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1. Introduction

Transmission of quantum information between
quantum computing devices is one of the require-
ments for the realization of the quantum computer.
Of the several candidates for physical carriers, trans-
ferring the states in one or more spin chains has
two benefits, i.e., avoiding conversion of the infor-
mation from one carrier to another, and reducing
minimal control to just two ends of a spin chain
to minimize decoherence. Utilizing the unmodu-
lated and unmeasured spin chain as a channel for
short distance quantum communications was first
proposed by Bose.[1] Most effort has so far been
put into studying the perfect state transfer or high-
probability state transfer: perfect transfer by manipu-
lating the coupling strengths,[2,3] nearly perfect trans-
fer with uniform couplings by an external parabolic
magnetic field,[4] Fourier analysis-based quantum in-
formation encoding,[5] measurement-assisted trans-
fer through two parallel chains,[6] perfect trans-
fer by local measurements on individual spins,[7]

pulsing,[8] measurement-assisted transfer through two
parallel chains and randomly coupled spin chains,[9]

the alternating open chain,[10] the decoherence-free-
subspace encoding,[11,12] etc. State transfer in other
models[13,14] has also been studied.

The Dzyaloshinsky–Moriya (DM)[15,16] interac-

tion, arising from spin–orbit coupling, has received

much attention in making the phase diagram rich with

a critical line. The effect of phase shift induced by

the DM interaction on entanglement transfer in an

isotropic XY spin chain was studied in Ref. [17], where

the phase shifts can significantly enhance the efficiency

of entanglement transfer of |ϕ(0)〉 = (1/
√

2)(|01〉 +

|10〉). High-probability state transfer of single-spin

states on an isotropic XY spin chain with the DM

interaction in an inhomogeneous magnetic field is

possible.[18] The DM interaction has been considered

in studying quantum phase transitions.[19,20] Can it

be used to improve reliable propagation of Bell states

through a general XY chain? In this paper, we ad-

dress this question.

The paper is organized as follows: In Section 2, we

introduce the general XY spin chain with the DM in-

teraction and outline the diagonalization of the Hamil-

tonian. In Section 3, numerical computation is carried

out to investigate the effects of the DM interaction and

the anisotropy parameter on the state transfer of the

Bell state. The analytical expressions of fidelity are

presented in the Appendix. In Section 4, we give a

summary and the conclusions from our main results.
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2. Model

The Hamiltonian of an anisotropic Heisenberg
XY model can be described by

HXY

= −J

N∑
l=1

(
1 + γ

2
σx

l σx
l+1 +

1 − γ

2
σy

l σy
l+1 + λσz

l

)
,

(1)

where σα
l (α = x, y, z) represents the component of

the Pauli operator acting on the l-th spin, γ denotes
the anisotropy parameter, and λ is the magnetic field,
which is taken to be uniform and parallel to the z

direction. The ring-shape configuration is represented
by periodic boundary conditions. We now consider the
influence of the DM interaction on the chain Hamilto-
nian. The Hamiltonian for the DM interaction is

HDM = −J

N∑
l=1

D · (σl × σl+1). (2)

Assuming that only the z component of D has a
nonzero value, i.e., D = Dz, the total Hamiltonian
has the form

H = −J

N∑
l=1

(
1 + γ

2
σx

l σx
l+1 +

1 − γ

2
σy

l σy
l+1 + λσz

l

)

− J

N∑
l=1

D(σx
l σy

l+1 − σy
l σx

l+1). (3)

We will take J = 1.0 throughout this paper.
To obtain the analytical result, we follow the

standard procedure[21−24] by defining the conventional
Jordan–Wigner transformation which maps spins to
one-dimensional spinless fermions with the creation
and annihilation operators

σ+
l =

∏
i<l

(1 − 2c†i ci)c
†
l ,

σ−
l =

∏
i<l

(1 − 2c†i ci)cl,

σz
l = 1 − 2c†l cl. (4)

To simplify the calculation, the operators Al = c†l + cl

and Bl = c†l − cl are introduced. The Pauli operators
are recast as

σx
l = Al

∏
i<l

(AiBi),

σy
l = −iBl

∏
i<l

(AiBi),

σz
l = AlBl. (5)

Hamiltonian (3) is transformed into

H = −
N∑

l=1

{γ(c†l c
†
l+1 + cl+1cl) + (1 + 2iD)c†l cl+1

+ (1 − 2iD)c†l+1cl + λ(1 − 2c†l cl)}. (6)

By transforming the spinless fermion operator to
momentum space cl = (1/

√
N)

∑
k dk e i2πkl/N and

using the Bogoliubov transformation dk = ukβk +
ivkβ†

−k, where uk = cos(θk/2) and vk = sin(θk/2),
Hamiltonian (6) can be diagonalized into

H =
N∑

k=1

Λk

(
β†

kβk − 1
2

)
, (7)

where the energy spectrum can be expressed as

Λk = 2

√(
λ − cos

2πk

N

)2

+ γ2

(
sin

2πk

N

)2

+ 4D sin
2πk

N

= 2εk + 4D sin
2πk

N
, (8)

with sin θk = γ sin(2πk/N)/εk and cos θk = (λ −
cos(2πk/N))/εk.

The time evolution of spinless operator can be
obtained as

cl(t) =
∑
l′

{al′l(t)cl′ + bl′l(t)c
†
l′}, (9)

where

al′l (t) =
1
N

∑
k

e i2πk(l−l′)/N e−i4D sin(2πk/N)t

× [cos(2εkt) − i cos θk sin(2εkt)],

bl′l (t) =
1
N

∑
k

e i2πk(l−l′)/N e−i4D sin(2πk/N)t

× [− sin θk sin(2εkt)]. (10)

Therefore,

Am (t) = c†m (t) + cm (t)

=
∑
l′

(J+,l′,m (t) c†l′ + Jl′,m (t) cl′),

Bn (t) = c†n (t) − cn (t)

=
∑
l′

(K+,l′,n (t) c†l′ + Kl′,n (t) cl′), (11)

where

K+,l′,n (t) = a∗
l′,n (t) − bl′,n (t) ,

Kl′,n (t) = b∗l′,n (t) − al′,n (t) ,

J+,l′,m (t) = a∗
l′,m (t) + bl′,m (t) ,

Jl′,m (t) = b∗l′,m (t) + al′,m (t) . (12)
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3. State transfer of the Bell states

We now investigate the effects of the DM interac-
tion and the anisotropy parameter on the transfer of
the Bell states in the spin chain. In our scheme, the
initial state of the whole system is

|Φ(0)〉 = |ϕ(0)〉1,2|0〉3,...,N , (13)

where the 1st and 2nd sites are prepared in one of
the four Bell states as the sending sites and the other
sites are in the state |0〉3,...,N ≡ |0000 · · · 0〉3,...,N . Af-
ter some time t, the states at the r-th and the (r+1)-th
sites will be measured, where r = N/2 + 1 for even N

and r = (N +1)/2 for odd N , i.e. the sending and the
receiving sites are opposite on the chain with periodic
boundary conditions.

The reduced density operator expansion of the r-
th and the (r + 1)-th receiving spins takes the form

ρr,r+1 =
1
4

3∑
α,β=0

pαβσα
r ⊗ σβ

r+1, (14)

where the coefficients, i.e., the spin correlation func-
tions

pαβ = tr(σα
r σβ

r+1ρr,r+1), (15)

and

σ0 = I, σ1 = σx, σ2 = σy, σ3 = σz. (16)

The fidelity between the “encoded” state and the state
corresponding to the two receiving sites’ spins of the
chain can be computed from

F =
√

r,r+1〈ϕ(0)|ρr,r+1(t)|ϕ(0)〉r,r+1, (17)

where |ϕ(0)〉r,r+1 is the ideal state that we want to
transfer. The expressions of the spin correlation func-
tions are tedious and we give them in Appendix A.
Then the fidelity can be easily calculated.

The maximum fidelity of transferring the Bell
states between the sending sites, i.e., the 1st and 2nd
sites and the receiving sites, i.e., the r-th and (r + 1)-
th sites is plotted in Fig. 1 where we set the strength
of magnetic field λ = 0.5, the anisotropy parameter
γ = 0.5, the total number of the sites N = 5 and the
receiving sites r = 3. We find that Fmax exhibits some
trademark features. First, in the values of the parame-
ters we set, the DM interaction enhances Fmax greatly.
In most cases, the value of Fmax is larger than 0.9
and the value of Fmax is close to unity in many cases.

Fig. 1. Curves of maximum fidelity as a function of D. The initial states of the sending site are (a) |ϕ(0)〉 = (1/
√

2)(|01〉+|10〉),
(b) |ϕ(0)〉 = (1/

√
2)(|01〉− |10〉), (c) |ϕ(0)〉 = (1/

√
2)(|00〉+ |11〉), and (d) |ϕ(0)〉 = (1/

√
2)(|00〉− |11〉). The chosen parameters

are λ = 0.5, γ = 0.5, N = 5, r = 3. The results are for the time interval [0, 250].
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Second, there is no monotonic relation between Fmax

and D, and the oscillation of the maximum fidelity
with N in the |ϕ(0)〉 = (1/

√
2)(|00〉 − |11〉) case is

larger than that of the other Bell states. Finally, by
investigating the time evolution, we find the frequency
of oscillation of the fidelity increases with the increase
of the strength of the DM interaction. In most cases,
the first peak appears earlier than that without the
DM interaction.

Having discussed how the DM interaction affects
the maximum fidelity, we now consider how it is in-
fluenced by the anisotropy parameter. This is shown
in Fig. 2. From the simulation, we find two interest-
ing symmetries in the fidelity evolutions of the Bell
states. There is one symmetry between γ and −γ

on the time evolution of fidelity of the one-excitation
Bell state, and the other is found between the time
evolution of fidelity when the sending site is prepared
in |ϕ(0)〉 = (1/

√
2)(|00〉 + |11〉) and the anisotropy

parameter is γ, and that when the sending site is
prepared in |ϕ(0)〉 = (1/

√
2)(|00〉 − |11〉) and the

anisotropy parameter is −γ. Another feature worth
mentioning is that in most intervals of γ, the maxi-
mum fidelity of the one-excitation Bell state is larger
than that of the two-excitation Bell state.

Next, we investigate the effect of the length of
the chain N on the quality of state transfer. Fmax is
found numerically in a time interval t ∈ [0, 400] and
D = 0.95 and shows different behaviour when the DM
interaction is considered compared with D = 0. From
Fig. 3, in the case D = 0, the maximum fidelity has a
zigzag behaviour when N varies, while it behaves uni-
formly for D = 0.95, i.e., the DM interaction breaks
the even–odd effect. When N is small, the maximum
fidelity when D = 0.95 and odd N is larger than that
when D = 0, whereas when N becomes large, the
maximum fidelity when D = 0.95 tends to that when
D = 0. In the case |ϕ(0)〉 = (1/

√
2)(|01〉 − |10〉),

|Fmax(D = 0.95) − Fmax(D = 0)| decreases most
slowly with N increasing. We can observe in Fig. 3
that the DM interaction may suppress the maximum
fidelity with a fixed value of D and the enhance-
ment of the maximum fidelity in the case |ϕ(0)〉 =
(1/

√
2)(|01〉− |10〉) via the DM interaction is greatest

among the Bell states. This means that the DM inter-
action makes the quality of state transfer in the case
|ϕ(0)〉 = (1/

√
2)(|01〉−|10〉) close to those of the other

Bell states. For the case |ϕ(0)〉 = (1/
√

2)(|00〉+ |11〉),
our result is similar to that in Ref. [17].

Fig. 2. Curves for maximum fidelity as a function of γ. The initial states of the sending site are (a) |ϕ(0)〉 = (1/
√

2)(|01〉+|10〉),
(b) |ϕ(0)〉 = (1/

√
2)(|01〉− |10〉), (c) |ϕ(0)〉 = (1/

√
2)(|00〉+ |11〉), and (d) |ϕ(0)〉 = (1/

√
2)(|00〉− |11〉). The chosen parameters

are λ = 0.5, D = 0.95, N = 5, r = 3. The results are for the time interval [0, 250].
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Fig. 3. Comparison of the maximum fidelity as a function of N between the cases D = 0 and D = 0.95. The initial states of

the sending site are (a) |ϕ(0)〉 = (1/
√

2)(|01〉+ |10〉), (b) |ϕ(0)〉 = (1/
√

2)(|01〉− |10〉), (c) |ϕ(0)〉 = (1/
√

2)(|00〉+ |11〉), and (d)

|ϕ(0)〉 = (1/
√

2)(|00〉− |11〉). The chosen parameters are λ = 0.5, γ = 0.5, D = 0 (solid line), and 0.95 (dash line), r = N/2 + 1

(even) and (N + 1)/2 (odd). The results are for the time interval [0, 400].

Before ending our discussion, in Fig. 4, we plot
the comparison of the maximum fidelity Fmax that
can be achieved in transferring a quantum state from
the 1st and 2nd sites to the r-th and (r + 1)-th
sites with or without the DM interaction in the case
|ϕ(0)〉 = (1/

√
2)(|01〉− |10〉). The horizontal axis rep-

resents the number of sites N from 3 to 55. Fmax with
the DM interaction is found numerically in a range
t ∈ [0, 400] and D ∈ (0, 2]. When the number of sites
N is odd, Fmax is greatly enhanced. However, when
N is even, the improvement is uncertain.

Fig. 4. Maximum fidelity as a function of N . The ini-

tial state of the sending sites |ϕ(0)〉 = (1/
√

2)(|01〉−|10〉),
λ = 0.5, γ = 0.5, D = 0 (dash line), D ∈ (0, 2] (solid line),

r = N/2 + 1 (even), (N + 1)/2 (odd). The results are for

the time interval [0, 400].

4. Summary and conclusion

We study the state transfer on a finite general
XY spin chain with the DM interaction. The four Bell
states are transferred from the 1st and 2nd sites to the
r-th and (r + 1)-th sites. In investigating the effect
of the anisotropy parameter, we find one symmetry
in the evolution of fidelity for the one-excitation Bell
state case, whereas, the other symmetry is found be-
tween the time evolution of fidelity when the sending
site is prepared in |ϕ(0)〉 = (1/

√
2)(|00〉+|11〉) and the

anisotropy parameter is γ, and that when the sending
site is prepared in |ϕ(0)〉 = (1/

√
2)(|00〉 − |11〉) and

the anisotropy parameter is −γ in the two-excitation
Bell state case. We find that the DM interaction can
enhance the maximum fidelity of the state transfer in
some odd-N cases. Enhancement of fidelity on a sin-
glet state is greater than that on the other Bell states
in the odd-N cases. These results may be used to
improve state transfer in the Heisenberg spin chain.
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Appendix A

We derive the fidelity of state transfer of the Bell states.
(i) The sending sites, i.e., the 1st and 2nd sites are prepared in

|ϕ(0)〉 = |Φ+〉 =
1√
2
(|10〉 + |01〉) =

1√
2
(c†1 + c†2)|00〉. (A1)

Utilizing the polarization vector expansion (14) and the definition of fidelity (17), the fidelity in this case
can be obtained as

F (Φ+) =
1
2

√
p00(Φ+) + p11(Φ+) + p22(Φ+) − p33(Φ+). (A2)

Utilizing the Wick theorem, we calculate the coefficients in Eq. (A2) as follows:

p11(Φ+) = 〈Φ(0)|σx
r (t)σx

r+1(t)|Φ(0)〉

=
1
2
〈0|(c1 + c2)

r−1∏
i=1

Ai(t)Bi(t)Ar(t)
r∏

j=1

Aj(t)Bj(t)Ar+1(t)(c
†
1 + c†2)|0〉

=
1
2
〈0|(c1 + c2)Br(t)Ar+1(t)(c

†
1 + c†2)|0〉

=
1
2

[
K+,1,r (t) J1,r+1 (t) +

∑
n 6=1

Kn,r (t) J+,n,r+1 (t) + K+,2,r (t) J2,r+1 (t)

+
∑
n 6=2

Kn,r (t) J+,n,r+1 (t) + K+,1,r (t) J2,r+1 (t) − K2,r (t) J+,1,r+1 (t)

+ K+,2,r (t) J1,r+1 (t) − K1,r (t) J+,2,r+1 (t)

]
, (A3)

p22(Φ+) = 〈Φ(0)|σy
r (t)σy

r+1(t)|Φ(0)〉

=
1
2
〈0|(c1 + c2)

r−1∏
i=1

Ai(t)Bi(t)Ar(t)
r∏

j=1

Aj(t)Bj(t)Ar+1(t)(c
†
1 + c†2)|0〉

=
1
2
〈0|(c1 + c2)Br(t)Ar+1(t)(c

†
1 + c†2)|0〉

=
1
2

[
K+,1,r+1 (t) J1,r (t) +

∑
n 6=1

Kn,r+1 (t) J+,n,r (t) + K+,2,r+1 (t) J2,r (t)

+
∑
n 6=2

Kn,r+1 (t) J+,n,r (t) + K+,1,r+1 (t) J2,r (t) − K2,r+1 (t) J+,1,r (t)

+ K+,2,r+1 (t) J1,r (t) − K1,r+1 (t) J+,2,r (t)
]
, (A4)

and

p33(Φ+) = 〈Φ (0)|σz
r (t) σz

r+1 (t) |Φ (0)〉

=
1
2
〈0| (c1 + c2)Ar (t) Br (t) Ar+1 (t) Br+1 (t) (c†1 + c†2) |0〉

= {−VBr,Ar+1 × Re[WArW
∗
Br+1

] − VBr,Br+1 × i × Im[WArW
∗
Ar+1

]

− VAr+1,Br+1 × Re[WArW
∗
Br

] + VAr,Ar+1 × i × Im[WBrW
∗
Br+1

]

+ VAr,Br+1 × Re[WBrW
∗
Ar+1

] − VAr,Br × Re[WAr+1W
∗
Br+1

]

+ (VAr,Br × VAr+1,Br+1 − VAr,Ar+1 × VBr,Br+1 + VAr,Br+1 × VBr,Ar+1)}, (A5)

where

WAm = 〈0| c12Am (t) |0〉 =
2∑

i=1

J+,i,m (t) ,
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WBm = 〈0| c12Bm (t) |0〉 =
2∑

i=1

K+,i,m (t) ,

VAm,An = 〈0|Am (t) An (t) |0〉 =
N∑

i=1

Ji,m (t) J+,i,n (t),

VBm,Bn = 〈0|Bm (t) Bn (t) |0〉 =
N∑

i=1

Ki,m (t) K+,i,n (t),

VAm,Bn = 〈0|Am (t) Bn (t) |0〉 =
N∑

i=1

Ji,m (t) K+,i,n (t),

VBm,An = 〈0|Bm (t) An (t) |0〉 =
N∑

i=1

Ki,m (t) J+,i,n (t). (A6)

(ii) When the initial states of the 1st and 2nd sites are

|ϕ (0)〉 = |Φ−〉 =
1√
2

(|01〉 − |10〉) =
1√
2

(
c†2 − c†1

)
|00〉 , (A7)

the fidelity

F (Φ−) =
1
2

√
p00(Φ−) − p11(Φ−) − p22(Φ−) − p33(Φ−), (A8)

where

p11(Φ−) =
1
2
〈0| (c2 − c1) Br (t) Ar+1 (t)

(
c†2 − c†1

)
|0〉

=
1
2

{[
K+,2,r (t) J2,r+1 (t) +

∑
n 6=2

Kn,r (t) J+,n,r+1 (t)
]

− [K+,2,r (t) J1,r+1 (t) − K1,r (t) J+,2,r+1 (t)]

− [K+,1,r (t) J2,r+1 (t) − K2,r (t) J+,1,r+1 (t)]

+
[
K+,1,r (t) J1,r+1 (t) +

∑
n 6=1

Kn,r (t) J+,n,r+1 (t)
]}

, (A9)

p22(Φ−) =
1
2
〈0| (c2 − c1) Br+1 (t) Ar (t)

(
c†2 − c†1

)
|0〉

=
1
2

{[
K+,2,r+1 (t) J2,r (t) +

∑
n 6=2

Kn,r+1 (t) J+,n,r (t)
]

− [K+,2,r+1 (t) J1,r (t) − K1,r+1 (t) J+,2,r (t)]

− [K+,1,r+1 (t) J2,r (t) − K2,r+1 (t) J+,1,r (t)]

+
[
K+,1,r+1 (t) J1,r (t) +

∑
n 6=1

Kn,r+1 (t) J+,n,r (t)
]}

, (A10)

and

p33(Φ−) =
1
2
〈0| (c2 − c1) Ar (t) Br (t) Ar+1 (t) Br+1 (t)

(
c†2 − c†1

)
|0〉

= − VBr,Ar+1 × Re[WArW
∗
Br+1

] − VBr,Br+1 × i × Im[WArW
∗
Ar+1

]

− VAr+1,Br+1 × Re[WArW
∗
Br

] + VAr,Ar+1 × i × Im[WBrW
∗
Br+1

]

+ VAr,Br+1 × Re[WBrW
∗
Ar+1

] − VAr,Br × Re[WAr+1W
∗
Br+1

]

+ (VAr,Br × VAr+1,Br+1 − VAr,Ar+1 × VBr,Br+1 + VAr,Br+1 × VBr,Ar+1), (A11)
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with

WAm = 〈0| (c2 − c1) Am (t) |0〉 = J+,2,m (t) − J+,1,m (t) ,

WBm = 〈0| (c2 − c1) Bm (t) |0〉 = K+,2,m (t) − K+,1,m (t) . (A12)

In the following, we derive the evolution on fidelity for the case where the initial states of the sending sites
are the two two-excitation Bell states.

(iii) When the initial state of the sending sites is

|ϕ (0)〉 = |Ψ+〉 =
1√
2

(|00〉 + |11〉) =
1√
2

(
1 + c†1c

†
2

)
|00〉 . (A13)

The expression of fidelity in this case is

F (Ψ+) =
1
2

√
p00(Ψ+) + p11(Ψ+) − p22(Ψ+) + p33(Ψ+), (A14)

where

p11(Ψ+) =
1
2
〈0| (1 + c2c1) Br (t) Ar+1 (t)

(
1 + c†1c

†
2

)
|0〉

=
1
2

{
N∑

i=1

Ki,r (t) J+,i,r+1 (t) + 2 × Re[K2,r (t) J1,r+1 (t) − K1,r (t) J2,r+1 (t)]

+
2∑

i=1

K+,i,r (t) Ji,r+1 (t)+
N∑

i=3

Ki,r (t) J+,i,r+1 (t)

}
, (A15)

p22(Ψ+) =
1
2
〈0| (1 + c2c1) Br+1 (t) Ar (t)

(
1 + c†1c

†
2

)
|0〉

=
1
2

{
N∑

i=1

Ki,r+1 (t) J+,i,r (t) + 2 × Re[K2,r+1 (t) J1,r (t) − K1,r+1 (t) J2,r (t)]

+
2∑

i=1

K+,i,r+1 (t) Ji,r (t)+
N∑

i=3

Ki,r+1 (t) J+,i,r (t)

}
, (A16)

and

p33(Ψ+) =
1
2
〈0| (1 + c2c1) Ar (t) Br (t) Ar+1 (t) Br+1 (t)

(
1 + c†1c

†
2

)
|0〉

= VAr+1,Br+1Re
[
XAr,Br −

2∑
i=1

Wi,ArW
∗
i,Br

]
+ iVBr,Br+1

{
Re[ iXAr,Ar+1 ] −

2∑
i=1

Im[Wi,ArW
∗
i,Ar+1

]
}

+ VBr,Ar+1Re
[
XAr,Br+1 −

2∑
i=1

Wi,ArW
∗
i,Br+1

]
+ VAr,Br+1Re

[
XBr,Ar+1 +

2∑
i=1

Wi,BrW
∗
i,Ar+1

]

+ iVAr,Ar+1

{
Re[ iXBr,Br+1 ] +

2∑
i=1

Im[Wi,BrW
∗
i,Br+1

]

}

+ VAr,BrRe

[
XAr+1,Br+1 −

2∑
i=1

Wi,Ar+1W
∗
i,Br+1

]
+ Re[XAr,BrX

†
Ar+1,Br+1

+ XAr,Ar+1X
†
Br,Br+1

+ XAr,Br+1X
†
Br,Ar+1

]

+ (VAr,BrVAr+1,Br+1 − VAr,Ar+1VBr,Br+1 + VAr,Br+1VBr,Ar+1). (A17)

The expressions in Eq. (A17) are defined as

Wi,Am = 〈0| ciAm (t) |0〉 = J+,i,m (t) ; Wi,Bm = 〈0| ciBm (t) |0〉 = K+,i,m (t) (A18)
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and

XΓm,Θn = 〈0| c2c1Γm (t) Θn (t) |0〉

= −〈0| c2Γm (t) |0〉 〈0| c1Θn (t) |0〉 + 〈0| c2Θn (t) |0〉 〈0| c1Γm (t) |0〉

= −W2,ΓmW1,Θn + W2,ΘnW1,Γm , (A19)

where

Γ,Θ ∈ {A,B} . (A20)

(iv) If the initial state of the sending sites is

|ϕ (0)〉 = |Ψ−〉 =
1√
2

(|00〉 − |11〉) =
1√
2

(
1 − c†1c

†
2

)
|00〉 , (A21)

then

F (Ψ−) =
1
2

√
p00(Ψ−) − p11(Ψ−) + p22(Ψ−) + p33(Ψ−). (A22)

We obtain

p11(Ψ−) =
1
2
〈0| (1 − c2c1) Br (t) Ar+1 (t)

(
1 − c†1c

†
2

)
|0〉

=
1
2

{ N∑
i=1

Ki,r (t) J+,i,r+1 (t) − 2 × Re[K2,r (t) J1,r+1 (t) − K1,r (t) J2,r+1 (t)]

+
2∑

i=1

K+,i,r (t) Ji,r+1 (t)+
N∑

i=3

Ki,r (t) J+,i,r+1 (t)
}

, (A23)

p22(Ψ−) =
1
2
〈0| (1 − c2c1) Br+1 (t) Ar (t)

(
1 − c†1c

†
2

)
|0〉

+
1
2

{ N∑
i=1

Ki,r+1 (t) J+,i,r (t) − 2 × Re[K2,r+1 (t) J1,r (t) − K1,r+1 (t) J2,r (t)]

+
2∑

i=1

K+,i,r+1 (t) Ji,r (t)+
N∑

i=3

Ki,r+1 (t) J+,i,r (t)

}
, (A24)

and

p33(Ψ−) =
1
2
〈0| (1 − c2c1) Ar (t) Br (t) Ar+1 (t) Br+1 (t)

(
1 − c†1c

†
2

)
|0〉

= VAr+1,Br+1Re

[
−XAr,Br −

2∑
i=1

Wi,ArW
∗
i,Br

]

+ iVBr,Br+1

{
Re[−iXAr,Ar+1 ] −

2∑
i=1

Im[Wi,ArW
∗
i,Ar+1

]

}

+ VBr,Ar+1Re

[
−XAr,Br+1 −

2∑
i=1

Wi,ArW
∗
i,Br+1

]
+ VAr,Br+1Re

[
−XBr,Ar+1 +

2∑
i=1

Wi,BrW
∗
i,Ar+1

]

+ iVAr,Ar+1

{
Re[−iXBr,Br+1 ] +

2∑
i=1

Im[Wi,BrW
∗
i,Br+1

]

}

+ VAr,BrRe

[
−XAr+1,Br+1 −

2∑
i=1

Wi,Ar+1W
∗
i,Br+1

]
+ Re[XAr,BrX

†
Ar+1,Br+1

+ XAr,Ar+1X
†
Br,Br+1

+ XAr,Br+1X
†
Br,Ar+1

]

+ (VAr,BrVAr+1,Br+1 − VAr,Ar+1VBr,Br+1 + VAr,Br+1VBr,Ar+1). (A25)
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