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Enhancement effect of asymmetry on the thermal
conductivity of double-stranded chain systems∗
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Using nonequilibrium molecular dynamics simulations, we study the thermal conductivity of asymmetric double

chains. We couple two different single chains through interchain coupling to build three kinds of asymmetric double-

stranded chain system: intrachain interaction, external potential, and mass asymmetric double chains. It is reported

that asymmetry is helpful in improving the thermal conductivity of the system. We first propose double-heat flux

channels to explain the influence of asymmetric structures on the thermal conductivity. The phonon spectral behaviour

and finite size effect are also included.
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1. Introduction

When it comes to transporting energy, Nature has
two vital tools at her disposal: conduction by heat
and by electricity.[1] However, we have never treated
these phenomena equally. In the history of science
development we have paid a lot of attention to elec-
trical conduction but little to thermal conduction.[1]

Since Fourier introduced the law bearing his name
almost 200 years ago, a first-principles derivation of
this simple law from statistical mechanics is still lack-
ing. Worse still, the validity of this law in low di-
mensions has recently been called into question.[2−10]

Terraneo et al.[11] proposed a theoretical mechanism
realizing a heat rectifier. This mechanism attracted
increasing attention to the thermal conductance of a
one-dimensional single-chain system. An encourag-
ing advance was made in 2006 when a carbon nan-
otube heat rectifier was realized in the laboratory.[12]

The Frenkel–Kontorova (FK) model is often used to
study one-dimensional single-chain systems. In 1938,
the FK model was first proposed to study surface
phenomena.[2] Since then this model, which consists of
a nonlinear potential, has found applications in a wide
variety of physical systems, such as adsorbed monolay-
ers, Josephson junctions, charge density waves, mag-

netic spirals, tribology, and DNA denaturation.[13−16]

A typical thermal diode consists of two segments
of FK lattices with different parameters.[2,17] However,
a real one-dimensional single-chain structure in ex-
perimental implementation is rare. Double-chain sys-
tems such as the DNA molecule structure are more
common.[18] Therefore, research on heat transport
properties for double-stranded chain molecular struc-
tures is necessary. In this paper we build three kinds
of asymmetric double-stranded chain structures, and
study the influence of asymmetry on the thermal con-
ductivity of the system. Our work provides a deep
understanding of the thermal properties and energy
transport problems of DNA and relevant biological
molecular structures, which has many potential ap-
plications in biological thermal devices.

In recent years, the asymmetric heat conduction
in one-dimensional inhomogeneous chains has been
reported.[5,19−23] So far we have obtained many sig-
nificant results, such as the thermal diode, thermal
rectifier, thermal switch, thermal triode, thermal logic
gates, and thermal computer. These theoretical and
experimental studies are based on the concept of the
thermal diode. The system of the thermal diode acts
like a good thermal conductor in one direction but
a good thermal insulator in the other when the po-
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sitions of the heat baths are reversed. An explana-
tion of this phenomenon is phonon spectra of different
chains changing from overlap to separation.[24−26] For
a double-chain system, whether the phonon spectral
explanation holds true is still uncertain. In this pa-
per, we address the phonon spectral behaviour of the
double-chain system.

2. Model and method

We consider the heat conductance in a double-
chain system, a non-integrable model called the FK
model. The Hamiltonian of the whole system is

H = HA + HB + Hint(A,B). (1)

As shown in Fig. 1, we connect the i-th parti-
cle of the A-chain with the same order particles of
the B-chain via a harmonic spring kab, which is called
inter-chain interaction. The coupling Hamiltonian of

the two chains is

Hint(A,B) =
N∑

i=1

[
kab (xA,i − xB,i)

2
]
. (2)

The Hamiltonian of the A-chain or B-chain is

HM =
N∑

i=1

{
p2

M,i

2m
+

kM

2
(xM,i+1 − xM,i)

2

+
VM

(2π)2
[1 − cos(2πxM,i)]

}
, (3)

where m is the mass of the particle, and the system
size N is the number of the particles of the A-chain
or B-chain. M denotes A or B. xM,i and pM,i are
respectively the displacement from equilibrium posi-
tion and the conjugate momentum of the i-th particle
in chain M . kM and VM are the strength of the in-
trachain interaction and the external potential in the
M -chain, respectively. We set m=1 and adjust the
main parameters N , kM , kab, and VM .

Fig. 1. Diagram of an asymmetric double-stranded chain structure.

In our simulations we use fixed boundary condi-
tions, i.e., xM,0 = xM,N+1 = 0. The first particle and
the last particle of the A-chain and B-chain are con-
nected to heat baths. The temperatures of the left
and the right heat baths are, respectively, TL = 0.25
and TR = 0.10. We use a Langevin thermostat and in-
tegrate the equations of motion using the fourth-order
Runge–Kutta algorithm.[27] We choose a step size of
the simulation 4t = 0.01 and average over 2 × 109

time steps. We have checked that our results do not
depend on the particular thermostat realization, for
example, the Nose–Hoover thermostat.[28,29] The lo-
cal temperature is defined as Ti =

〈
p2

i

〉
/mkB, where

〈 〉 means time average, and the Boltzmann constant
kB is set to unity. The local heat flux in double chains
is defined as[26]

ji = ka〈pA,i(xA,i − xA,i−1)〉
+ kb〈pB,i(xB,i − xB,i−1)〉

+ kab〈pA,i(xA,i − xB,i)〉

+ kab〈pB,i(xB,i − xA,i)〉. (4)

The local heat flux in the A-chain or B-chain is defined
as

jai = ka〈pA,i(xA,i − xA,i−1)〉

+ kab〈pA,i(xA,i − xB,i)〉, (5)

jbi = kb〈pB,i(xB,i − xB,i−1)〉

+ kab〈pB,i(xB,i − xA,i)〉. (6)

The simulations are performed long enough to al-
low the system to reach a steady state in which the
local heat flux is constant along the double-stranded
lattice. The thermal conductivity is defined as K =
Nj/ 4 T , where 4T = TL − TR, J = Nji is the total
heat flux. Ja = Njai and Jb = Njbi are the heat flux
in the A-chain and B-chain, respectively.
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3. Results and discussion

3.1.Asymmetric intrachain interaction

In order to study the effect of the non-symmetric
intrachain interaction on the thermal conductance of
the system, we first keep the external potentials in the
A-chain and B-chain equal. Under the condition of the
sum of intrachain interaction remaining unchanged,
i.e., ka + kb = 1.8, we increase ka and decrease kb to
obtain an increasing asymmetric ratio of the double
chains.

As shown in Fig. 2, the thermal conductivity of
the system increases with increasing asymmetric ratio
ka/kb. The asymmetry of intrachain interaction has a
positive influence on the thermal conductivity of the
double-chain system.

Fig. 2. Dependences of conductivity K on asymmetric

ratio of the intrachain coupling ka/kb for various values

of inter-chain interactions kab = 0.02, 0.10, 1.00, exter-

nal potential Va = Vb = 4.0, and mass of each particle

m = 1.0.

Figure 3 shows the separated heat fluxes of the A-
chain and B-chain, which helps us to understand the
results of Fig. 2. As the value of ka/kb increases, the
heat flux of the system, flowing along the strong intra-
chain interaction chain (A-chain), increases rapidly.
Contrarily, the heat flux flowing along the weak in-
trachain interaction chain (B-chain) decreases with
the increase of the asymmetric ratio. When the ra-
tio ka/kb reaches a value larger than 16, we obtain
the result: Ja → J , and Jb → 0. That means the
heat flux going along the strong intrachain interac-
tion chain (A-chain) increases rapidly. Contrarily, the
heat flux flowing along the weak intrachain interac-
tion chain (B-chain) decreases with the increase of
the asymmetric ratio. When the ratio ka/kb reaches
a value larger than 16, we obtain the result: Ja → J

and Jb → 0. That means all the heat fluxes go along

the strong intrachain interaction chain.

Fig. 3. Dependences of intrachain heat fluxes Ja and Jb

on the value of ka/kb. The remaining parameters are the

same as those for Fig. 2.

3.2.Asymmetric external potential

For comparison, we consider the asymmetry of
the external potential and set the values of the in-
trachain interaction in the A-chain and B-chain as
ka = kb = 0.9. We increase the asymmetric ra-
tio of the external potential in the A-chain Va to
that in the B-chain Vb without changing the value of
Va + Vb(= 8.0). As shown in Fig. 4, the thermal con-
ductivity of the system increases with increasing po-
tential asymmetric ratio Va/Vb. Obviously, the asym-
metry of the external potential also exerts a positive
influence on the thermal conductivity of the double-
chain system.

Fig. 4. Dependences of conductivity K on the value of

Va/Vb for various inter-chain interactions kab = 0.02, 0.10,

1.00, the intrachain interaction ka = kb = 0.9 and particle

mass m = 1.0.

From Fig. 5, it is also observed that the heat flux
flowing along the small external potential is different
from that along the large external potential. As the
value of Va/Vb increases, the heat flux of the system
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mostly flows more easily along the small external po-
tential chain (B-chain) than along the large external
potential chain (A-chain). When the asymmetric ratio
Va/Vb increases to 7, we can have Jb → J and Ja → 0,
which also indicates that the heat always tends to go
along the chain with weak external potential.

Fig. 5. Dependences of the intrachain heat fluxes Ja and

Jb on the value of Va/Vb. The remaining parameters are

the same as those in Fig. 4.

3.3.Phonon spectral behaviour and

finite-size effect

It is expected that the match of the phonon spec-
tra can explain the different thermal conductivities be-
tween the asymmetrical and the symmetrical double
chains. We choose three kinds of double-chain struc-
tures and acquire the phonon spectrum of the middle
particle of each structure. As shown in Fig. 6(a), the
system with greater conductivity has a smaller over-
lapping region. However, figures 6(b) and 6(c) show
that the system with weaker conductivity has a greater
overlapping region. This phenomenon is very differ-
ent from the result for a single-chain system.[19,24,25]

Therefore, phonon spectral overlapping of the two
chains fails to explain the dependence of the thermal
conductivity on the asymmetry of the double chains.

We also investigate the system finite-size effect of
the asymmetric double-chain lattice. Figure 7 shows
the dependence of thermal conductivity on system size
for three kinds of double chains. The thermal trans-
port mode exhibits a transition from ballistic trans-
port to diffusion with increasing system size. It is
shown that an asymmetric structure does not affect
the system transport mode, which is similar to the
result reported for single FK chain.[3]

Fig. 6. Phonon spectra of the middle particle of each

chain for different double-chain structures. (a) ka = kb =

0.9, Va = 7.0, and Vb = 1.0; (b) Va = Vb = 4.0, ka = 1.7,

and kb = 0.1; (c) ka = kb = 0.9, and Va = Vb = 4.0.

Fig. 7. Dependences of conductivity K on the system

size for different double-chain structures. Here, interchain

interaction kab = 1.0.

3.4. Intrachain and interchain heat flux

channels

From Figs. 3 and 5, we have obtained the valuable
conclusions that the A-chain has the same heat flux
as the B-chain for a system of symmetrical structure
and this balance is broken for an asymmetric double-
chain structure. However, in order to give quantita-
tive results, we introduce a double-heat flux channel
to explain the enhanced effect of asymmetry on the

100508-4



Chin. Phys. B Vol. 20, No. 10 (2011) 100508

thermal conductivity of the double-stranded chain sys-
tem. The double-heat flux channel refers to two kinds
of heat flux, one along the chain (A-chain or B-chain)
and the other between the chains. The former is rel-
evant to the intrachain channel, and the latter to the
interchain channel. The heat fluxes along the intra-
chain channel have been defined in Eqs. (5) and (6)
respectively. Here we define the heat flux along the
interchain channel (i.e., the heat current flows from
the A-chain to the B-chain or from the B-chain tothe
A-chain) as

j(i,a−b) = kab〈pA,i(xA,i − xB,i)〉
+ kab〈pB,i(xB,i − xA,i)〉. (7)

The total interchain heat flux is given by J(a−b) =∑N
i=1 |j(i,a−b)|, where N is the number of interchain

channels, which equals the system size.
As shown in Figs. 8 and 9, when the system has

a symmetric structure, the heat flux flowing along
the interchain channel is zero and the heat flux goes

Fig. 8. Dependences of interchain heat flux on asym-

metric intrachain interaction for different values of the in-

terchain interactions. The remaining parameters are the

same as those in Fig. 2.

Fig. 9. Dependences of interchain heat flux on asymmet-

ric external potential for different values of the interchain

interactions. The remaining parameters are the same as

those in Fig. 4.

mainly along the intrachain channels. As the asym-
metric ratio increases, the heat flowing along the inter-
chain channel increases not only for asymmetric intra-
chain coupling but also for asymmetric external poten-
tial. When the asymmetric ratio Va/Vb is larger than
5.0 and ka/kb is larger than 12.0, the value of the in-
terchain flux will approach that of the intrachain flux.
Correspondingly, the thermal conductivity increases
with the increase of the asymmetric ratio. Therefore,
it is reasonable to suggest that the interchain heat
flux contributes to the improvement of the thermal
conductivity.

3.5.Comparisons between single- and

double-chain systems

Here, we should point out that we build the asym-
metric double chains through a simple method by
keeping the sum of the intrachain coupling and the
external potential constant, and changing their ratio.
When considering the mass asymmetry, which may
be more reasonable than fixing the sum of the mass,
we also obtain a mass asymmetric system and main-
tain the same values for other parameters. Figure 10
shows that the thermal conductivity increases with
the mass asymmetry, which also contributes to the in-
crease of the interchain flux. Therefore, the method
used to build asymmetric double chains is valid not
only for the intrachain coupling and the external po-
tential, but also for the mass. Our result indicates
that the asymmetric Frenkel–Kontorova double-chain
is a homogeneous and additive system.

Fig. 10. Dependences of thermal conductivity and in-

terchain heat flux on the mass asymmetric ratio mA/mB,

where mA and mB are respectively the particle masses in

the A-chain and B-chain. The remaining parameters are

ka = kb = 0.9, and Va = Vb = 4.0.

As shown in Figs. 2 and 4, we compare single-
chains with double-chains without changing the sum
of intrachain interaction and external potential. We
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show the thermal conductivities of the chain with
strong intrachain coupling and with weak external
potential increasing with the variation of the asym-
metry of intrachain interaction and external poten-
tial. The thermal conductivity of the other chain de-
creases with increasing asymmetry. As also displayed
in Fig. 11, when considering the influence of particle
mass on thermal conductivity, one can easily find that
the chain (A-chain) with light mass has a better ther-
mal conductivity while that of the chain with heavy
mass (B-chain) is worse.

Fig. 11. Dependences of conductivity K on the asym-

metric paticle-mass-ratio mA/mB for various values of

the interchain interactions kab = 0.02, 0.1, 1.0, the ex-

ternal potential Va = Vb = 4.0 and intrachain interaction

ka = kb = 0.9.

Therefore, it must be emphatically pointed out
that as the asymmetry of the double-chain increases,
the thermal conductivity increases for one chain and
decreases for the other. However, when coupling the
two chains, we find that the total thermal conductiv-
ity increases with increasing asymmetry. This indi-
cates that the increase of thermal conductivity in one
chain exceeds the decrease in the other, which may
contribute to the interchain interaction.

4. Conclusions
We build an asymmetric double-stranded chain

system by adjusting the ratio of the intrachain inter-
action, external potential, and the mass in the A- and
B-chains, respectively. We show that an asymmetric
double-stranded chain structure enhances the thermal
conductivity of the system. It is found that thermal
conductivity increases significantly with the increase
of the asymmetric ratio of the intrachain interaction
and the external potentials in the A- and B-chains.
For an asymmetric system, heat flux flows more eas-
ily from the small external potential chain and the

strong intrachain interaction chain. It is also reported
that phonon spectral behaviour cannot explain the en-
hancement of the thermal conductivity. We first de-
fine the double-heat flux channel: intrachain and in-
terchain channels. We show that only the intrachain
channel works for a symmetric structure. However, in
an asymmetric structure, both channels are conducive
to the thermal conductivity. Our results provide di-
rect evidence that interchain channel flux enhances the
thermal conductivity of an asymmetric double-chain
system.
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