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We investigate the dynamics of nonequilibrium thermal quantum correlation of a qutrit–qubit mixed spin system

coupled to two bosonic reservoirs at different temperatures using measurement-induced disturbance. The effects of

initial states of the spins and temperatures of the reservoirs on measurement-induced disturbance and entanglement are

discussed. The results demonstrate that measurement-induced disturbance is more robust than entanglement against

the influence of both these factors and there is no sudden death phenomenon for measurement-induced disturbance. The

dependences of steady-state measurement-induced disturbance and entanglement on coupling constant and anisotropy

parameter are also studied. Steady-state entanglement vanishes for a ferromagnetic qutrit–qubit model, while steady-

state measurement-induced disturbance exists for both the antiferromagnetic and ferromagnetic cases. Appropriately

modulating the coupling constant and anisotropy parameter can strengthen quantum correlation.
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1. Introduction

Quantum entanglement plays a valuable role as
a physical resource in quantum computation and
quantum information processing.[1−4] However, im-
plementation of all quantum information tasks can-
not be attributed to entanglement. There are sev-
eral instances where quantum advantage is reflected
in the absence or near absence of entanglement, such
as quantum nonlocality without entanglement,[5,6]

Grover search,[7] and quantum speedup with separable
states.[8,9] It has been proved experimentally that en-
tanglement fails to explain exponential speedups in de-
terministic quantum computation with one pure qubit
model.[10,11] These quantum tasks cannot be simu-
lated by classical methods; they are surely correla-
tions of a quantum nature, rather than entanglement.
In the past, entanglement was often identified with
quantum correlation. In fact, this identification is ap-
propriate for pure states, but problematic for mixed
states, hence the need to investigate the difference and
relation between quantum correlation and quantum

entanglement.
Ollivier and Zurek first proposed a measure

of quantumness of correlations termed quantum
discord.[12] Quantum discord is defined as the differ-
ence of two classically identical expressions for mu-
tual information in a quantum case. Although the
state of a system is separated, this does not guar-
antee vanishing of the discord. This shows that the
absence of entanglement does not imply classicality.
Similar methods have been made independently by
Henderson and Vedral in their endeavor to separate
classical and quantum correlations.[13,14] Oppenheim
et al.[15] proposed to characterize quantum correla-
tions in terms of entropy production and work extrac-
tion. Luo[16] proposed a kind of quantum correlation
that is understood in a broad sense as statistical cor-
relation in the quantum scenario, and is something
more general than entanglement.[16] These proposals
have attracted much attention to the dynamics of
quantum correlation.[17−29] Recently, several papers
were presented to study equilibrium thermal quan-
tum correlation.[26−29] Two coupled qubits captured
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in different heat baths comprise a system which is not
only of theoretical interest but also commonplace in
nanophysics. However, there is no report on quantum
correlation under nonequilibrium thermal conditions.

Quantum spin systems as a kind of solid-state
qubit have played a central role in some applica-
tions for quantum communication[30] and quantum
computation.[31] In semiconductor quantum dots the
transfer of quantum information between nuclear and
electronic spins has recently been considered.[32] The
nuclear spin is generally weakly coupled to its envi-
ronment while the electronic spin is strongly coupled
to a great variety of degrees of freedom within the
solid. This motivates us to investigate the dynamics
of quantum correlation of spin chains. Besides the
general spin-1/2 system, the properties of the quan-
tum mixed-spin system are also attractive. For an
inorganic compound, quasi-one-dimensional bimetal-
lic chains ACu(pbaOH)(H2O3) · 2H2O, with each unit
cell containing two different spins (S, 1/2), have been
synthesized.[33] The compounds of ACu may be con-
sidered as a Heisenberg mixed spin (S, 1/2) with an-
tiferromagnetic interactions. As an example, the
bimetallic compound chain of NiCu[33] can be con-
sidered as a mixed spin (1, 1/2) model. In this paper,
we study quantum correlation and entanglement of a
system composed of two mixed spins (1, 1/2) coupled
to two bosonic baths at different temperatures.

This paper is organized as follows. We briefly
introduce quantum correlation via measurement-
induced disturbance (MID) in Section 2. In Section
3 we put forward the model of a qutrit–qubit mixed
spin coupled to two different bosonic reservoirs, and
obtain a solution for the systemic dynamics. We dis-
cuss the dynamics of nonequilibrium thermal MID and
entanglement and make a comparison in Section 4. We
conclude our results in Section 5.

2. Quantum correlation via

measurement-induced distur-

bance

In this section, a brief introduction is given
to MID as a measurement of quantum correlations.
Given a bipartite state ρ which in general is not
classical, any complete local projective measurement

{ΠA
i ⊗ ΠB

j } will induce a classical state Π(ρ),

Π(ρ) =
∑
ij

(ΠA
i ⊗ ΠB

j )ρ(ΠA
i ⊗ ΠB

j ), (1)

where ΠA
i and ΠB

j are complete projective measure-
ments consisting of one-dimensional orthogonal pro-
jections for parties A and B. This measurement Π

is induced by the spectral resolutions of the reduced
states ρA =

∑
i pA

i ΠA
i and ρB =

∑
j pB

j ΠB
j . So Π(ρ)

is a classical state that is closest to the original state ρ

since this kind of measurement can leave the reduced
states invariant. Hence any reasonable distance be-
tween ρ and Π(ρ) can be used to measure the quan-
tum correlation in ρ.

In this paper, we will use the measurement
method proposed by Luo, i.e., quantum mutual in-
formation difference between ρ and Π(ρ) to measure
quantum correlation in ρ. The total correlation in any
bipartite state ρ can be quantified by the quantum in-
formation

I(ρ) = H(ρA) + H(ρB) − H(ρ), (2)

with the reduced states ρA(B) = TrB(A)ρ and von
Neumann entropy H(ρ) = −Trρ log ρ for arbitrary
density matrix ρ. Π(ρ) is a classical state and thus
I(Π(ρ)) quantifies the classical correlations in Π(ρ).
Hence quantum correlations can be captured by the
measurement-induced disturbance, i.e., the difference
between I(ρ) and I(Π(ρ)),

Q(ρ) = I(ρ) − I(Π(ρ)). (3)

3. Basic model

We consider a mixed-spin (1, 1/2) Heisenberg
XXZ chain. The Hamiltonian of this system reads

Hs =
ε1

2
Sz

A +
ε2

2
sz

B

+ J
(
Sx

Asx
B + Sy

Asy
B + kSz

Asz
B

)
, (4)

where ε1 and ε2 denote the energy of spins A and B,
respectively; J is the coupling constant and k stands
for the anisotropy parameter. Sη

A (η = x, y, z) is spin-
1 operator, sς

B (ς = x, y, z) is a Pauli matrix

Sx
A =

1√
2


0 1 0

1 0 1

0 1 0

 , Sy
A =

1√
2


0 −i 0

i 0 −i

0 i 0

 ,
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Sz
A =


1 0 0

0 0 0

0 0 −1

 . (5)

Each spin is coupled to a separate bosonic bath with
different temperatures and the Hamiltonians of the
reservoirs j = 1, 2 are as follows:

HFj =
∑

n

ωn,jb
†
n,jbn,j . (6)

For the sake of simplicity, we suppose the coupling
between the levels of the spin-1 to be identical. The
interaction between each spin and the corresponding
bath is described by

HSF1 = S+
A

∑
n

g(1)
n bn,1 + S−

A

∑
n

g(1)∗
n b†n,1

=
∑

ν

V1,νf1,ν ,

HSF2 = S+
B

∑
n

g(2)
n bn,2 + S−

B

∑
n

g(2)∗
n b†n,2

=
∑

ν

V2,νf2,ν , (7)

with S+
A = |2〉AA〈1| + |1〉AA〈0|, S+

B = |1〉BB〈0|. Here
b†n,j creates an excitation in mode n of reservoir j with

a coupling strength g
(j)
n , Vj,ν are operators satisfy-

ing [Hs, Vj,ν ] = −ωνVj,ν and the operator fj,ν are the
random operators of reservoirs and act on degrees of
freedom for baths. The index ν corresponds to tran-
sitions between eigenstates of the system induced by
the bath. Such a decomposition is always possible. As
an example, we choose[34]

Vj,ν = |ψi〉〈ψi|HSFj |ψi′ 〉〈ψi′ |, (8)

where |ψi〉 and |ψi′ 〉 are eigenstates of Hs. Then

ων = 〈ψi′ |Hs|ψi′ 〉 − 〈ψi|Hs|ψi〉. (9)

Note that this is the case where the frequency spec-
trum {ων} is not degenerate. If there are different
transition operators belonging to the same frequency,
a sum is needed over all transitions with a fixed energy
difference of ων .

The whole system of spin chain with reservoirs is
described by the Liouville equation

dα

dt
= −i[H,α],

H = Hs +
∑

j=1,2

HFj + HSFj . (10)

We assume that the bosonic reservoirs recover quickly
after being disturbed so that the states of environ-
ments remain constant during the evolution. Hence

the density operator of the whole system is α(t) =
ρ(t)ρ1(0)ρ2(0) where each reservoir is described by
its own canonical equilibrium density operator ρj =
e−βjHF j /tr( e−βjHF j ) with βj = 1/KBTj (KB = 1)
and ρ(t) is the reduced density operator for the quan-
tum system of interest. So in the Born–Markov
approximation[34] the master equation for the reduced
density matrix for the spin chain is as follows:

dρ

dt
= −i[Hs, ρ] + L1(ρ) + L2(ρ). (11)

In order to solve this master equation, we go to
the basis consisting of the eigenstates |ψi〉 of the sys-
tem Hamiltonian Hs with the corresponding eigenval-
ues λi,

|ψ1〉 = |00〉, λ1 = −1
2
(ε1 + ε2 − 2Jk),

|ψ6〉 = |21〉, λ6 =
1
2
(ε1 + ε2 + 2Jk),

|ψ2〉 = − sin θ1|10〉 + cos θ1|01〉,

λ2 = −1
4
(ε1 + 2Jk + ∆+),

|ψ3〉 = cos θ1|10〉 + sin θ1|01〉,

λ3 = −1
4
(ε1 + 2Jk − ∆+),

|ψ4〉 = − sin θ2|20〉 + cos θ2|11〉,

λ4 =
1
4
(ε1 − 2Jk − ∆−),

|ψ5〉 = cos θ2|20〉 + sin θ2|11〉,

λ5 =
1
4
(ε1 − 2Jk + ∆−), (12)

with

∆± =
√

32J2 + (ε1 − 2ε2 ± 2Jk)2,

sin θ1 =
4
√

2J√
32J2 + (ε1 − 2ε2 + 2Jk + ∆+)2

,

sin θ2 =
4
√

2J√
32J2 + (ε1 − 2ε2 − 2Jk + ∆−)2

. (13)

In this representation the dissipative operators are
written as

Lj(ρ)

=
8∑

ν=1

J (j)(−ων)
(
2Vj,νρV †

j,ν − {ρ, V †
j,νVj,ν}+

)
+ J (j)(ων)

(
2V †

j,νρVj,ν − {ρ, Vj,νV †
j,ν}+

)
, (14)

where the corresponding transition frequencies and
transition operators are
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ω1 = λ6 − λ5, Vj,1 = [δj,1 sin θ2 + δj,2 cos θ2]|ψ5〉〈ψ6|,

ω2 = λ6 − λ4, Vj,2 = [δj,1 cos θ2 − δj,2 sin θ2]|ψ4〉〈ψ6|,

ω3 = λ5 − λ3, Vj,3 = [δj,1 cos(θ1 + θ2) + δj,2 sin θ2 cos θ1]|ψ3〉〈ψ5|,

ω4 = λ5 − λ2, Vj,4 = [δj,1 sin(θ2 − θ1) − δj,2 sin θ1 sin θ2]|ψ2〉〈ψ5|,

ω5 = λ4 − λ3, Vj,5 = [δj,1 sin(θ1 − θ2) + δj,2 cos θ1 cos θ2]|ψ3〉〈ψ4|,

ω6 = λ4 − λ2, Vj,6 = [δj,1 cos(θ1 + θ2) − δj,2 sin θ1 cos θ2]|ψ2〉〈ψ4|,

ω7 = λ3 − λ1, Vj,7 = [δj,1 cos θ1 + δj,2 sin θ1]|ψ1〉〈ψ3|,

ω8 = λ2 − λ1, Vj,8 = [−δj,1 sin θ1 + δj,2 cos θ1]|ψ1〉〈ψ2|. (15)

The spectral density in Eq. (14) is

J (j)(ων)

=
∫ ∞

0

dτ e iωj,ν 〈 e−iHBjτf†
j,ν e iHBjτfj,ν〉. (16)

The bath is considered as an infinite set of har-
monic oscillators in this paper, so the spectral den-
sity becomes J (j)(ων) = γj(ων)nj(ων), with nj(ων) =
( eβjων − 1)−1, and J (j)(−ων) = eβjων J (j)(ων). For
the sake of simplicity we regard the coupling constant
as independent of frequency, i.e., γj(ων) = γj .

In the eigenstates basis |ψi〉, the differential equa-
tion set for the diagonal elements of the density matrix
of spin subsystem can be expressed as(

%̇11(t) %̇22(t) %̇33(t) %̇44(t) %̇55(t) %̇66(t)
)−1

= M
(

%11(t) %22(t) %33(t) %44(t) %55(t) %66(t)
)−1

,

(17)

where M is a 6×6 matrix and can be obtained by sub-
stituting matrix forms of Eqs. (4), (14), and (15) in
Eq. (11) in the representation of eigenstates. This dif-
ferential equation set is complex so it is solved numer-
ically. The differential equations for the nondiagonal
elements are

%̇i,j(t) = [−i(λi − λj) − ci,j ]%i,j(t), (18)

where ci,j can be written as the similar progress of
finding M . The analytical solution for the nondiago-
nal elements is easy to obtain:

%i,j(t) = e−i(λi−λj)t−ci,jt%i,j(0). (19)

In the basis {|21〉, |20〉, |11〉, |10〉, |01〉, |00〉}, we
consider that the initial state of the system is

ρ0 = ρ11(0)|21〉〈21| + ρ22(0)|20〉〈20|
+ ρ33(0)|11〉〈11| + ρ44(0)|10〉〈10|

+ ρ55(0)|01〉〈01| + ρ66(0)|00〉〈00|
+ ρ23(0)|20〉〈11| + ρ32(0)|11〉〈20|
+ ρ45(0)|10〉〈01| + ρ54(0)|01〉〈10|. (20)

We can easily obtain the expressions of ρA
t , ρB

t ,
and Π(ρt) by simple calculation, and find ρA

t =
[Π(ρt)]A, ρB

t = [Π(ρt)]B .
According to the MID measurement method in

Section 2, we can obtain the quantum correlation in
ρt

Q(ρt) = I(ρt) − I(Π(ρt))

= H(Π(ρt)) − H(ρt)

= λ1 log λ1 + λ2 log λ2 + λ3 log λ3 + λ4 log λ4

− ρ22(t) log ρ22(t) − ρ33(t) log ρ33(t)

− ρ44(t) log ρ44(t) − ρ55(t) log ρ55(t), (21)

with

λ1,2 =
1
2

{
ρ22(t) + ρ33(t)

±
√[

ρ22(t) − ρ33(t)
]2 + 4|ρ23(t)|2

}
,

λ3,4 =
1
2

{
ρ44(t) + ρ55(t)

±
√[

ρ44(t) − ρ55(t)
]2 + 4|ρ45(t)|2

}
. (22)

In order to compare MID with entanglement of
two spins in the same scale, we choose the logarithmic
negativity.[35] The logarithmic negativity of the two
spins is

LN(ρ) = log ‖ρΓA‖1 = log[2N(ρ) + 1], (23)

with the negativity[36]

N(ρ) = max{0,−µ1} + max{0,−µ2},

µ1 =
1
2

{
ρ11(t) + ρ44(t)
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−
√[

ρ11(t) − ρ44(t)
]2 + 4|ρ23(t)|2

}
,

µ2 =
1
2

{
ρ33(t) + ρ66(t)

−
√[

ρ33(t) − ρ66(t)
]2 + 4|ρ45(t)|2

}
. (24)

4. Results and discussion

We studied the dynamics of entanglement and
MID for two spins in two baths at different temper-
atures. From Fig. 1, we can observe that the entan-
glement and MID damply oscillate in a short time.
This indicates that the environments cause the en-
tanglement and MID of two spins to decay and can
also entangle the separate states at the same time.
The state of the system then converges to a steady
state for a long time. The steady-state entanglements
quickly disappear with increasing temperature. How-
ever, the steady-state MID is not greatly affected by
temperature and only declines slightly with increasing
temperature. MID is more robust to resisting the in-
fluence of temperature and there is no sudden death
phenomenon.

Fig. 1. Logarithmic negativity and measurement-induced

disturbance of the mixed spin chain (1,1/2) for the initial

state ρ0 = |20〉〈20|. Here γ1 = γ2 = 0.02, J = 1, k =

1.4, ε1 = 7, ε2 = 4, t in units of (50γ)−1. Solid line:

measurement-induced disturbance. Dashed line: logarith-

mic negativity.

The dynamic evolutions of entanglement and
MID for the different initial states are shown in Fig. 2.
First we can see that there is no sudden death of MID
for these initial states. When the two spins are ini-
tially in |21〉, there is no oscillation and then the state
of the system stabilizes directly. However, entangle-
ment and MID can cause oscillation for some initial
states as shown in Figs. 1 and 2. This phenomenon
shows the competition between unitary evolution and
dissipative dynamics.[37] Although the initial states of

the system are different, the entanglement and MID
reach the same value with increasing time, that is, the
steady-state entanglement and the steady-state MID
are independent of the initial states of the system.
The steady-state MID is larger than the steady value
of entanglement.

Fig. 2. Logarithmic negativity and measurement-induced

disturbance of the mixed spin chain (1,1/2) for the differ-

ent initial states. T1 = 1, T2 = 0.5, γ1 = γ2 = 0.02, J =

1, k = 1.4, ε1 = 7, ε2 = 4. Solid line: measurement-

induced disturbance. Dashed line: logarithmic negativity.

From Figs. 1 and 2, we can easily see that the
states of the system will reach a steady state with
increasing time. We can obtain the stationary solu-
tion by setting %̇t = 0 and the normalization condition
Tr%t = 1.

Evolutions of the steady-state entanglement and
the steady-state MID are shown in Fig. 3. With
increasing bath temperature the steady-state entan-
glement abruptly vanishes, while the MID decreases
only asymptotically. This indicates the robustness of
steady-state MID against steady-state entanglement
with temperature increase. Steady-state entangle-
ment and MID can reach their maxima when the tem-
peratures of the two baths take a certain value. The
maximal value of steady-state MID is larger than that
of entanglement.

Figure 4 shows that there is no entanglement for
a ferromagnetic (J < 0) qutrit–qubit model, while
MID exists for both the antiferromagnetic (J > 0)
and ferromagnetic (J < 0) cases. At the same time,
this figure denotes that MID is more robust than
entanglement against high temperature. After the
entanglement reaches its minimum, it vanishes at all
times. However, MID decreases with temperature
and starts increasing again after reaching a mini-
mum. In Fig. 4(b) MID vanishes at the critical point
J = 0. This signals the presence of the quantum phase
transition at finite temperature T but steady-state
entanglement cannot signal this. Figure 4(b) also
shows that MID of the steady state increases with the
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Fig. 3. Variation of steady-state logarithmic negativity

and measurement-induced disturbance for the mixed spin

chain (1,1/2) with respect to two bath temperatures T1

and T2, γ1 = γ2 = 0.02, J = 1, k = 1.4, ε1 = 7, ε2 = 4.

Fig. 4. Steady-state logarithmic negativity and

measurement-induced disturbance of the mixed spin chain

(1,1/2) as functions of T and J . T1 = T2 = T, γ1 = γ2 =

0.02, ε1 = 7, ε2 = 4, k = 0.5.

increase of the absolute value of J : the larger this
is, the larger the steady-state MID. When the cou-
pling constant J between two spins is certain, the
steady-state MID reaches its maximum at an appro-
priate temperature and then decreases with increasing
temperature. After it drops to its minimum, MID re-
covers.

In Fig. 5, when the value of k changes from nega-
tive to positive, steady-state entanglement vanishes in
the region of k < 0, while MID increases continuously.
The larger the values of k that can be obtained in
experiments, the larger the stationary value for MID.
A large spin–spin stationary MID is very useful for
applications to quantum information protocols.

Fig. 5. Steady-state logarithmic negativity and

measurement-induced disturbance of the mixed spin chain

(1,1/2) as functions of T and k. T1 = T2 = T, γ1 = γ2 =

0.02, ε1 = 7, ε2 = 4, J = 1.

5. Conclusion

We have investigated the quantum correlations
of a qutrit–qubit mixed spin chain coupled to two
bosonic reservoirs at different temperatures using
measurement-induced disturbance. The influences of
the temperatures of the two baths and different ini-
tial states of two spins on the entanglement and
measurement-induced disturbance are considered. In
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this model the system reaches a steady state in the
long term. We also studied the effects of the coupling
constant J and anisotropy parameter k on steady-
state measurement-induced disturbance and entangle-
ment. There is no entanglement for a ferromagnetic
qutrit–qubit model, while measurement-induced dis-
turbance exists for both the antiferromagnetic and fer-
romagnetic cases. Steady-state measurement-induced
disturbance and entanglement can be strengthened by
tuning J and k. A large spin–spin stationary quan-
tum correlation should be very useful for implemen-
tation in quantum information tasks. We also com-
pare steady-state measurement-induced disturbance
with steady-state entanglement under the same con-
ditions. The results demonstrate that measurement-
induced disturbance is more robust than entangle-
ment as the temperature increases. When entangle-
ment vanishes, measurement-induced disturbance is
still present. This shows that separable states can
possess quantum correlation. In a word, quantum en-
tanglement is not the same as quantum correlation,
only a special kind of it.
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