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In this paper, we study a new metric for slowly rotating charged Gauss-Bonnet black holes in higher-dimensional

anti-de Sitter space. Taking the angular momentum parameter a up to second order, the slowly rotating charged black

hole solutions are obtained by working directly in the action.
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1. Introduction

Higher-derivative gravity theories have attracted
increasing interest in recent years. It is believed that
Einstein’s action is only a valid effective gravitational
action for small curvatures or low energies.[!l Con-
sidering the fundamental nature of quantum gravity,
one sees that the action will be modified by higher-
derivative interactions in the renormalization of quan-
tum field theory in curved spacetimes.2~4 These
higher-derivative terms can be seen in the construction
of the low-energy effective action of strings.>~8 The
so-called Lovelock gravity is quite special.®! Apart
from the advantage that its equations of motion, as in
the case of Einstein’s general relativity, do not contain
terms with more than second derivatives of the met-
ric, the Lovelock gravity has been shown to be free of
ghosts during expansion on a flat space, thus avoiding
any problems with unitarity.'%1] The Gauss-Bonnet
terms appear as the first higher-derivative curvature
correction terms to general relativity. The black hole
solutions in Gauss—Bonnet gravity were first discov-
ered by Boulware and Deser!'? and Wheeler,['3] in-
dependently. The thermodynamics of the uncharged
static spherical Gauss—Bonnet black hole solutions
have been considered in Refs. [14]-[16] and of the
charged solutions in Ref. [17]. Recently the quasinor-
mal mode of a scalar field in five-dimensional Love-
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lock black hole spacetime for different angular quan-
tum numbers | was obtained in Ref. [18]. Liul') stud-
ied the electromagnetic perturbations of black holes
in Gauss—Bonnet gravity.

It is of interest to generalize these static Gauss—
Bonnet solutions by including the effects of rotation.
This problem has been considered recently in Ref. [20]
within a perturbative approach. It is worth mention-
ing that, for the Gauss—Bonnet action, the resulting
field equations, obtained after variation with respect
to the metric tensor, have seven terms, while the re-
sulting field equation for third-order Lovelock grav-
ity contains 34 terms. However, by working directly
in the action, the exact static Gauss—Bonnet black
hole solutions were obtained,['2~16) along with third-
order Lovelock black hole solutions, in Refs. [21]-[23].
Using the same approach, in this paper, we obtain
the slowly rotating black hole solutions in Lovelock
gravity. Apparently the lowest-level contribution of

rotation should be proportional to a?

. Hence, being
linearly dependent on a, the metric demonstrated in
Ref. [20] cannot be adopted in this case. So we need
to find a proper metric ansatz up to a’.

This paper is organized as follows. In Section 2,
we present a new metric form and obtain slowly rotat-
ing charged black hole solutions by working directly in
the action. Then we discuss some related thermody-

namic properties of black holes. Section 3 is devoted
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to a summary of the results.

2. Slowly

Gauss—Bonnet black holes

rotating charged

2.1. A new metric and rotating black
holes

In general relativity, the higher-dimensional gen-
eralization of the Kerr—AdS black hole solutions can
be found in Refs. [24] and [25].
type coordinates, it is expressed as

In Boyer-Lindpuist-

A asin 9 2
ds?> = — = (dt - d
ot = - (- )
X E
“Zdr? + Z-d6?
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Ay si 29 2 2 2
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Ag_l—a—COSQQ,

The parameters m and a are related to the mass and
angular momentum of the black hole, as we shall see.
If we consider Eq. (1) up to second order in the pa-
rameter a, the components of the metric are expressed
as follows:
P2 g2
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Setting a = 0, we find that equation (2) reduces to
the static case. It is known that the static black hole

solution in D-dimensional spacetimes in general rel-
ativity is f(r) = 1 — m/rP=3 4+ r2/I?2. Replacing
1—m/rP=3 +72/I? with f(r), we obtain a new metric
when all terms involving a® and higher powers in a
are ignored

ds? = — [f( ) + 722 A f;;))cosze} de?
1 a®(cos? 0f(r) —1) 3 a? 2
+ |7+ e e

2 2., .2 a’r? 2 2 2
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2
a®(1— f(r))sin® @ + W} sin? §d ¢*

+ 2ar?p(r)sin® Odtde + 2 cos? 0d 022, _,, (3)

where parameter a?

is a small quantity and the
functions f(r) and p(r) satisfy the relation p(r) =
[—1+ f(r)]/r?. For future simplification, let f(r) and
p(r) be two independent variables. Taking the param-
eter a up to the first order, equation (3) becomes its
counterpart in Ref. [20].

The action for Gauss—Bonnet theory with nega-
tive cosmological constant A = —(D — 1)(D — 2)/2I?

in D dimensions is given by[2%!

Dry=g(—24
= Ton G/d T + R
+aLes — 47rGFWF“”), (4)

where a is the Gauss-Bonnet coefficient with di-
mension (length)? and is henceforth rescaled with
a/(D — 3)(D — 4). Note that the Lagrangian of Love-
lock gravity is the sum of dimensionally extended Eu-
ler densities, and so the Lagrangian of Gauss—Bonnet

term also can be expressed as!*?]
a1b1a2b2 Cldl C2d2
gGB 4661b162d2 R alblR asbs” (5)

Here, all non-vanishing components of Riemann
tensors (up to a?) can be expressed as

ij Pt j
R kl_R kl+R k>

where RY & is absent from a and RY &1 1S proportional
to a®. Moreover, based on the relationship of indices,
these Riemann tensors can also be classified into three
groups: (I) diagonal form R” , (IT) off-diagonal form
proportlonal to a, and (III) off diagonal form propor-
tional to a?. For group (I), we find that the Riemann
tensors R'%,, R, R?%,, and Rij -
from parameter a. They can be represented as R'?, =
—(r)/2, RY,, = —f/(r)/2r, B2, = —f(r)/2r, and
RV, = [1—f(r)]/r? 3 < i < j < D) which is

are all absent
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independent of the dimensions D. Some key steps
are given in Appendix A. Denoting the Lagrangian of
Gauss—-Bonnet term from the contribution of case (I)
by %, it can be written as

Ly = Lu+ L
]' pCc1dl DC
- 16211(?11522;22 (R dalblR 2d2a2b2
~eid Head:
+2R ! 1a1b1R : 2a2b2)
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1 1 a1biasbs peid cod
Ay = 1 cllbllc;d;R ' 1a1b1 20,2262
_ 5ij \2
= (D —2)(D—=3)(D—4)(D—-5)(R"Y;;)",
(i,5 > 3),
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and

By = 4(D —2)(D - 3)R*, x R*%,,
~ D ~ .
By =4 RY,

1=3

x [2(D = 3)R*,, + (D = 3)(D — )R],

(D —4)(D -5)

5 R’“kl}, (k>1>4). (8)

Inspecting the off-diagonal Riemann tensors, we
calculate the parts of the Lagrangian from the off-
diagonal Riemann tensors in case (II)

god = oipodl + gon + og/ﬂod?n (9)
where

Loar = AR, R 5 + R R* 3 + R",3R™, ),

D
Loaz = Y 4R R™; + R*,RY,),
i=3
D . . . .
Loaz = Z ARV R+ R R™,),
ij=3
(i>7>9. (10)

It is interesting to note that the contribution of off-
diagonal Riemann tensors in case (III) vanishes fol-
lowing the properties of the Kronecker delta symbol.
In addition, the Ricci scalar R is given by

R=R+R, (11)

where R is equal to —6f(r)/r+6(1 — f(r))/r*—f"(r)
and R is proportional to a? and shown in Aappendix
A.

Since the black hole rotates along the direction ¢,
it will generate a magnetic field. If we consider this
effect, the gauge potential can be chosen as

Aydat = Apdt + Agdo, (12)
where
A; = Qh(r) + a® cos> 0Qk(r), Ay = —a sin? 0Qc(r).

Therefore the nonzero contravariant components of
the electromagnetic field tensor can be written as

Fy = —QR (r) — a® cos® OQK (1),
Fip = a®sin(20)Qk(r), Fry = —aQc (r)sin? 0,
Fyp = —aQc(r) sin(260). (13)
Substituting Egs. (3) and (13) into Eq. (4), we find
that the action becomes
I = I(f(r),p(r), h(r), k(r), c(r)). (14)

First, varying Eq. (14) with regard to the k(r),
we find the solution

R (r)r + (D — 2)h/(r) = 0. (15)
Hence, we obtain
Co
h(r) = D3 + (1, (16)

where C7 and C3 are two integration constants.
We choose C; = 0 and Cy = 1/4(D —3)r and
then the function h(r) can be written as h(r) =
1/4m(D — 3)rP=3. Then, the variation of the action
Eq. (14) with regard to ¢(r) becomes

[FP=2f(r) (1)) = 2(D — 3)rP~Sc(r) + p;(;") =0.(17)

Taking the variation of Eq. (14) with regard to the
function p(r), we arrive at
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0 = [2af(r) —2a —r?]r? f(r)p” (r)

+[2(D = 2)a(f(r) — 1) = Dr? + 2ar f'(r))r f(r)p' (r)

+{(D-2) { = f'(r)r® + (1= f(r))(D = 3)r® = 2arf'(r)) + (D = 5)a(1 — f(r))* +

—87GQ*r ' (1) yp(r) + 167GQ>rh () (r).

(D —1)r*
12
(18)

Supposing the coefficient of function p(r) vanishes, we find that, for h(r) = 1/4x(D — 3)rP=3, the function f(r)

is obtained as

r2 4a  4am 26 GQ?
fr) =1+ 2&(1 B \/1 TR T i D—2)(D=3) 7~2D—4)' (19)
Moreover, equation (18) reduces to
rP[1 4 26w (r)]p' (r) + 4GQ%c(r) + C3 = 0, (20)
where w(r) = [1 — f(r)]/r%. Based on Ref. [20], the function p(r) is given by
1 4@ | 4am 24 GQ?
p(r)_zd(l_\/l_zz+r1?—l _w(D—2)(D—3)r2D—4>’ 1)

1

e(r) = TID —3)mD 3 (22)

by taking constant C5 = (D — 1)m. It is apparent
that the functions f(r) and p(r) satisfy the relation-

ship p(r) = —[1 = f(r)]/r*.
Varying the action with regard to h(r), we have
(D —=1)+2(D —2)(D - 3)xrPk (r)
+2(D = 3)nrP T (r) = 0. (23)
We can obtain k(r) = —1/47(D — 3)rP~! where inte-
gral constants are all ignored. Therefore, the tensor
of electromagnetic field are given as

Q (D-1)

Fir = 47rD=2 47 (D — 3)rD a*Q cos 6,

Fo 47T(D(1—2§)TD T Sin(26),

Frp=—7 j§_2 sin” 6,

Fog = 47r(DaC?’>)TD3 sin(26). (24)

It is easy to verify that the expressions for functions
70) [Ba. (19)], p(r) [Ea. (21)], e(r) [Eq. (22)], and
h(r) = —k(r)r? = 1/4n(D — 3)rP=3 still satisfy the
variation of Eq. (4) with respect to f(r).

2.2. Thermodynamics of black holes

Killing vectors can be used to give a physical in-

terpretation of the parameters m and a. Following

\
the analysis given in Refs. [25]-[28], one can obtain
coordinate-independent definitions for these parame-
ters. We have the integral

1 D-2 .
M=————— ¢ yd’ 2y,
167TGD—3%€(” e

1 .
_ v 3D—2
i o f% A7 s

where the integrals are taken over the (D — 2)-sphere

(25)

at spatial infinity,
dD_QE;LU

1 . y .
o m\/jgeuuaﬁy dx"* Adz2 A .- dx*P—2. (26)

To justify Eq. (25), we can calculate the integrands
in the asymptotic region r — oo. For the dominant
terms in the asymptotic expansion we have

tir m(D — 3) 1
S = oy D2 T O(,J))’
am(D — 1) sin® 1
+ O(?"D)' (27)

2rD-2
We perform the integration over a (D — 2)-sphere at

tir
So) =

r — o0o. It gives

M:m(D—2)Ek’ J_ 2Ma

16mG D-2

In addition, if @ = 0, the black hole does not ro-
tate and the metric represents a spherically symmet-

(28)

ric charged black hole with a spherically symmetric
electric field. If the black hole rotates a # 0, the elec-
tric field is supplemented by a magnetic field due to
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the dragging of the inertial reference frames into rota-
tional motion around the black hole.

3. Concluding remarks

We have proposed a new metric and obtained the
slowly rotating charged Gauss—Bonnet black hole solu-
tions in anti-de Sitter space by working directly at the
action. Besides the function f(r), the diagonal compo-
nents of the metric also involve a?. Moreover, the g
is proportional to r%p(r), thus making the equation
for p(r) much simpler. Since the black hole rotates
along the direction ¢, the vector potential has an extra
nonradial component A, = —asin®0Qc(r) and the t
component is written as A; = Qh(r) + a? cos? 0Qk(r).
By taking variation of the action with respect to the
functions p(r), f(r), c(r), h(r), and k(r), respectively,

we obtained the exact form for function p(r), while
the function f(r) retains the form of the static solu-
tions. The exact expressions for ¢(r), h(r), and k(r)
have been expressed as c(r) = —h(r) = k(r)r? =
—1/4m(D — 3)rP=3.

Appendix A

From Eq. (3), we obtain some of the intermediate
steps of the calculation.

Riemann tensors The non-vanishing Riemann
tensors caane classified into three groups: (I) diago-
nal form R i (IT) off-diagonal form proportional to
a, and (III) off-diagonal form proportional to a®. We
give them explicitly below.

Group (I)
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POV ] ay [2200 30— ) | T0)]
g0 [ZR S e | ete}
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=1 p(r)? 1 fr) f(r) rp(r)?f(r)"  rp(r)p(r)’
UL {_ f(r) + f(r)rt + 3 pd +1= 2f(r) + 2
1 T r) 2 2p(r)? r) o1 . 9
O )
~ 7’2 r 2 r 2 r) r)
R = {0t = rotryptey - T LOZ SO T
HOYEG) | YRy 0 P - fR )
e+ gy st T O ofa,
T e RV o A W {0 o e o Y I
w4, = { 5oy 07 - g e + gt 2 st
+ [];(:3) —f(4)]co29+r4}a2, (5<j<D),
R¥,. = R¥,. + R%,., R, — _%7 (3<i<D),
R — R2j2j — a2 [fig)’ N 2(1 —T4f(7")):| cos? 0, (5 <j< D),
_— r)2 —=2f(r)" f(r r2p(r)p(r)”  3f(r)f(r) r)?
. {[f( ) 4TJ;( )"fr) ;p( )" f(23nJ;( ) +f§4)
- U SR g sz - 21(0) + 1))
Rijij _ Rijij + Rijiﬁ Rijij — 1_7‘7‘;(7‘)7 (3 <i<j< D),
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iy = [PPSO SOUOY 0= ] g 9 SO0,
Ry = 2(1200529<— QLZQ + f(rjél_l), (5<k<D),
= ' "3 —f(r)P+2— .
o = ([ oY 3 AR 2 1)
2(f(721* 1) T22l2}a2’ (5 <1< D),
M, = a? cos? ef(:l;_ 1’ (5<k<i<D)
Group (II):
6 sin p’ 6
R'%, = —ar?*sinfcosOp'(r), R, = acos;(r;)p(r)’ RY, = (;;(ES)SH(IH)
R, = I ) ), R = -, g <i<D)
Group (III):
R1213 = {_ 2;(5312 - p(T)QT - 73 + ()2ff(()> (T)p'(r)r2 + 3‘]::) — fT(ZT) a®sin @ cos 0,
R*y, = {p(r)p'(r)ﬂ + 3f(r)(i; f(r)) + (222 (r )}aQ sin @ cos 6.

With regard to the Ricci scalar, the term R which is proportional to a2 is given by

PR P

8

r2fr)

17 1629

drf(r) ) 2 /
w= (| (5 == 5o T g e 0= e
_o3rp(n)? 2f()  2fMf() S8 S 2/
2 f(r)rs r3 72 rf(r) 72 73
S (0 T (AU ] I
2f(r)%r? r2 rd r4 f(r)r? rd fry ot f(r)rt
6f(r)  f(r)" 10f(r) 30sin®’6—26Y) ,
T3 2 T T 72]2 }a :
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