current are 0.2 A/cm?
and 0.0638 A, respectively. Moreover, the total cur-
rent keeps invariant in Fig. 3(a) and the current den-
sity is invariant in Fig. 3(b). Figure 3(a) exhibits the
gains versus the waveguide width for the total cur-
rent of 0.0638 A, which shows that the gain drops off
markedly with the increase of waveguide width when
the width is less than 5 cm and gradually approaches
a stable value with the further increase of the width.
Based on the model in Fig. 1, it can be seen that
beam region 2 is broadened as the waveguide width
increases, which leads to the reduction of the current
density because the total current is invariant. More-
over, as shown in Fig. 2, the normalized amplitude of
the E, also drops off with the increase of waveguide
width. Hence it is the decreasing current density and
the reduced amplitude of the E, that result in the de-
scending of the gain with the increase of waveguide
In Fig. 3(b), the gain

decreases significantly with the increase of waveguide

width as shown in Fig. 3(a).

width when the width is less than 5 cm and gradually
trends to the stable value with the further increase
of the width. It should be noted that the total cur-
rent is enhanced to keep the constant current density.
However, even the current density is invariant, the de-
crease in amplitude of the E, (Fig. 2) will cause the
reduction in gain when the width is less than 5 cm, as
shown in Fig. 3(b).

0.8
5}
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2y
'71; 0.6 f =155 GHz
%LO W =30 kV
g o 04 Jo =02 A-cm~2 |
25 b ,
ERR
56 Q
Z,
0 L L L L L
0 5 10 15

Waveguide width/cm

Fig. 2. Normalized amplitude of longitudinal field com-
ponent E. versus waveguide width.
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T 016}
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Waveguide width/cm
Fig. 3. Gains versus waveguide width (a) for a total

current of 0.0638 A, and (b) for a current density of
0.2 A/cm2.

Figure 4 illustrates the effects of beam thickness
and beam-grating gap (the distance between the beam
and the metal grating) on linear growth rate for the
current density being 0.2 A/cm?. The solid line in
Fig. 4 is for the approximate solution from Eq. (14),
and the dashed line is for the numerical solution ob-
tained from Eq. (8).
versus the beam thickness with a beam grating gap of

Figure 4(a) exhibits the gain

1 mm, which shows that the gain grows rapidly when
the beam thickness is less than 1 mm, this growth
slows down after the thickness is over 1 mm and the
gain gradually trends to saturation with the further
increase of the thickness. This can be explained by
the fact that the beam shields the evanescent tail of
the guided waves. Figure 4(b) indicates that the gain
decreases with the increase of the beam grating gap
for a beam thickness of 4 mm. The increase of the
gap in fact causes the weakening of the coupling be-
tween the guided surface-wave and the space-charge
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wave. In addition, the gain almost keeps constant for
a beam grating gap in a range of 1 mm—1.4 mm, which
may be helpful for the beam—wave interaction in the
RCM.

0.24 _
|
é — approximate solution
= 0.16 --- numerical solution
2 / f =155 GHz
=
g 0.087 Vi, =30 kV
© Jb =02A 'Cm_Q(a)
0 L L L L
0 2 4 6
Beam thickness/mm
0.26
[ — approximate solution
TE 0.20 --- numerical solution
('.J
%
= OM 55 GHY
'g W =30 kV
0.08F J,=02A-cm 2 (b) |

1.0 1.8 2.6 34 4.2 50 5.8
Beam-grating gap/mm

Fig. 4. Gains versus beam thickness (a) and beam grating
gap (b).

Figure 5 exhibits the gain versus current density,
which shows that the gain rises with the increase of
the current density for the given structural parame-
ters and working frequency. It should be noted that
this rise is nearly linear if the current density is large
enough and x1, < 1. In Fig. 6, the gain quickly rises
with the increase of the beam voltage when the volt-
age is less than 55 kV and the gain is not sensitive
to the variation of the voltage near 55 kV, and then
gradually falls when the voltage is larger than 60 kV.
This implies that the synchronism condition for the
beam-wave interaction is satisfied well near the beam
voltage of 55 kV, which corresponds to the maximum
linear growth rate of 0.465 dB/cm at a frequency of
15.5 GHz and a current density of 0.1 A/cm?.
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047

0.3

Gain/dB-cm™!

f=15.5 GHz 1
021 Vi =30kV |

0.1
0

1 2 3
Current density/A - cm ™2

Fig. 5. Gain versus current density.
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Fig. 6. Gain versus beam voltage.

The longitudinal electric field profile and the lin-
ear growth rate in the RCM for the closed transverse
geometrical boundaries are compared with those in
the RCM for a corresponding open structure without
the upper boundary in Figs. 7 and 8. The waveguide
width is selected to be 250 mm in this case, much
larger than the height of the waveguide, so the effect
of the waveguide width on linear growth rate can be
neglected. Based on this point, the influence of the
upper boundary on linear growth rate can be investi-
gated in detail. The other structural parameters em-
ployed in Figs. 7 and 8 are listed in Table 1. As shown
in Fig. 7, the field component E, shows an evanescent
distribution along the y direction, and the normalized
amplitude of the field in the closed RCM is greater
than that in the open structure when y is less than
6.4. However, the field component E, in the closed
RCM must vanish at y = 7.9 to satisfy the metallic
boundary condition, which leads to a faster decrease
of the curve in the region y > 6.4. Figure 8 shows that
the gain in the RCM with closed transverse geometri-
cal boundaries is significantly larger than that in the
corresponding open structure when the beam-grating
gap is in a range of 1 mm—5 mm. In fact, the outward
radiation of the transmitted power can be constrained
by the upper boundary in the RCM, which results in
the higher amplitude of the E, as well as the stronger
coupling between the beam and the guided wave.

=
o

o T T T
3 \ Vi, =30 kV
£, 0.8F - —2 1
a % Y\ closed transverse Jp=01A -cm
g N Y boundaries f=15.5 GHz
s X 0.6 N
o

¢ | . ]
_g v 0.4 | L y = 7.9 mm corresponds to|
T‘és o02f fhc upper metal boundary |
5 open upper boundary T TSwee N\
2 0 — ) . -

0 1.6 3.2 4.8 6.4 8.0
y/mm

Fig. 7. Normalized amplitude of longitudinal field com-
ponent E. versus y.
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e
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=

open upper boundary

L L L L L L

e
=)
o

1 2 3 4 5
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Fig. 8. Gain versus beam-grating gap.

4. Conclusion

In this paper, a 3D beam—wave interaction model
of the RCM with a sheet beam is proposed. The dis-
persion equation in the RCM is derived by solving an
equivalent multilayer field problem for the sheet beam
linearly interacting with the hybrid modes. Moreover,
the linear growth rate in the synchronism regime is
investigated under the condition of the low current
density limit (yp < 1). The effects of the main work-
ing parameters on the linear growth rate are analysed
through numerical calculations. The results show that
for this RCM, the closed transverse boundary avoids
the effect of RF radiation on linear growth rate and a
linear growth rate of 0.465 dB/cm can be reached at a
beam voltage of 55 kV, a current density of 0.1 A /cm?
and a frequency of 15.5 GHz. In addition, the gain al-
most keeps constant for a beam grating gap in a range
of 1 mm—1.4 mm, which may be helpful for beam—wave
interaction in the RCM.
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