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What happens to the initial planar instability when

the thermal gradient is increased during

directional solidification?∗
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The positive thermal gradient is one of the most important parameters during directional solidification. The

increase of the thermal gradient usually stabilizes the planar interface in the steady state analysis. However, in the

initial transient range of planar instability, the thermal gradient presents complicated effects. Time-dependent analysis

shows that the increase of the thermal gradient can enhance both the stabilizing effects and the destabilizing effects on

a planar interface. The incubation time first decreases and then increases with the increase of the thermal gradient.

Moreover, the initial average wavelength always increases with the thermal gradient increasing, contrary to the effect of

the thermal gradient on the steady cellular/dendritic spacing. This reveals the types of spacing adjustment after planar

instability.
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1. Introduction

Directional solidification of binary alloys has re-
ceived considerable attention over the past several
decades as an example of a non-equilibrium pattern
formation system that has technological significance.
These patterns are of paramount importance in deter-
mining the properties of materials, as well as reflecting
the intrinsic features of a nonlinear system.[1−5] Ther-
mal gradient is one of the most important parameters
for determining pattern formation during directional
solidification. From planar instability to the forma-
tion of cellular/dendritic arrays, the positive thermal
gradient plays an important role. Abundant theo-
retical analyses and experimental investigations have
revealed the effects of the thermal gradient on mi-
crostructural evolution. Linear stability analysis indi-
cates that a positive thermal gradient can stabilize the
planar interface during directional solidification. How-
ever, in the cell-dendrite transition region, the thermal
gradient displays a destabilizing nature with regard
to the side-branching instability, which is contrary to

the effects in planar instability.[6−8] Experimental and
simulation results have also presented the effects of
the thermal gradient on the final steady morphology,
such as the tip radius, the primary spacing, and so
on.[3] Although the effect of the thermal gradient on
planar instability has been well described, efforts have
been devoted only to the criterion of planar instability
rather than to the instability process. The effects of
the thermal gradient on directional solidification have
not been completely understood yet.

Planar instability is a dynamical process. At the
very beginning, the planar interface moves backward
with respect to the thermal gradient. The solutal
boundary layer is gradually established ahead of the
front. The planar instability occurs during the back-
ward movement of the interface. After planar instabil-
ity, the displaced interface position accelerates. The
incubation time of planar instability is the period from
the very beginning to the onset of planar instability.
In directional solidification, investigations about the
effects of the thermal gradient on microstructure se-
lection in steady state were fruitful, while the study
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of the transient stage was scarce. Investigating the
transient behaviour of planar instability is one of the
most important steps to understand the details of pat-
tern formation during directional solidification, where
the incubation time and the initial wavelength are the
focus points.[9−13] The incubation time is related to
the instantaneous interface velocity and solute bound-
ary layer at the onset of the initial planar instability.
The initial wavelength is the starting point of the ad-
justment of primary cellular/dendritic spacing, which
influences the final steady state microstructure.

According to the linear stability analysis of the
steady state, the positive thermal gradient plays a sta-
bilizing role in planar instability.[14−17] However, the
steady state analysis cannot give enough information
about the planar instability process. With regard to
the onset of initial planar instability, the effects of
the thermal gradient in the transient stage are seldom
considered. The history-dependent characteristic of
directional solidification calls for descriptions of dy-
namic evolution from the initial planar instability to
the final steady state, which means that the transient
stage is the foundation of subsequent microstructure
evolution. Therefore, the effects of the thermal gra-
dient on the initial planar instability need to be clar-
ified for understanding the microstructure evolution
and optimal design in manufacture processes. In this
paper, the nontrivial phenomenon is revealed for the
influence of the thermal gradient on planar instability
in the transient stage.

Planar instability in the transient stage during
directional solidification was first analysed by War-
ren and Langer.[9] Information about the initial pla-
nar instability can be extracted very well from their
analysis. Recently, a simple model was proposed
to describe the onset of initial planar instability by
combining the Fourier synthesis method and time-
dependent linear stability analysis.[13] According to
the model, the displaced interface microstructure and
the incubation time onset of planar instability can be
well predicted. In previous investigations, effects of
pulling velocity and surface tension anisotropy have
been considered.[13,18] The results are significantly dif-
ferent from the steady state analyses. Therefore, it is
necessary to re-examine and quantitatively predict the
initial planar instability with different thermal gra-
dients with the consideration of both scientific and
technical interest. Herein, the model[13] is employed
to study the effects of the thermal gradient on the ini-
tial planar instability quantitatively according to the

incubation time and initial average wavelength.

2. Model description

The directional solidification analysed here is a
two-dimensional case with isotropic surface tension,
moving in the z direction at a constant pulling ve-
locity V in an externally imposed thermal gradient
G. The temperature is defined by a frozen field as
T = TM + Gz, where TM is the melting temperature
of pure solvent. During the transient stage, the con-
centration boundary layer can be approximately de-
scribed as[9]

C(z, t) = C∞ +[C(zI, t)−C∞] exp[−2(z− zI)/l], (1)

where C(z, t) is the time-dependent concentration
field ahead of the planar front, zI the interface po-
sition, l diffusion length and C∞ the concentration far
ahead of the solidification front. Here zI and l are
time-dependent, and satisfy two coupled differential
equations,

VI =
∂zI

∂t
=

2D(zI − z∞)
l(1 − k)zI

− V, (2)

∂l

∂t
=

4D(z∞ − kzI)
l(1 − k)zI

− l

zI − z∞

∂zI

∂t
, (3)

where VI is the instantaneous interface speed, D the
chemical diffusion coefficient in liquid, k the partition
coefficient and z∞ = mC∞/G, m the liquidus slope.
According to Eqs. (2) and (3), the establishment of
the solutal boundary layer is affected by the thermal
gradient through parameter z∞.

The dynamics of the initial planar instability can
be described by the time-dependent linear stability
analysis as[9]

ω∗
[
1 +

2(zI − z∞)
l

+
Γω2

G

]
=

VI

D
+

2(zI − z∞)
l

×
[
VI + V

D
+

σω(t)
VI + V

+
1
zI

+
Γω2

GzI

]
. (4)

Here σω(t) = ∂tAω(t)/Aω(t) is the amplification rate
of perturbation with space frequency ω and amplitude
Aω(t), ω∗ = (VI +V )/2D+

[
ω2 + ((VI + V )/2D)2

]1/2.
Γ = γTM/L is the Gibbs–Thomson coefficient, γ the
isotropic surface tension energy and L the latent heat.
According to the Fourier synthesis method[13]

zI(x, t) − z0(t) =
∑

Aω(t) cos(ωx + φω(t)), (5)

where z0(t) is the basic interface position, computed
approximately according to Eqs. (2) and (3). The

108104-2



Chin. Phys. B Vol. 20, No. 10 (2011) 108104

amplitude Aω(t) = Aω(0) exp
(∫ t

t0
σω(t)dt

)
and the

phase φω(t) are assumed to be stochastic in [0, 2π]
with mean distribution. t0 is the critical time when
σω(t) changes from negative to positive and Aω(0) =
d0, where d0 = Γ/(L/cp) is the thermal capillary
length and cp the specific heat at constant pressure.
The corresponding phase of the modulation φω(t) =
φω(t0−) after t0. This simple model can quantita-
tively predict the incubation time and the initial aver-
age wavelength at the onset of planar instability. The
effects of the thermal gradient on the initial planar in-
stability are evaluated according to the variation of the
incubation time and the initial average wavelength.

3. Results and discussion

With a constant thermal gradient, both the incu-
bation time from the very beginning to the initial visi-
ble interface modulation and the initial average wave-
length decrease with the increase of pulling velocity
in the transient stage of planar instability, which in-
directly verifies that the pulling velocity is a desta-
bilizing factor.[13] However, the effects of the thermal
gradient on the initial planar instability during tran-
sient stage are quite different. In the transient stage,
the instantaneous interface velocity and the diffusion
length in the time-dependent linear stability analysis
are also related to the thermal gradient as shown in
Eqs. (2) and (3). These nonlinear coupled relations
make the effects of the thermal gradient on the initial
planar instability unexpected. In the time-dependent
linear stability analysis of Eq. (4), the amplification
of the fluctuation depends on the thermal gradient
and the time-dependent interface velocity and diffu-
sion length. Therefore, it is uncertain that increasing
the thermal gradient means the increase of the incu-
bation time, which is quite different from the steady
analysis. Furthermore, the variation of initial average
wavelength with the thermal gradient is unclear.

The SCN with the dye coumarin 152 with com-
position C∞ = 0.43 wt% is employed for analy-
sis. This transparent organic alloy has been used
to testify the establishment of solutal boundary layer
experimentally.[12] The relevant physical properties of
SCN-C152 are k = 0.05, D = 4.5 × 10−10 m2/s, and
m = 542 K/mol. For V = 50 µm/s, the establishment
of solute boundary layer with different thermal gradi-
ents is revealed by the time-dependent interface veloc-
ity and diffusion length as shown in Fig. 1 under the
assumption of a planar interface. It should be noted

that the thermal gradient is considered here only for
the theoretical investigation without the consideration
of the experimental implementation. It shows that the
evolutions of interface velocity and diffusion length
greatly depend on the thermal gradient in the tran-
sient stage, which affects the establishment process of
the solutal boundary layer. For a small thermal gra-
dient, the instantaneous interface velocity increases
slowly and the large diffusion length corresponds to
thick solutal boundary layer. But for a large thermal
gradient, the interface velocity increases rapidly to the
pulling velocity with a small diffusion length. There-
fore the increase of the thermal gradient will reduce
the initial transient stage without considering planar
instability. Accordingly, equations (3) and (4) can
provide the quantitative information about the design
of crystal growth during the initial transient stage.

Fig. 1. (colour online) Time-dependent interface ve-

locities (a) and time-dependent diffusion lengths (b) for

V = 50 µm/s.

With regard to the initial planar instability dur-
ing the transient stage, the thermal gradient plays a
more complicated role compared with the steady state
analysis. Although the positive thermal gradient di-
rectly stabilizes the planar interface in the linear sta-
bility analysis, the thermal-gradient-dependent inter-
face velocity and diffusion length indirectly reflect the
destabilizing effects of the thermal gradient on the pla-
nar interface in the time-dependent analysis. As the
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thermal gradient increases, both the destabilizing and
the stabilizing effects increase. So, it is unclear that
which one will play a predominant role. In the part
of model description, the simple model provides the
specific information considering the onset of the ini-
tial planar instability. Figure 2 shows the variations
of the incubation time and the initial wavelength with
the thermal gradient at several constant pulling ve-
locities. As shown in Fig. 2(a), the incubation time
first decreases and then increases as the thermal gra-
dient increases. For a small thermal gradient, the in-
terface velocity increases slowly, leading to the faint
destabilizing effect. For a large thermal gradient, sta-
bilizing effects of the thermal gradient can compensate
the strong destabilizing effects introduced by rapidly
increasing interface velocity. However, for a medium
thermal gradient, the destabilizing effect plays a pre-
dominant role. Therefore, the planar interface can
last for long period for both relatively small and rel-
atively large thermal gradients. For the monotoni-
cally decreasing part of the incubation time curve,
the destabilizing effects of the thermal gradient in-
creases faster, while for the increased part the stabi-
lizing effect of the thermal gradient increases faster.
This interesting phenomenon has not been reported
previously. Results from different pulling velocities
present a similar variation regularity of the curve of
incubation time versus the thermal gradient and also
indicate that the crossover thermal gradient in the in-
cubation time curves increases with the increase of
pulling velocity. Moreover, the solidified length onset
of the initial planar instability is one of the charac-
teristics concerned for crystal growth design. When
V = 50 µm/s, planar instability occurs at a time of
about 10 s for G = 20 K/cm and it appears at a time
of 5 s for G = 200 K/cm. As shown in Fig. 1(a),
before the initial planar instability, the interface ve-
locity varies significantly with the thermal gradient.
The crystal growth length from the beginning to the
onset of the initial planar instability can be obtained
from Fig. 1(a) by the integral value of

∫ t=t0
t=0

V (t)dt.
The crystal growth lengths at which planar instability
occurs are 53.1 µm, 90.7 µm, 216.6 µm for 20 K/cm,
200 K/cm, and 2000 K/cm, respectively, always in-
creasing with the increase of the thermal gradient.

The planar instability morphology is also obvi-
ously influenced by the thermal gradient. As shown
in Fig. 2(b), the initial average wavelength increases
with the increase of the thermal gradient. The ini-
tial planar instability morphology can be obtained by

computing Eq. (5). The initial average length is di-
rectly obtained from the interface morphology.[13] The
results show that the relationship between initial av-
erage length and the thermal gradient approximately
satisfies the power law of λ0 ∝ G0.13. The selection
of initial average length is determined by the amplifi-
cation process of background fluctuation. The small
gradient and the instantaneous interface velocity code-
termine the initial average wavelength. The instanta-
neous interface velocity increases as the thermal gradi-
ent increases as shown in Fig. 1. In the linear stability
analysis, the critical instability wavelength decreases
as the interface velocity increases while increases as
the thermal gradient increases. Accordingly, the ther-
mal gradient plays a dominant role in determining the
initial average wavelength compared with the instan-
taneous interface velocity.

Fig. 2. (colour online) Effects of the thermal gradient

on the initial instability with different pulling velocities.

Panel (a) shows the incubation times versus the thermal

gradient and panel (b) exhibits average wavelengths versus

the thermal gradient.

In directional solidification, the initial planar in-
stability is the origin of the cellular/dendritic evo-
lution. Usually the overgrowth of several preferred
cellular rudiments will suppress the other cells af-
ter planar instability, when the cell/dendrite spacing
is much larger than the initial average wavelength.
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However, the primary cellular/dendritic spacing in a
steady state decreases with the thermal gradient as
λ1 ∝ G−1/2.[2] A comparison between the power law of
initial average wavelength λ0 ∝ G0.13 and the steady
primary spacing law λ1 ∝ G−1/2 shows that the over-
growth phenomenon is more likely to happen with a
small thermal gradient, while the tip splitting phe-
nomenon is more likely to occur at a large thermal
gradient for spacing adjustment after planar instabil-
ity. This reveals the reason why there are different
adjustment manners for the primary spacing after the
initial planar instability.[19]

4. Conclusion

Increase of the thermal gradient does not always
enhance the initial planar stability during the tran-
sient stage. Planar instability is determined by the
competition between a stabilized factor from the ther-
mal gradient and an unstabilized factor from the solu-
tal boundary layer ahead of the interface during direc-
tional solidification. Although the thermal gradient it-
self stabilizes the planar interface in the linear stability
analysis, its effect on the solutal boundary layer shows
a reverse action during the transient stage. Their com-
bination presents a crossover phenomenon for the in-
cubation time of planar instability with different ther-
mal gradients. The initial average length always in-
creases with the thermal gradient as λ0 ∝ G0.13. The
detection of these unexpected phenomena can provide
a clue for the further optimization of the thermal gra-
dient in the design of crystal growth.
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