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In this paper, the chaotic generalized projective synchronization of a controlled, noised gyro with an expected gyro

is investigated by a simple control law. Based on the theory of discontinuous dynamical systems, the necessary and

sufficient conditions for such a synchronization are achieved. From such conditions, non-synchronization, partial and

full synchronizations between the two coupled gyros are discussed. The switching scenarios between desynchronized

and synchronized states of the two dynamical systems are shown. Numerical simulations are illustrated to verify the

effectiveness of this method.
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1. Introduction

Since Pecora and Carrolll!l investigated the syn-
chronization between two dynamical systems and pre-
sented a criterion of the sub-Lyapunov exponents to
determine the synchronization between two systems,
chaos synchronization has become a hot topic due to
its potential applications in various fields.[?! The syn-
chronization of a lot of chaotic attractors was inves-
tigated using different methods.[*~7 Recently, chaos
synchronization of gyros with nonlinear damping has
been studied. A gyro is a particularly interesting
form of nonlinear system and has practical applica-
tions in the future because it has been used to de-
scribe the mode in navigation, aeronautics and space
engineering. Lei et all8 used an active control tech-
nique to synchronize two identical gyros with differ-
ent initial conditions, and the sufficient conditions for
global asymptotic synchronization were attained. In
2006, the synchronization between chaotic gyros with
unknown parameters was investigated via the adap-
tive sliding mode control by Yan et all”) According
to the master-slave system, Salarich and Alasty'"!
used a sliding control to synchronize two chaotic gy-
roscope systems with stochastic base excitation. In
2010, Yaul'¥! applied a fuzzy sliding mode control to
synchronize two chaotic nonlinear gyroscope systems

with uncertainties and external disturbances. From
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the above studies, the adopted techniques cannot give
the necessary and sufficient conditions for synchro-
nization, and the asymptotic stability is determined
based on the Lyapunov direct method. The con-
trol laws designed are very complex, which increases
the cost for implementation in engineering. However,
Luo['213] presented a new theory for the synchroniza-
tion of dynamical systems and this theory provides an
alternative way to investigate system synchronization.
Such a theory for dynamical system synchronization
with specific constraints is achieved through the the-
ory of discontinuous dynamical systems.

In this paper, the theory for the synchronization
of dynamical systems is used to investigate the gen-
eralized projective synchronization of chaotic nonlin-
ear gyros with external disturbances. Such a sim-
ple nonlinear controller used is easily implemented in
practical applications. The generalized projective syn-
chronization mechanism of the controlled, noised gy-
roscope system with the expected systems is explored.
The necessary and sufficient conditions for such a syn-
chronization are obtained. Non-synchronization, par-
tial and full synchronizations of the controlled, noised,
gyroscope system with the expected gyroscope system
are discussed. The switching scenarios between desyn-
chronized and synchronized states of the two dynami-
cal systems are presented. Numerical illustrations for
the synchronization of two gyros are given to verify
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this method.

2. Problem statement

A periodically forced, nonlinear, symmetric gyro
is considered in this paper. The equation governing
the motion of the gyro in terms of the rotation angle

0 is given by[14—16]
. . . 1— 2
0+ c10 + 00 + agﬂ — (Bsinf
sin” 6
= fsinwtsinb, (1)

where fsinwtsinf is the parametric excitation, 16
and ¢»0% are linear and nonlinear damping terms, re-
spectively.
Assume that 1 = 60, x5 = 6 and
5 (1 —cosf)?
Q3
sin® 6

then the state space of the gyro system is expressed

ho) = —

as
€Tl = T2,

(2)
ig = h(x1) — c179 — coxs + (B + fsinwt) sinz.

The dynamical behaviour of the gyro system has been

(14.15] and Dooren.['%! From their

investigated by Chen
work, the gyro system can exhibit complex dynamics
including periodic and chaotic motions for the range of
parametric excitation amplitude f. In this paper, the
generalized projective synchronization between two
nonlinear chaotic gyro systems with different initial
conditions is studied using a nonlinear feedback con-
troller.

Now system (2) is regarded as a master system,
then a second nonlinear gyro with extra disturb is con-

sidered as a slave system,

= y2 —u1(?),
Yo = h(y1) — c1y2 — c2y3 + (B + fsinwt) siny; (3)
+d(t) —ua(?),
where d(t) € R is the time-varying external distur-

bance and u(t) = (ui(t),u2(t))T € R is the control
law which will be designed as follows:

uy = kysgn(yr — p1z1), (1)
uz = kasgn(yz — pax2)

with k; and ko being the control parameters, p; and

po are the scaling factors.

In phase plane, the following state vectors and
vector fields are introduced as

xr = (Jﬁl,l‘g)T and & = (3‘\1792)’11,

(5)
Yy= (ylva)T a‘nd F = (FlaFQ)T;
where
F = 2,
Fo = h(z1) — c122 — cow3 + (B + fsinwt)sinxy,

Fi = ys — (1), (6)
Fy = h(y1) — 12 — oy
+ (B + fsinwt)siny; + d(t) — ua(t).

3. Discontinuous description

From equations (3) and (4), the slave system of
the gyro with external disturbance will be controlled
by the master system to be synchronized. The con-
trol law creates a discontinuity for the slave system.
For this case, the controlled slave system has four
regions, as shown in Fig. 1(a). The corresponding
domains are expressed by 2, (o« = 1,2,3,4). Each
of the boundaries is a function of variables for the
master system. The intersection point of the bound-
aries is sketched by a black circular symbol. The ar-
rows crossing the boundary indicate flow directions.
If a flow in phase space is in domain f2,, the vec-
tor field in such a domain is continuous. But if a flow
from one domain {2, switches into another domain {23
(o, 8 =1,2,3,4; 0 # 3) through the boundary 02,4,
the vector field in domain {2, will be another field
in domain {23 accordingly. Thus the vector field be-
comes discontinuous. The subscript (-)o3 denotes the
boundary from 2, to 23 (o, 5 =1,2,3,4 and o # ).

In phase place, the domains and boundaries are
introduced as

2 = {(y1,92)|y1 — praa(t) > 0,
Y2 — paw2(t) > 0},

22 = {(yr,y2)ly1 — praa(t) > 0,
Y2 — paxa(t) < 0},

25 = {(y1,92)|y1 — pmxa(t) <0,
Yo — pax2(t) < 0},

Q4 = {(y1,92)| y1 — pro1(t) <0,
Yo — p2x2(t) > 0},

and
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0212 = { (Y1, y2)| y2 — pax2(t) = 0,51 — p121(t) > 0},
08223 = { (y1,y2)| y1 — p1z1(t) = 0,92 —P2l’2(t) <0}, ()
00234 = { (y1,92)| Y2 — paz2(t) = 0,y1 — prz1(t) < 0},
014 = { (Y1, y2)|y1 — 11 (t) = 0,92 —p2$2(t) > 0}.
(a) i1_m-;-1 (b) % i
Ql 6914 + Ql Q'l : _(2]
/
( 820 0y ——— a0y
// -..,,\:\ /,u:—p ] :
T RN e e
\ |
Y1 /J D2 e | R
‘ 2 B |
~ -Q:i | -Qz
y

Fig. 1. Phase plane partitions (a) in the absolute coordinates (b) in the relative coordinates.

According to the earlier defined domains, the equation of motion for the controlled, noised gyroscope system

in domain 2, becomes

y(a) — o) (y(a),t), (9)
where
FO) (y(©, 1) = (K, ;)T
F(a)( (@) 1) = (a) —ky for a=1,2,
(a)(y(a),t) ) ¢ ki1 for a= 3,4, (10)
(a)(y ) t) = h( (a)) Clyé o Cz(yéa))g + (B8 + fsinwt) sinyga) +d(t) — kg for a=1,4,
Fy @ 1) = h(y\™) — ergd™ — ca(p8)3 + (B + fsinwt) siny™ +d(t) + ky for a=2,3.
\
From the defined boundary, the dynamical systems at 21 (t) = {(z1,22)| 21 > 0,25 > 0}
the boundaries 02,3 are Qo(t) = { (21, 22)| 21 > 0, 20 < 0} )
y(ef) = plob) (y(aﬁ),m(t),t), (11) 25(t) = {(21,22)| 21 < 0,22 < 0}
where 24(t) = {(21,22)| 21 < 0,22 > 0},
FeB) — (Fl(aﬂ),FQ(aB))T7 and
Fl(aﬁ)(y(aﬂ)J) = y2(t) = praa(t), (12) 0212(t) = {(21,22)| 22 = 0,21 > 0},
Féaﬁ)(y(aﬁ),t) = paiia(t). 08293(t) = {(21,22)| 21 = 0, 22 < 0}, (15)
Using the equations in absolute coordinate, it is 9234(t) = { (21, 22)[ 22 = 0,210 <0},
very difficult to discuss the synchronization mecha- 014(t) = { (21, 22)| 21 = 0,22 > 0} .
nism of the controlled, noised gyroscope system with From the above definition, the boundaries in the
the expected gyroscope system. Without loss of gen-  relative frame are constant as shown in figure 1(b).
erality, two relative variables are introduced The controlled slave system in the relative frame is
z1=y1 —p1r1 and 2z = Y2 — pawa. (13) expressed by
2@ = gl (2 g 1), (16)

In a similar fashion, the corresponding domains and
boundaries in the relative coordinates become where
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9@ (), a,t) = (¢, 65T,

(a)(z(o‘ ) = (a) + (p2 —pl)ﬁCQ — kl for a= 1 2
(a)(z(a ) = (a) + (p2 — p1)as + ky for a= 3,4, (17)
(z(“) x,t) = %(z(a) x,t) — ko for a=1,4,
(u)(z(”‘ x,t) =9 (2 z,t) + ko for a=2,3
with
@ (@) = h () o h o (a) o (o) o 3
('Y, z,t) (21" +pra1) = pah(x1) — c125" — ea[(25" + paw2)® — paa] (18)
+ (8 + sin wt)[sin(zia) + p1a1) — pasinay] + d(t).
\
Then the corresponding dynamical systems at the Géog.v(zm,m,tmi) = n%})_,_ . [g(a)(zm7w,tmi)
boundary are given by _ g(ij)(zm7 @t ), 1)
21

GSSIEZZ) (Zmaxvtmi) = na(z [Dg( )(zm,w tmi)

z-(a,@) = g(aﬁ)(z(aﬁ)amvt)7 (19) _Dg(zj)(z x.t :i:)}

where where Gg};ij(zm,ac,tmi) and Gg(’ij(zmxvtmi) are,

respectively, the zero-order and first-order G-functions
’ (20)  of the flow in the domain {2, (o € {4,7}) at the bound-
(aB)(,,(aB) _ d ol@? (5(@B) _ .
g1 (P @, t) =0 and gy ('Y, @,t) =0. ary 0125 (i,j € {1,2,3,4}). The normal vectors of the
boundaries in the relative frame from Eq. (15) are

g(aﬁ) (z(o‘ﬁ),m’t) — <g£a6)7g§aﬁ))T

. o T
4. Analytical conditions of gener- noo,, = Nogy, = (0,1)7,
. . . . n =n = (1,0 22
alized projective synchroniza- 00 = Mo = (22)

Therefore, the corresponding G-functions for the

tion

boundary 0£2;; (1,5 € {1,2,3,4}) are
According to the theory for synchronization of dy- o o
G(B(;m (Zm, Z, tmi) = Gt(f?(;% (Zm, €z, tm:t)

namical systems in Luo,!'213] to study the mechanism (a)

for the generalized projective synchronization between =92 (Zm, T, lnz), (23)
two chaotic gyros with different initial conditions, the G392 (Zms @yt ) = GS’SM (Zm, @, tmx)
synchronization state of the controlled, noised gyro = g§°‘)(zm7;¢,tm +),

system with the expected gyro system needs a sliding

flow at the boundary. The non-synchronization state and

at the bounda.ry is a pz'zs.sable flow. Then' the. nece's— Gg{,;g(zm’w’tmi) _ G(gl_(ii (Zm, @t )

sary and sufficient conditions for synchronization will (@)

be given. Thus, the G-functions are introduced in the = Dgy " (zm, 2, tmz), (24)
relative frame for z,, € 0(2;; at ¢ = t, in domain 2, Gg(’gz(zm, T, lmy) = G(anli (Zm, @, bt
(a=i.j and (i,j) € {(1,2), (2,3), (3.4), (1,4)}) as = D4\ (o, @),

where

Dy (2, @,t) = ha(\") + prz1) — prh(a1) + (B + fsinwt)[sin(2{") + pra1) — py sin(z1)]
—c [25‘1) +pazy — prza] — ea[(28Y) + paw2)? — prad] + d(1),
Dgs (2, @, t) = [hy (21 + pm) (B + fsinwt) cos(2\) + pra1)| 1 (2 + @, 1) (25)
—[e1 + 302( )+ Pox2)? Fa(2(®) + x,t) + [Sln(z§ @) 4 p1x1) — pasinx] fw cos wt

—palhi(x1) + (B + fsinwt) cos x1]Fy(x,t) + pa(c1 + 3caxd) Fo(x, t) + d'(t),
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with
ha (24 + pray) = a2(cos3 (2 + pran) — 4cos2(2\) + pra1) + 5eos(2\® + pray) — 2)/sin (24 + py2y), (26)
hi(z1) = o®(cos® &1 — 4cos® 21 + 5cosxy — 2)/sin? 1,
for a=1,2,3,4.
From the above equations, the G-functions in domains with respect to the boundary are given by
Ggglz(z(“),m,t) = Géog (2, z,t) = g5 (2@ x,1),
o, (2@ @.1) = Gy, (21, 1) = g)) (), @, 1); o)
o (=), @,1) = Ghir) (2, @, 1) = Dgi” (), 2, 1),
Ghom (2@, @,t) = G2 (219, @,t) = Dgl™) (2, @, 1)

To investigate the generalized projective synchronization for the controlled, noised gyroscope system with
the expected gyroscope system, the conditions for the sliding flows at the intersection point of two separation
boundaries (i.e., z, = 0) are very important. From references [9] and [10], the sliding motion existing on the
boundary is guaranteed by

1
G¢(92214 (ZT‘VH CC, tm,) =

(
o " for 2y, € 0245 N 14 on Oy
Ga(z z(zmamatm—) =92 (Zm,CC,tm_) <0,

(2)
Zm = Zm, Tybm—) >
fgw( m-) 932)( ) for 2, € 05 N O on 2o
GBQQS(zm,:c tm—) =1 (Zm, @, tm—) <0,
3) 3) (28)
G Zm,$,tm_ = Z7nam7t7n— >0
?3()223( ) 913)( ) for z,, € 08253 N Of234 on (23;
G50y (Zms Ttm—) = g5 (Zm, Tyt ) > 0,
o Zotms) = g5 (2, Tyt ) < 0
?4()234 (Zm, @, tm-) g?4)(zm @5 tm-) for z,, € 08234 N 0214 on (2.
G3914(zma Tytm—) = g1 (Zm, T tm—) >0,
To simplify the expressions in Eq. (17), the following functions are introduced here:
g1z, xz.t) = gga)(z(a),az,t) = zéa) +(p2 —p1)w2 — k1 in 2, for a=1,2;
(2 . t) = gﬁa)(z(a),:c,t) = é @) 4 (p2 —p1)xa+ k1 in 2, for a=3,4; (29)
g3(z() 1) = géa)(z(a),w,t) =Gz xz,t) —ky in 2, for a=1,4;
ga(2 ),z t) = géa)(z(a),a:,t) =Gz, x,t)+ky in 2, for a=2,3,
|
where G(2(®), x,t) is the same as Eq. (18). the two coupled gyro systems in Eq. (30) become

Therefore, the generalized projective synchroniza-
. e & Prol Y —k1 < (p2 —p1)wa< k1, —k2 < G(2, ) < k2, (31)
tion conditions in Eq. (28) can be expressed by

where
91(Zm, Ty tm—) = + (p2 — p1)w2 — k1 <0, G (2t )
Zmy Tyl ) = —p1)xe + k1 >0,

g2(zm -) P2 —p)a2th (30) = h(p1z1) — p2h(x1) (32)

93 (Zm; @ tm ) = %(zm, @:tm-) — k2 <0, — ca(paw2)® — poxd] 4+ d(tm-)

94(2m, Tt ) =G (2, T, tm—) + 2 > 0. + (B + fsinwt,_)[sin(p1x1) — pa sinaq].
When the generalized projective synchronization for If the generalized projective synchronization be-
the controlled, noised gyroscope system with the ex-  tween two coupled gyros disappears from the synchro-

pected gyroscope system occurs, the error z,, equals  nization state, the conditions for synchronization to
zero. Then the synchronization conditions between  disappear at one boundary should satisfy
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(25 @, ) = 252

= 23, + (p2 —p1)xe —k1 =0,

Dgi(zi2) @, tmz) = G242 @, tmz) > 0, for (o, 8) = {(1,4),(2,3)} (33)
92(Zr(7§)7$775m—) = Zéfl) + (p2 — p1)w2 + k1 >0,
from zp4e =y1 —p1x1 > 0 and
gl(zr(z?f), Xty ) = Z;iz + (p2 —p1)z2 — k1 <0,
9220 @ tz) = 25+ (p2 = pr)aa + k=0, for (a,8) = {(1,4),(2,3)} (34)
DgQ(Zgr?)7w7tm2F) — G(Zg,?)7$,tm:|:) < 07
from zp4e = y1 — pra1 < 0.
For another boundary, the conditions for synchronization to disappear require
() =G (a) — ko =
gi%(zm ;watmq:) = (zm 7w»tm:|:) 2 =0,
DgS(zﬁ)7w7tm$) :DG(z,(;f‘),a:,tij) >0, for (o, 8) ={(1,2),(4,3)} (35)
G120 @ ) = G2 @, t) + ka2 > 0,
from Z,,4c = Y2 — paxa > 0 and
93(27(;11), 5B,tm_) = G(Z$)7$,tm_) — ko < 07
g4(z7(q§),a:,tm;) = G(z%}),az,tm;) + ko =0, for (o,B3)={(1,2),(4,3)} (36)

(3

9a(zZm &, ty) = DG(zﬁf)7w,tm¢) <0,

from Z,,1c = y2 — p2x2 < 0.

5. Numerical results

In this section, numerical simulation of the gen-
eralized projective synchronization will be given by a
symplectic scheme. The gyro system exhibits chaotic
behaviour when the parameters are given by a? = 100,
6 =1¢ =05, ¢ =005 w =2 f =37 The
external noise in Eq. (3) is d(t) = 0.5cos2t, which
is bounded. The scaling factors are p; = 1.0 and
p2 = 0.5. For a better understanding of the chaotic
generalized projective synchronization between two
gyros with different initial conditions, synchronization
scenarios and numerical simulations will be presented.

The synchronization switching points of the con-
trolled, noised gyros vary with parameter ks and with
At
the switching points, we have y1(t,,) = pi1z1(tm)
and y2(tm) = pax2(tm).
ing points of the controlled slave system are shown.

the parameter k; = 2.0 as shown in Fig. 2.

Therefore only the switch-

NS, PS and FS stand for non-synchronization, partial
synchronization and full synchronization, respectively.
The shaded area means either non-synchronization
or full synchronization because no switching points
are shown. The switching displacement, velocity and
phases for the appearance and disappearance are illus-

trated in Figs. 2(a)—(d). No synchronization appears
as kg € (0,0.04). Partial synchronization can be ob-
tained as kg € (0.04,12.68). And full synchronization
will be achieved as ko > 12.68.

As the control parameters are given by k; = 2.0
and ko = 5.0, the partial generalized projective syn-
chronization between two coupled chaotic gyros takes
place as shown in Fig. 3. The initial conditions for two
gyros are (21, z2) = (0.6,1.2) and (y1,y2) = (0.2,0.5).
N and S represent non-synchronization and synchro-
nization for the slave system and the master system
respectively. In Fig. 3(a), it is clear that the veloc-
ity responses for two gyros are partially synchronized
with the scaling factors. The solid curve represents
the time-historical velocity for the master system and
the dashed curve is the time-historical velocity for
the slave system. The corresponding G-functions are
shown in Fig. 3(b), which satisfy all the analytical
conditions in Egs. (28)—(36). Furthermore, the phase
portraits of master system and controlled slave system
are plotted in Figs. 3(a) and 3(b), respectively. The
partial generalized projective synchronization only oc-
curs from the open circles to the shaded circles, where
the open and shaded circles represent the appearance
and the disappearance of synchronization respectively.
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1.4 .
. NS PS S| 5
C. &
5 0.7F g8
[T —= =
o0 & S 3
£ % @ &
T 5 —0.7F g
.E — i-;
o g

1.4 1 ! I e v

—1.5 2.5 6.5 10.5 14.5 —-1.5 2.5 6.5 10.5 14.5
Control parameter kg Control parameter kg
2.4 e S 2.4
NS PS FS NS PS FS
s w120 S 12
- B E o
L2 ] o QU
S g < 2
£ 2 0k £ 5 0k
23 w 2
H oo 8o
ig %8
= v —1.2F £ 5 —12F
& B
wn wn PT
(d)
—2.4 = | 1 1 == —2 4 L 1 L —
-1.5 2.5 6.5 10.5 14.5 —1.5 2.5 6.5 10.5 14.5

Control parameter kg

Control parameter kg

Fig. 2. Synchronization scenario of switching points versus control parameter k2: (a) and (b) switching displace-

ment for appearance and disappearance, (c) and (d) switching velocity for appearance and disappearance. (FS: full

synchronization; PS: partial synchronization; NS: non-synchronization).

5.0 S 200
o - NS Ny 8§ NSN 8§ N§N
o o nofh i 1
= e 10.0 - |
L — |
o Il
= op
e 5§ —10.0F !
-~ e |
= \ v
—5.0 : £ 200 rb) | :
0 3.0 6.0 9.0 0 3.0 6.0 9.0
Time t/s = Time t/s
5.0 3.6
master slave
25 1.8
= -
: 0 g 0
© G
= =
—2.5 —1.8
(e)
—5.0 - - —-3.6 ! 1 L
212 —0.6 0 0.6 1.2 T8 =05 0 0.6 1.2

Displacement

Displacement

Fig. 3. Partial generalized projective synchronizations for chaotic gyroscope systems: (a) velocity responses, (b) G-
functions, (c) phase plane of master system, and (d) phase plane of slave system with disturbances (IC: initial conditions;
S: synchronization; N: non-synchronization). White and black circular symbols denote synchronization appearance and
disappearance, respectively. Grey circular symbols refer to the initial conditions.
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With the parameters k1 = 2.0 and ky = 18.0, and
initial conditions (z1,z2) = (0.6,2.5) and (y1,y2) =
(1.0,0.01), the numerical results for full synchro-
nization of the controlled, noised gyro with the ex-
pected gyro system are plotted in figure 4. The
time-historical G-functions, displacement, and veloc-
ity are shown in figures 4(a)—(d), respectively. The

4.2

~ i2g s
— Z
I «
7
g
—4.2 !
2.0 4.0 6.0
Time t/s
1.2

0

—0.6

Displacements x, and 1

|
—
o

Timet/s

)

grey points represent the initial conditions for two gy-
For time t € (0.1899,00), the G-functions re-

sponses satisfy the conditions of full synchronization,

Iros.

ie. g1 <0, g2 >0, g3 <0 and gqy >0, then the full
synchronization with the scaling factors occur com-
pletely, i.e., y1(t) = z1(¢) and ya2(t) = 0.5z2().

36.0 g7
)

-4

3,

-functions, g, (¢

G

2

l

2.0

—2.0

Velocities xs and 1

o

- —Y2

7 (d)
—4.0 ¢ L L
0 2.0 4.0

Timet/s

6.0

Fig. 4. Full generalized projective synchronizations between two chaotic gyroscope systems: (a) time-historical dis-

placements, (b) time-historical velocities, (¢) and (d) time-historical G-functions varying with displacement.

Open

circular symbols denote synchronization appearance and grey circles represent initial conditions, i.e. IC.

6. Conclusions

The generalized projective synchronizations be-
tween two chaotic coupled gyros with different initial
conditions are studied through the theory of discontin-
uous dynamical systems and the analytical conditions
for the synchronization of the controlled, noised gyro
with the expected gyro are obtained. The switching
points for displacement and velocity with the param-
eter ko are given. Numerical simulations for partial
and full synchronizations of the controlled, noised gy-
roscope systems are implemented to demonstrate the
analytical conditions of the generalized projective syn-
chronization.
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