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In this paper, the modified projective synchronization (MPS) of a fractional-order hyperchaotic system is inves-

tigated. We design the response system corresponding to the drive system on the basis of projective synchronization

theory, and determine the sufficient condition for the synchronization of the drive system and the response system based

on fractional-order stability theory. The MPS of a fractional-order hyperchaotic system is achieved by transmitting a

single variable. This scheme reduces the information transmission in order to achieve the synchronization, and extends

the applicable scope of MPS. Numerical simulations further demonstrate the feasibility and the effectiveness of the

proposed scheme.
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1. Introduction

Pecora and Carrolll!l proposed the concept of
“chaotic synchronization” and presented a synchro-
nization method. Since then, different types of chaotic
control and synchronization methods?~7 have been
presented. Fractional differential calculus dates back
to the 17th century, but it is only in the last ten
years that it has been applied to physics and engineer-
ing. Many systems are known to display fractional-
order dynamics, such as viscoelastic systems, quan-
titative finance, and quantum evolution of complex

[8=10] Compared with classical integral-order

systems.
models, fractional-order differentiation provides an ex-
cellent tool for the description of memory and hered-
itary properties of various materials and processes.
So research on fractional order has more universal
significance.

methods (active control, generalized projective syn-
y1-14]

In recent years, some synchronization
chronization, phase synchronization, etc. have
been applied to fractional-order chaotic systems suc-
cessfully. But not all integral-order chaotic synchro-
nization methods are suited to fractional-order chaotic
systems because of their complexity.

We propose a new modified projective synchro-
nization (MPS) method to address fractional-order
hyperchaotic systems. By designing a proper response
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system, the MPS of a fractional-order hperchaotic sys-
tem can be achieved by transmitting only a single vari-
able. In this paper, we first apply this scheme to a
fractional-order hyperchaotic Lorenz system, design a
response system, and achieve their MPS; then, we ap-
ply the scheme to a new fractional-order hyperchaotic
system and fractional-order hyperchaotic Liu system,
and obtain the MPS of these different systems via con-
structing a proper controller.

2. Theory and scheme design

2.1. Definition of the fractional-order
system

At present, there are several definitions of a
fractional-order differential system. In the following,
we introduce the most common:

Dex(t) = J" 2™ (1) (> 0), (1)

where m is the first integer which is not less than «,
(") is the m-order derivative in the usual sense, and
JB (B > 0) is the B-order Reimann—Liouville integral
operator expressed as

1) / (t—n) ' y(ndr, @)

Toy(t) = T3
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where I' denotes the Gamma function, and the opera-

tor D% is generally called the “a-order Caputo differ-

ential operator” .1

2.2. Design of
scheme

the synchronization

Let the fractional-order hyperchaotic system

diz
= Fl) 3)

be the drive system. a € R™ represents the state
variable, F'(x) : R" — R™ is a continuous function,
0 < g < 1 is the order of the fractional-order sys-
tem. We decompose the drive system into linear and
nonlinear parts. Thus equation (3) is rewritten as

dix
dta

= Az + f(z), (4)

where Ax represents the linear part of the system, A
is the coefficient matrix, f(x) represents the nonlinear
part. Here, we suppose that f(x) meets the Lipchitz
condition.

Based on projective synchronization theory, we
design the response system

S afAaty + Sl y) + Blay @) ()

corresponding to the drive system, (3 =

diag(ﬂlaﬁ?v s
Here, we define the MPS error of drive system (4)

,0n) is coupling coefficient matrix.

and response system (5) as e = y—awx, if there exists a
-5 Q)
., @, are not equal to each other), such that

constant proportion matrix a = diag(aq, as, ..
(a1, o, ..

lim e = lim (y — ax) =0,

t—o0 t—oo

then drive system (4) and response system (5) will
achieve MPS.

The MPS error (11 — 121,92 —
-y Yn — Qpy), then the error dynamic system

is e =
a9, . .
is rewritten as

die
prri aAa e+ a[f(a'y) - f(z)] + Be. (6)
Since f(-) meets the Lipchitz condition, and the state

vector of chaotic system is bounded, we have

fla™ly) - f(z) = Myye, (7)

where M, represents the matrix which contains vari-
ables * and vy, then the error dynamic system is
rewritten as

dve

T = A+ M, +Be=B(xye (8

where A = aAa’ and M, = aM,,.

Based on fractional-order stability theory,!*6]

if an
arbitrary eigenvalue \; of coefficient matrix B(x,y)

meets the condition

qm

jarg(0)| > 2 )
then system (8) will achieve asymptotical stabiliza-
tion. Figure 1 displays the stability domain of this
system.

4 jw

stable
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R
L

stable

—am/2
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Fig. 1. Stability domain of the fractional-order system.

According to Eq. (9), in order to ensure that sys-
tem (8) stabilizes at the origin when ¢ < 1, we need
only guarantee that the real parts of all eigenvalues
of B(x,y) are not greater than zero. In this paper,
we select a proper coupling coefficient matrix 3 to en-
sure that the eigenvalues of B(x, y) meet this require-
ment; then the error dynamic system (8) will achieve
asymptotical stabilization, and the drive system and
the response system will achieve MPS with a single
driving variable.

Moreover, we can achieve MPS of two different
fractional-order hyperchaotic systems with a single
driving variable by designing a proper controller. Sup-
pose that the drive system is system (3) and let

diy
() (10)

be the response system. y € R™ represents the state
variables; G(y) : R* — R" is a continuous function,
and 0 < ¢ < 1 is the order of the fractional-order
system.

From Egs. (5) and (10), we design the controller
as follows:

U = alAa 'y + f(a™'y)
+B(a™'y —z)] - G(y), (11)

then the response system (10) is converted into the
form of Eq. (5). According to the above proof, through
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selecting the proper coupling coefficient matrix 3,
drive system (3) and response system (10) will achieve
MPS with a single driving variable when the controller
is in the form of Eq. (11).

3. Numerical simulations

3.1. Synchronization between a hyper-
chaotic system and the constructed
response system

In 2008, we proposed a new hyperchaotic sys-

17]

tem from a Lorenz system,! the corresponding

fractional-order system is described as follows:

d‘]lxl
g = alz2 = 1) o
d6121.2
=Ccxr] — T2 — X123,
At 1 2 173 (12)
d'st3 B b
dte = T1T2 — 0T3,
dq4$4 — s 3
qQpas —XoX3 + 4.

When a =10, b=8/3, c =28, r = —1, and ¢; = 0.98
(i=1,2,3,4), figure 2 displays the corresponding hy-
perchaotic attractor. Based on the method of calculat-
ing the Lyapunov exponential spectrum of the simul-
taneous differential equations, which was proposed by

(18]

Ramasubramanian et al.'*®! we obtain the four Lya-

punov exponents of system (12), i.e., Ay = 0.3362,

Q2

103

A2 = 0.1568, A3 = 0, and A\y = —15.1724. The system
is obviously hyperchaotic.
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Fig. 2. Two-dimensional projection of a hyperchaotic at-
tractor for system (12) when o = 0.98.

Let system (12) be the drive system; we design
the response system as follows:

(07 «
= a<1 Y2 — yl) + —ya+ By — aaz),
a9 QY

Y1y3 + B2(y2 — aoxa),
(13)

y1y2 — bys + B3(ys — azxs),

Yoys + 1ys + PBa(ya — ),

according to Eq. (5). From drive system (12) and response system (13), we obtain the error dynamic system as

dlhyl
aga
dq2y2 B C% 3 3
dte (e %1 Y1 =92
d®y;  as
dtas 10
d¥ys oy
dtas [e DY )
follows:
d%el
dta
d?%2ey «
dta (071
dq383 asg a3
= —XI9q€
dtas a1 2e1 + Qo
d%ey ——%e oy
dtaa (o) 2 Qo3

2 Q2
= — _— b J— 1 _
(c—z3)er + (B2 )es o

a1 a1
= (61 —a)er + —aex + —ey,
« Qg

Yi€3,

yiea + (B3 — b)es,

yoe3 + (v + Ba)es.
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From Eq. (14), we can obtain the coefficient matrix

B'(z,y)

i, Yi

T3, Y3

by selecting the initial values as (x1(0), 22(0), 23(0),
(E4(0)) = (y1(0)7 y2(0)7 y3(0)7 y4(0)) = (27 17374)7

B —a M., 0 M and the constant proportion matrix (g, s, as,

a2 Q4 ag) = (=3,0.5,—2,4). We can guarantee that the

Z—i(c —x3) fa—1 — 04?23 y1 O real parts of all eigenvalues of B’(x,y) are not greater

= s as ; then zero by selecting a coupling coefficient matrix
o et fs—b 0 B = (0,—50,0,0), then the fractional-order hyper-

0 oy oy vo v+ B chaotic syster.n (12) .and sys‘FeI.n (13) .WIH achleve- MPS

L (% 03 J by transforming a single driving variable x5. Figures

(15)  3-5 display the synchronization simulation results.
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Fig. 4. Time responses of the corresponding variables of systems (12) and (13).
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Fig. 5. Synchronization errors of systems (12) and (13).

3.2. Synchronization between two dif-
ferent fractional-order hyperchaotic
systems

In 2007, Gao et al.l' proposed a new hyper-
chaotic system from a Chen system, which is described

as follows:
dlhxl
dra = l(lL’Q — ZL’l),
dQ2x2 B
qJpae mxq + NTo — 13 — T4,
dq?’l‘g (16)
a1 = T1T2 — pPT3,
dQ4:174 B
Qe e
When | = 36, m = —16, n = 28, p = 3,
g = 0.5, and ¢; = 0.9 (i = 1,2,3,4), system (16) is

hyperchaotic.!?”l Let system (16) be the drive system,

and select a fractional-order hyperchaotic system Liu

system/2!]

B//(.’B,y) = al 043

dQ1y1

Qi a(y2 — y1) + u1,

dQ2

dt‘1y22 = by1 — ky1y3 + ua,

dq3y3 5 (17)
dtas = —CyYs3 + hyl + us,

daa

dtqgi4 = —dy + ua,

as the response system. U = (uy,us,us,uq) is the
controller which needs to be designed. When a = 10,
b =40, c=2.5,and ¢; = 0.9 (i = 1,2,3,4), system
(17) is hyperchaotic.[??l

From Eq. (11), we design the controller as follows:

Uy (a =14+ 61y + (Z;l—a>y2 — a1z,

a
Uy = <ajm - b>y1 + (n+ B2)y2

+ (k - OQ>y1y3 — a2, (18)
103

a3
ug = (c—p+P3)ys + Y1y2 — hy? — azfars,
Q109
Qg
Uy = o +d |y1 + Bays + aag — a4faz4.
1

From drive system (16) and response system (17),
we obtain the error dynamic system described as fol-

lows:
d?req oy
= — ey + —leq,
dta (B Jer o) 2
dq2€2 (65)
= —(m—x3)e; +(n+ e
el sler+ (n+ fa)ez
« «
— 2 €3 — i€47 (19)
a1 Qg
d%es Qasg (0%}
= —xze1 + es + —p)es,
dias o 2€1 a1a2y1 2+ (B3 —p)es
d%ey Qg
Qs 07161 + Baeq.

From Eq. (19), we can obtain the coefficient matrix

) 0 0
(%)
a a
n+ B2 b *072
1003 4 (20)
a
>y Bz —p0
19
0 0 Ba

Select the initial values (21(0), 22(0), 23(0),24(0)) = (y1(0),y2(0),y3(0),y4(0)) = (0.5,2,1,4), and the con-
stant proportion matrix (a1, ag, s, aq) = (3,—0.5,—2,1). We can guarantee that the real parts of all eigenvalues
of B”(z,y) are not greater then zero by selecting a coupling coefficient matrix 3 = (0, —50, 0, 0), then fractional-
order hyperchaotic systems (16) and (17) will achieve MPS by transforming single driving variable z5. Figures

6-8 display the synchronization simulation results.
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Fig. 6. Two-dimensional projections of a hyperchaotic attractor for systems (16) and (17).
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Fig. 8. Synchronization errors of systems (16) and (17).
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7. Time responses of the corresponding variables of systems (16) and (17).

4. Conclusion

In this paper we investigated a new MPS method
of a fractional-order hyperchaotic system. Using
this method, fractional-order hyperchaotic systems
can achieve MPS by transforming only one driv-
ing variable. We first applied this method to a
fractional-order hyperchaotic Lorenz system, designed
the response system and achieved their synchroniza-
tion by selecting a proper coupling coefficient ma-
trix. Moreover, by designing a proper controller, we
achieved MPS of a new fractional-order hyperchaotic
system and fractional-order hyperchaotic Liu system.
This scheme extends the synchronization method of
fractional-order hyperchaotic systems and the appli-
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cable scope of MPS.
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