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multiphoton GHZ states with weak cross-Kerr
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We propose a scheme to generate polarization-entangled multiphoton Greenberger–Horne–Zeilinger (GHZ) states

based on weak cross-Kerr nonlinearity and subsequent homodyne measurement. It can also be generalized to produce

maximally N -qubit entangled states. The success probabilities of our schemes are almost equal to 1.
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Entanglement, one of the most striking features
of quantum mechanics, is not only an essential ingre-
dient for tests of quantum nonlocality against local
hidden variable theories,[1−3] but also one of the most
useful phenomena for application to quantum infor-
mation theory and quantum computation.[4−6] In con-
trast with two-particle entangled states, Greenberger–
Horne–Zeilinger (GHZ) states provide the possibil-
ity of testing quantum nonlocality without using
Bell inequalities[2,3] and have practical applications
in quantum cryptographic conference and quantum
secret sharing.[7] Hence, preparation of the GHZ
entangled state has become a critical technique in
quantum information processing. Such states have
been produced experimentally with microwave cav-
ity QED,[8] photons,[9] and trapped ions.[10−13] Com-
pared with most massive qubits, flying photon qubits
are more suitable for long-distance quantum commu-
nication and more robust against decoherence because
of their high speed and weak interaction with the
environment.[14−17] Photon GHZ states have been suc-
cessfully demonstrated by the multifold coincidence-
measurement method.[18−20] In these experiments, the
success of the schemes is conditional upon the detec-
tion of one or two photons leaking out of the cavities.
Therefore, the schemes are probabilistic and the suc-

cess probability decreases as the detection efficiency
of the photodetectors decreases. So the output entan-
gled states cannot be used as input states for further
experimental operations. This drawback limits their
efficient application to large-scale quantum informa-
tion processing.[21]

Here, we propose a simple and efficient scheme by
which it is comparatively easy to realize GHZ states
of light fields, with a probability almost equal to 1.
Our scheme has several other advantages. First, it
uses only a coherent state instead of a coherent state
superposition as in other methods.[22] This makes our
scheme simpler to implement. Second, our scheme
uses X homodyne measurement, which enhances ex-
perimental operability and makes simplifies the pro-
cess.

Before presenting our protocol, we first review
the cross-Kerr nonlinear interaction between a mode
probe and a mode signal. Cross-Kerr nonlinearity pro-
vides a good tool to construct quantum nondemolition
detection (QND), which has the potential of being able
to condition the evolution of our system without hav-
ing to destroy the single photons,[23−26] and which,
with a cross-Kerr medium and a coherent state, can
be used for checking the parity of the polarizations of
two photons, operating as a controlled-Not (CNOT)
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gate,[23] and analysing the Bell states.[27] The Hamil-
tonian of a cross-Kerr nonlinear medium can be de-
scribed by

HQND = ~χn̂prn̂si. (1)

The symbol n̂pr(n̂si) denotes the number operator
for the mode probe (signal), and ~χ is the coupling
strength of the nonlinearity, which is determined by
the property of the material used. If we consider the
signal state to have the form

|φ〉 =
1√
2
(|0〉si + |1〉si)

with the probe beam initially in a coherent state |αpr〉,
then the cross-Kerr interaction causes the combined
signal-probe system to evolve as

ψ(t)out = UCK |ϕ〉si |α〉pr

= ei HKt/~ 1√
2
(|0〉si + |1〉si) |α〉pr

=
1√
2
(|0〉si |α〉pr + |1〉si

∣∣α ei θ
〉

p
), (2)

where θ = χt with t being the interaction time. We
observe immediately that the Fock state |na〉 is unaf-
fected by the interaction with the cross-Kerr nonlin-
earity but the coherent state |αpr〉 picks up a phase
shift directly proportional to the number of photons
nsi in the signal |nsi〉 state. If we could measure this
phase shift we could then infer the number of photons
in the signal mode. This can be achieved simply with
a homodyne measurement and conditioned on the re-
sults of the homodyne measurement as in Ref. [27].

Fig. 1. Schematic setup for generation of an EPR state

using two cross-Kerr nonlinearities and a coherent laser

probe beam |α〉. PBS: polarization beam splitters. LO:

local operation. Signal mode: |+〉j = (|H〉 + |V 〉)j/
√

2

with j = 1, 2.

Now we study the generation of entangled EPR
states using the weak-nonlinearity-based method, as
shown in Fig. 1. Photons in the signal modes are pre-
pared in a superposition state of horizontal and verti-
cal polarizations while the probe beam is initially set

in a coherent state. Then the initial state of the sys-
tem that consists of two photons in the signal modes
and a coherent probe beam is

|ψ〉in = |+〉1 ⊗ |+〉2 ⊗ |α〉pr

=
1
2
(|H〉 + |V 〉)1 ⊗ (|H〉 + |V 〉)2 ⊗ |α〉pr , (3)

where |H〉k (|V 〉k) is the horizontal (vertical) polar-
ization state of the k-th photon in the signal mode.
These qubits are split on polarizing beam splitters
(PBS) into spatial modes which then interact with
cross-Kerr nonlinearities. Using the weak cross-Kerr
nonlinearity interactions with the phase shift angle θ

and −θ (i.e., θ ∼ 10−2[22]), the coherent state inter-
acts with four qubits, thus an initial system state |ψ〉in
evolves to

|ψ〉a =
1
2
[(|HH〉 + |V V 〉) |α〉pr + |HV 〉

∣∣α ei θ
〉
pr

+ |V H〉
∣∣α e− i θ

〉
pr

]. (4)

A homodyne detector can distinguish different co-
herent states. Therefore, when we find that the homo-
dyne detector is in the coherent state |α〉pr, photon 1
and photon 2 will be projected into the entangled state
(|HH〉+ |V V 〉)/

√
2. If the result of the homodyne de-

tector is
∣∣α ei θ

〉
pr

(
∣∣α e− i θ

〉
pr

), the state of these two
photons collapses into |HV 〉 (|V H〉). In order to ob-
tain the EPR state deterministically, we choose the
local oscillator phase π/2 offset from the probe phase
(we will call this an X quadrature measurement), then
the states

∣∣α e± i θ
〉
pr

cannot be distinguished.[27] More
specifically, with α real, an X homodyne measurement
condition is

|ψ〉b =
1
2
[f(X,α)(|HH〉 + |V V 〉)

+ f(X,α cos θ)( ei φ(X) |HV 〉
+ e− i φ(X) |V H〉)], (5)

where f(x, β) = exp[− 1
4 (x−2β)]/(2π)1/4 and φ(X) =

αx sin θ − α2 sin 2θ(Mod 2π).
We see that f(X,α) and f(X,α cos θ) are two

Gaussian curves with the midpoint between the peaks
located at X0 = α(1+cos θ), and the peaks separated
by a distance Xd = 2α(1− cos θ). As long as this dif-
ference is large αθ2 À 1, there is little overlap between
these curves. When X > X0, we have

|ψX>X0〉b ∼
1√
2
(|HH〉 + |V V 〉), (6)

while for X < X0,

|ψX<X0〉b ∼
1√
2
( ei θ |HV 〉 + e− i θ |V H〉). (7)

The action of this two-mode polarization nonde-
molition parity detector is now very clear; the even
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(|HH〉 and |V V 〉) and odd (|HV 〉 and |V H〉) parity
terms can be distinguished without being destroyed,
by a high efficiency X quadrature homodyne measure-
ment, i.e., the even parity terms can be split almost
deterministically from the odd parity terms.

Fig. 2. Curves of the homodyne measurement result with

θ = 0.01 and α = 70000.

We have used the approximate symbol (∼) in
these equations as there is a small but finite prob-
ability that the state (6) can occur for X < X0.
The probability of this error occurring is given by
Perror = 1

2 (1 − er[Xd/2
√

2]) which is less than 10−5

when the distance (Xd ∼ αθ2 > 9) meets the condi-
tions. This shows that it is still possible to operate in
the regime of weak cross-Kerr nonlinearities, θ ¿ π.
In general, natural Kerr media have extremely small
nonlinearities with a typical dimensionless magnitude
of θ < 10−18, thus a large Kerr nonlinearity at the
single-photon level is almost impossible.

It is also interesting to look at the X < X0 solu-
tion given by Eq. (7). We observe immediately that
this state is dependent on the measured X homodyne
value and hence it is conditioned depending on our
measurement result X. Simple local rotations using
phase shifters depending on the X measurement re-
sult via a feed-forward process (the dashed line in
Fig. 1 can be performed to transform this state to
(|HV 〉 + |V H〉)/

√
2 which is independent of X. A

simple bit flip σx on the second polarization qubit
transforms it into the state of (|HH〉 + |V V 〉)/

√
2.

This gate allows us to take two separable polarization
qubits and efficiently entangle them (nearly determin-
istically). Thus our two mode parity QNDs can be
configured to act as an entangler by which the entan-
gled EPR state can be generated nearly deterministi-
cally.

The feed-forward technique plays a very impor-
tant role in EPR state generation, in that the future

local rotation basis depends on earlier measurement
results. This technique is crucial for achieving de-
terministic quantum state generation. It has been
demonstrated that,[28] for an entangled state and no
photon loss, the feed-forward components would op-
erate at very high speed and low error for detected
photons. With current technology, the individual
computational step (in this case the individual feed-
forward cycle) can be operated in less than 150 ns
using electro-optical modulators.

Fig. 3. Experimental scheme for generating the three-

photon GHZ state.

We now describe how to implement three-photon
GHZ state generation using such entanglers. The
schematic setup of our proposal is shown in Fig. 3.
The photon in the signal mode is prepared in a super-
position state of horizontal and vertical polarizations
while the probe beams are initially set in a coherent
state. Then the initial state of the system that consists
of three photons in the signal mode and the coherent
probe beams is

|ψ〉0 =
3
⊗

k=1

1√
23

(|H〉 + |V 〉)k ⊗ |α〉p1 ⊗ |α〉p2

=
1

2
√

2
(|HH〉 + |HV 〉 + |V H〉 + |V V 〉)12 ⊗ |α〉p1

⊗ (|H〉 + |V 〉)3 ⊗ |α〉p2. (8)

In the first step, photons 1 and 2 are both injected
into entangler 1. Let photons 1 and 2 interact with
the cross-Kerr medium. Thus the state of the total
system becomes

|ψ〉1 =
1

2
√

2
[(|HH〉 + |V V 〉)12|α〉p1

+ |HV 〉12|α ei θ〉p1 + |V H〉12|α e− i θ〉p1]

⊗ (|H〉 + |V 〉)3 ⊗ |α〉p2. (9)

Then photons 2 and 3 are both injected into entan-
gler 2. Let photons 2 and 3 interact with the cross-
Kerr medium. Then the state of the total system be-
comes

|ψ〉1 =
1

2
√

2
[(|HHH〉 + |V V V 〉)12|α〉p1|α〉p2

+ |V V H〉12|α〉p1|α e− i θ〉p2

+ |HHV 〉|α〉p1|α ei θ〉p2
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+ |V HH〉12|α e− i θ〉p1|α〉p2

+ |HV V 〉12|α ei θ〉p1|α〉p2

+ |V HV 〉12|α e− i θ〉p1|α ei θ〉p2

+ |HV H〉12|α ei θ〉p1|α e− i θ〉p2]. (10)

In the next step, we implement the X-quadrature
homodyne measurement on the probe beams. If
we choose the local oscillator phase π/2 offset from
the probe phases then the states |α e± i θ〉pr cannot
be distinguished.[27] There are two independent X-
quadrature homodyne measurements in Fig. 3, which
cannot affect each other at all. The resulting three-
photon state in the signal mode is then

|ψ〉1 =
1
2
[f1(X,α)f2(X,α)|GHZ〉0

+ f1(X,α)f2(X,α cos θ)|GHZ〉1
+ f1(X,α cos θ)f2(X,α)|GHZ〉2
+ f1(X,α cos θ)f2(X,α cos θ)|GHZ〉3], (11)

where

|GHZ〉0 ∼ |HHH〉 + |V V V 〉, (12)

|GHZ〉1 ∼ |HHV 〉 + |V V H〉, (13)

|GHZ〉2 ∼ |HV V 〉 + |V HH〉, (14)

|GHZ〉3 ∼ |HV H〉 + |V HV 〉. (15)

For example, when the two X-quadrature homo-
dyne measurements yield the results of phase shift
0 for the coherent states, the state collapses into
|GHZ〉0. Finally, according to the measurement result
X, the state of three-photons collapses into |GHZ〉j
(j = 0, 1, 2, 3), respectively. Thus we have proposed
a simple method for the generation of three-photon
GHZ states via weak cross-Kerr nonlinearity and sub-
sequent homodyne measurement, which is indepen-
dent of X, with a probability of 1.

The above scheme can be easily extended to gen-
erate n-photon GHZ states. The general initial state
is

|ψ〉0 =
n
⊗

k=1

1√
2k

(|H〉 + |V 〉)k

n−1
⊗

j=1
|α〉pj. (16)

After n− 1 successive cross-Kerr nonlinearity interac-
tions and feed-forward cycles, as shown in Fig. 4, the
whole system becomes

|ψ〉′ =
1√
2k

[(|HH · · ·H〉 + |V V · · ·V 〉) ⊗ |α〉p1 · · · |α〉p(n−1)

+ · · · + |HH · · ·V 〉 ⊗ |α〉p1 · · · |α〉p(n−2)|α ei θ〉p(n−1)

+ |V V · · ·H〉|α〉p1 · · · |α〉p(n−2)|α e− i θ〉p(n−1)]. (17)

Fig. 4. Experimental scheme for generating the n-photon GHZ states.

If the X-quadrature homodyne measurements obtain the results of phase shift 0 for all the coherent states,
the state collapses into |GHZ〉n = |HH · · ·H + V V · · ·V 〉. If not, the simple bit flip σx on the polarization
qubits can transform it into the state of |GHZ〉n. Similar to the above steps, we can prepare the n-atom GHZ
state. The success probability approaches 1 with nearly perfect fidelity.
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To summarize, we have presented an effective
scheme to generate multiphoton GHZ states with high
success probabilities and near-perfect fidelities. This
scheme takes advantage of the nonlinear Kerr effect.
It uses only the basic tools in quantum optical labo-
ratories and can be implemented in the regime of the
weak cross-Kerr nonlinearity. In addition, our scheme
is not limited to the all-optical implication and can
also be used in other bus-mediated QIP architectures
with a cross-Kerr-like interaction Hamiltonian.[29,30]
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