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This paper applies an extended auxiliary equation method to obtain exact solutions of the KdV equation with

variable coefficients. As a result, solitary wave solutions, trigonometric function solutions, rational function solutions,

Jacobi elliptic doubly periodic wave solutions, and nonsymmetrical kink solution are obtained. It is shown that the

extended auxiliary equation method, with the help of a computer symbolic computation system, is reliable and effective

in finding exact solutions of variable coefficient nonlinear evolution equations in mathematical physics.
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1. Introduction

Exact solutions for nonlinear evolution equations
play an important role in many phenomena in physics
such as fluid mechanics, hydrodynamics, optics, con-
densed matter physics, plasma physics, and so on.
In recent decades, many effective methods have been
established to obtain exact solutions of nonlinear
evolution equations (NLEES), such as the Adomian
decomposition method,[1,2] the Jacobi elliptic func-
tion method,[3−5] the hyperbolic function method,[6]

the tanh method,[7,8] the F -expansion method,[9,10]

the Exp-function method,[11] the homogeneous bal-
ance method,[12,13] and the homotopy perturbation
method.[14,15]

However, most of these are related to constant
coefficient models. One of the prime reasons is that
to find exact solutions for variable coefficient equa-
tions is much more difficult than for constant coeffi-
cient equations. In view of this unsatisfactory situa-
tion and the importance of variable coefficient equa-
tions, to seek exact solutions of these equations effec-
tively and systematically is an urgent task. Recently,
the study of variable coefficient NLEES has attracted
much attention,[16−23] because many nonlinear physi-

cal equations possess variable coefficients.
This paper is motivated by the desire to pro-

pose an extended auxiliary equation method to im-
prove the work of Ref. [18]. As one application of this
method, we will consider new exact solutions for the
following variable coefficient and nonisospectral KdV
equation:[19−23]

ut = K0(t)(uxxx + 6uux) + 4K1(t)ux

− h(t)(2u + xux), (1)

where K0(t),K1(t), and h(t) are arbitrary functions of
t. Equation (1) is related to the well-known variable
coefficient modified KdV (mKdV) equation[16,23]

vt = K0(t)(vxxx − 6v2vx) + 4K1(t)vx

− h(t)(2v + xvx) (2)

by Muria transformation[20]

u = vx − v2. (3)

Equations (1) and (2) are important equa-
tions in different physical systems such as fluids,[24]

plasmas,[25] elastic media,[26] and traffic flow
problems.[27] Many scientists have studied the variable
coefficient KdV equations and obtained some solutions
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such as periodic traveling wave solutions,[22,28] multi-
compacton solutions,[29] soliton-like solutions,[30] and
generalized travelling wave solutions.[31]

This paper is organized as follows. In Section 2,
we describe an extended auxiliary equation method in
detail. In Section 3, we apply the proposed method
to address a variable coefficient KdV equation, and
obtain some new solutions including nonsymmetrical
kink solutions, rational function solutions, trigono-
metric function solutions, Jacobi elliptic doubly pe-
riodic wave solutions. In Section 4, some conclusions
are given.

2. Description of the extended

auxiliary equation method

Consider a given nonlinear variable coefficient
evolution equation with independent variables X =
(x1, x2, x3, . . . , t) and dependent variable u:

F (u, ut, ux1 , ux2 , ux3 , . . . , ux1t, ux2,t, ux3,t, . . . ,

utt, ux1x1 , ux2x2 , ux3x3 , . . .) = 0, (4)

where u = u(x1, x2, x3, . . . , t) is an unknown function,
F is a polynomial in u and its various partial deriva-
tives.

Step 1 We assume that equation (4) has solu-
tions of the form

u(X) =
n∑

i=1

ai(X)F i(ξ) + a0(X), an(X) 6= 0, (5)

where n is an integer to be determined by balanc-
ing the highest-order derivative terms in Eq. (4),
ai(X) (i = 0, 1, . . . , n) and ξ = ξ(X) are all functions
of X to be determined later, F = F (ξ) is a solution of
the following auxiliary ordinary differential equation:

F ′2(ξ) = c0 + c1F (ξ) + c2F
2(ξ)

+ c3F
3(ξ) + c4F

4(ξ), (6)

where F ′ = dF/dξ, ci (i = 0, 1, . . . , 4) are constants,
hence we have

F ′F ′′ =
c1

2
F ′ + c2FF ′ +

3
2
c3F

2F ′ + 2c4F
3F ′, (7)

F ′′ =
c1

2
+ c2F +

3
2
c3F

2 + 2c4F
3, (8)

F ′′′ = c2F
′ + 3c3FF ′ + 6c4F

2F ′. (9)

Step 2 Substituting Eq. (5) into Eq. (4) and
making use of Eqs. (6)–(9), then setting the coeffi-
cients of F iF ′j (i = 0, 1, 2, . . . , j = 0, 1, 2, . . .) to zero,

we obtain a set of over-determined partial differential
equations for ai(X) (i = 0, 1, . . . , n) and ξ = ξ(X).

Step 3 Solve the over-determined partial differ-
ential equations obtained in Step 2 for ai(X) (i =
0, 1, . . . , n) and ξ = ξ(X) using Mathematica or
Maple.

Step 4 Substituting ai(X) (i = 0, 1, . . . , n) and
ξ = ξ(X) obtained in the above steps and known solu-
tions F (ξ) of Eq. (6) (see next section) into Eq. (5), we
obtain a series of u(X) which are solutions of Eq. (4).

3. New exact solutions of a gener-

alized variable coefficient KdV

equation

Now we return to Eq. (1). With the steps in
Section 2, balancing the highest derivative terms in
Eq. (1) leads to n = 2, hence we may suppose the
solutions of Eq. (1) can be expressed in the form

u(x, t) = a0(t) + a1(t)F (ξ) + a2(t)F 2(ξ),

a2(t) 6= 0, (10)

where F (ξ) satisfies Eq. (6), ξ = p(t)x+q(t), ai(t) (i =
0, 1, 2), p(t), q(t) are functions of t, which will be de-
termined later.

Substituting Eq. (10) along with Eqs. (6)–(9) into
Eq. (1), and collecting all terms with the same order
of F iF ′j (i = 0, 1, 2, 3, j = 0, 1) together, we convert
Eq. (1) into a polynomial in F iF ′j (i = 0, 1, 2, 3, j =
0, 1). Setting each coefficient of this polynomial to
zero, we obtain a set of over-determined partial dif-
ferential equations for ai(t) (i = 0, 1, . . . , n), p(t) and
q(t) as follows:

F 0(ξ) : a′
0(t) + 2h(t)a0(t) = 0,

F (ξ) : a′
1(t) + 2h(t)a1(t) = 0,

F ′(ξ) : a1(t)q′(t) − K0(t)a1(t)c2p
3(t)

− 3K0(t)a2(t)c1p
3(t)

− 6K0(t)a0(t)a1(t)p(t)

− 4K1(t)a1(t)p(t)

+ xa1(t)p′(t) + xh(t)a1(t)p(t) = 0,

F (ξ)F ′(ξ) : 2a2(t)q′(t) − 8K0(t)a2(t)c2p
3(t)

− 3K0(t)a1(t)c3p
3(t)

− 12K0(t)a0(t)a2(t)p(t)

− 6K0(t)a2
1(t)p(t)

− 8K1(t)a2(t)p(t)

+ 2xa2(t)p′(t) + 2xh(t)a2(t)p(t) = 0,
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F 2(ξ) : a′
2(t) + 2h(t)a2(t) = 0,

F 2(ξ)F ′(ξ) : 15K0(t)a2(t)c3p
3(t)

+ 6K0(t)a1(t)c4p
3(t)

+ 18K0(t)a1(t)a2(t)p(t) = 0,

F 3(ξ)F ′(ξ) : 24K0(t)a2(t)c4p
3(t)

+ 12K0(t)a2
2(t)p(t) = 0.

Solving the above system of partial differential
equations (PDEs) with help of Mathematica or Maple,
we obtain

Case 1 c1 = c3 = 0

a0(t) = p1 e−2
R

h(t)dt, a1(t) = 0,

a2(t) = p3 e−2
R

h(t)dt, p(t) = p4 e−
R

h(t)dt,

c4 =
p3

−2p2
4

,

q(t) =
∫ (

4K0c2p
3
4 e−3

R

h(t)dt

+ 6K0p1p4 e−3
R

h(t)dt + 4K1p4 e−
R

h(t)dt

)
dt,

where p1, p3, and c2 are arbitrary constants, p4 6= 0.
Case 2 c0 = c1 = 0

a0(t) = q1 e−2
R

h(t)dt, a1(t) = q2 e−2
R

h(t)dt,

a2(t) = q3 e−2
R

h(t)dt, p = q4 e−
R

h(t)dt,

c3 =
q2

−q2
4

, c2
3 = 4c2c4, c4 =

q3

−2q2
4

,

q(t) =
∫ (

K0c2p
3
4 e−3

R

h(t)dt

+ 6K0p1p4 e−3
R

h(t)dt + 4K1p4 e−
R

h(t)dt

)
dt,

where q1, q2, q3, and c2 are arbitrary constants, p4 6= 0.
We use the results obtained in the above steps

to derive a series of fundamental solutions of Eq. (1)
depending on the solution F (ξ) of Eq. (6). Given dif-
ferent values of ci (i = 0, 1, . . . , 4), equation (6) has
many kinds of solutions, which are listed below.

Case A If c1 = c3 = 0, equation (6) admits the
following solutions.

(i) A bell-shaped solitary wave solution

F (ξ) =
√
−c2

c4
sech(

√
c2 ξ),

c0 = 0, c2 > 0, c4 < 0. (11)

(ii) A kink-shaped solitary wave solution

F (ξ) =
√
− c2

2c4
tanh

(√
−c2

2
ξ

)
,

c0 =
c2
2

4c4
, c2 < 0, c4 < 0. (12)

(iii) Two triangular function solutions

F (ξ) =
√
−c2

c4
sec(

√
−c2ξ),

c0 = 0, c2 < 0, c4 > 0, (13)

and

F (ξ) =
√

c2

2c4
tan

(√
c2

2
ξ

)
,

c0 =
c2
2

4c4
, c2 > 0, c4 < 0. (14)

(iv) A rational function solution

F (ξ) = − k
√

c4ξ
, c0 = c2 = 0, c4 > 0. (15)

(v) Three Jacobi elliptic doubly periodic-type so-
lutions

F (ξ) =

√
− c2m2

c4(2m2 − 1)
cn

(√
c2

(2m2 − 1)
ξ

)
,

c4 < 0, c2 > 0, c0 = −c2
2m

2(1 − m2)
c4(2m2 − 1)2

, (16)

F (ξ) =
√
− c2

c4(2 − m2)
dn

(√
c2

(2 − m2)
ξ

)
,

c4 < 0, c2 > 0, c0 =
c2
2(1 − m2)

c4(2 − m2)2
, (17)

and

F (ξ) =

√
− c2m2

c4(m2 + 1)
sn

(√
−c2

(m2 + 1)
ξ

)
,

c4 > 0, c2 < 0, c0 =
c2
2m

2

c4(m2 + 1)2
, (18)

where m is a modulus. The Jacobi elliptic functions
possess the following properties:

sn2 ξ + cn2 ξ = 1, dn2 ξ = 1 − m2 sn2 ξ,

(sn ξ)′ = cn ξ dn ξ, (cn ξ)′ = − sn ξ dn ξ,

(dn ξ)′ = −m2 sn ξ cn ξ,

when m → 0, the Jacobi elliptic functions degenerate
to triangular functions, i.e.,

sn ξ → sin ξ, cn ξ → cos ξ,

when m → 1, the Jacobi elliptic functions degenerate
to triangular functions, i.e.,

sn ξ → tanh ξ, cn ξ → sech ξ.

As m → 1, the Jacobi doubly periodic solutions (16)
and (17) degenerate to the solitary solution (11), and
the solution (18) degenerates to the kink-shaped soli-
tary wave solution (12).
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Case B If c0 = c1 = 0, equation (6) admits a
triangular-type solution

F (ξ) = −
c2 sec2

(
1
2
√
−c2 ξ

)
2
√
−c2c4 tan

(
1
2
√
−c2ξ

)
+ c3

, c2 < 0,

(19)
and a solitary wave solution

F (ξ) =
c2 sec2

(
1
2
√

c2 ξ

)
2
√

c2c4 tan
(

1
2
√

c2ξ

)
− c3

, c2 > 0. (20)

When c3 = 2
√

c2c4, solution (20) degenerates to the
following solution:

F (ξ) = −1
2

√
c2

c4

[
1 + tanh

(
1
2
√

c2ξ

)]
.

According to Case 1 and Case A, we obtain the
following exact solutions of Eq. (1):

u(x, t) = a0(t) −
c2

c4
a2(t) sech2(

√
c2ξ),

c0 = 0, c2 > 0, c4 < 0, (21)

u(x, t) = a0(t) −
c2

2c4
a2(t) tanh2

(√
−c2

2
ξ

)
,

c0 =
c2
2

4c4
, c2 < 0, c4 > 0, (22)

u(x, t) = a0(t) −
c2

c4
a2(t) sec2(

√
−c2ξ),

c0 = 0, c2 < 0, c4 > 0, (23)

u(x, t) = a0(t) +
c2

2c4
a2(t) tan2

(√
c2

2
ξ

)
,

c0 =
c2
2

4c4
, c2 > 0, c4 < 0, (24)

u(x, t) = a0(t) + a2(t)
1

√
c4ξ2

,

c0 = c2 = 0, c4 > 0, (25)

u(x, t) = a0(t) −
c2m

2

c4(2m2 − 1)
a2(t)

× cn2

(√
c2

(2m2 − 1)
ξ

)
,

c0 = −c2
2m

2(1 − m2)
c4(2m2 − 1)2

, c2 > 0, c4 < 0, (26)

u(x, t) = a0(t) −
c2

c4(2 − m2)
a2(t)

× dn2

(√
c2

(2 − m2)
ξ

)
,

c0 =
c2
2(1 − m2)

c4(2 − m2)2
, c2 > 0, c4 < 0, (27)

and

u(x, t) = a0(t) −
c2m

2

c4(m2 + 1)
a2(t)

× sn2

(√
−c2

(m2 + 1)
ξ

)
,

c0 =
c2
2m

2

c4(m2 + 1)2
, c2 < 0, c4 > 0, (28)

where ξ = p(t)x + q(t), the functions a0(t), a2(t), p(t),
and q(t) are given in Case 1.

According to Case 2 and Case B, we obtain the
following exact solutions of Eq. (1):

u(x, t) = a0(t) −
1
2

√
c2

c4
a1(t)

[
1 + tanh

(
1
2
√

c2ξ

)]
+

c2

4c4
a2(t)

[
1 + tanh

(
1
2
√

c2ξ

)]2

, (29)

where ξ = p(t)x + q(t), the functions a0(t), a1(t),
a2(t), p(t), and q(t) are given in Case 2. This solu-
tion is a new type of nonsymmetrical kink solution.

4. Conclusions

In this paper, we applied the extended auxiliary
equation method to study a variable coefficient and
nonisospectral KdV equation. Using the proposed
method we successfully obtained some new exact so-
lutions of the equation under different conditions.
These exact solutions include solitary wave solutions,
trigonometric function solutions, rational function so-
lutions, Jacobi elliptic doubly periodic wave solutions,
and a nonsymmetrical kink solution. These may be
of importance in the explanation of phenomena in
fluid dynamics and other physical fields, for instance,
the propagation of (small-amplitude) surface waves in
straits or large channels of (slowly) varying depth and
width and nonvanishing vorticity.

More importantly, the paper shows that the ex-
tended auxiliary equation method is direct, power-
ful, and can be used for many other high-dimensional
NLEES in mathematical physics.

References

[1] Adomian G 1994 Solving Frontier Problems of Physics:

The Decomposition Method (Dordrecht: Kluwer Academic

Publishers)

[2] Wazwaz A M 2002 Appl. Math. Comput. 128 45

[3] Yan Z Y 2003 Chaos, Solitons and Fractals 18 299

[4] Abdou M A and Elhanbaly A 2007 Commun. Nonlinear

Sci. Numer. Simul. 12 1229

[5] Yomba E 2010 Phys. Lett. A 374 1611

[6] Zhang G X, Li Z B and Duan Y S 2001 Sci. Chin. Ser. A

44 396

[7] Liu C P and Liu X P 2004 Phys. Lett. A 331 393

100507-4



Chin. Phys. B Vol. 20, No. 10 (2011) 100507

[8] Bai C L and Zhao H 2006 Phys. Lett. A 355 32

[9] Wazwaz A M 2008 Commun. Nonlinear Sci. Numer.

Simul. 13 584

[10] He H S, Chen J and Yang K Q 2005 Chin. Phys. 14 1926

[11] He J H and Wu X H 2006 Chaos, Solitons and Fractals

30 700

[12] Zhang J F 2003 Phys. Lett. A 313 401

[13] El-Wakil S A, Abulwafa E M, Elhanbaly A and Abdou M

A 2007 Chaos, Solitons and Fractals 33 1512

[14] Mo J Q 2009 Chin. Phys. B 18 4608

[15] Ganji D D and Rafei M 2006 Phys. Lett. A 356 131

[16] Zhang S, Tong J L and Wang W 2008 Phys. Lett. A 372

2254

[17] Zhang S and Xia T C 2008 Phys. Lett. A 372 1741

[18] Guo S M and Zhou Y B 2010 Appl. Math. Comput. 217

1476

[19] Chan W L and Li K S 1989 J. Math. Phys. 30 2521

[20] Lou S Y and Ruan H Y 1992 Acta Phys. Sin. 41 182 (in

Chinese)

[21] Tian C 1987 J. Phys. A: Math. Gen. 20 359

[22] Ding S S, Sun W J and Zhu D C 2008 Appl. Math. Com-

put. 199 268

[23] Zhang J F 1994 Chin. Phys. Lett. 11 4

[24] Helfrich K R, Melville W K and Lonngren K E 1984 J.

Fluid Mech. 149 305

[25] Khater A H, EI-Kakaawy O H and Callebaut D K 1988

Phys. Scr. 58 545

[26] Matsutani S and Tsuru H 1991 J. Phys. Soc. Jpn. 60 3640

[27] Nagatani T 1999 Physica A 264 571

[28] Tian L X and Yin J L 2005 Chaos, Solitions and Fractals

23 159

[29] Khare A and Sukhatme U 2002 Phys. Rev. Lett. 88 244101

[30] Zhao X Q and Tang D B 2005 Phys. Lett. A 346 288

[31] Long W 2010 Appl. Math. Comput. 217 1632

100507-5


