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The discrimination of quantum operations plays a key role in quantum information and computation. Unlike

discriminating quantum states, it has some special properties which can be carried out in practice. In this paper, we

provide a general description of discriminating quantum operations. Concretely speaking, we describe the distinguisha-

bility between quantum operations using a measure called operator fidelity. It is shown that, employing the theory of

operator fidelity, we can not only verify some previous results to discriminate unitary operations, but also exhibit a more

general discrimination condition. We further apply our results to analysing the security of some quantum cryptographic

protocols and discuss the realization of our method using well-developed quantum algorithms.
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1. Introduction

Quantum nonorthogonality, which is considered
to be one of the most basic features of quantum me-
chanics, is widely used in quantum information and
quantum computation. Recently, nonorthogonality
has been implicated in the study of the discrimina-
tion of quantum states, and many useful results have
been reported.[1−9] It is well known that complete dis-
crimination between two nonorthogonal states is im-
possible, even when arbitrarily large but finite copies
of states are available.[7] Starting from this simple
situation, some measures have been defined to try
to quantify the degree of distinguishability between
quantum states. For example, the fidelity of two quan-
tum states is used to determine whether they can be
discriminated.[8,9]

Similar problems can be considered for quantum
operations, which include all physically realizable op-
erations in quantum mechanics such as unitary op-
erations, quantum measurements, quantum channels,

etc. Research on the discrimination of quantum op-
erations has received much attention.[10−21] It is now
clear that the discrimination of quantum operations is
closely related to quantum state discrimination when
the device is probed only once.[10,11] However, there
exist some special and interesting properties between
them.[12−21] In the research, some efficient measures
to quantify the degree of distinguishability between
quantum operations have also been provided. For ex-
ample, the generalization of numerical range for a lin-
ear operation can be usually used to discriminate uni-
tary operations.[20,21] In addition, some experimental
results about the discrimination of unitary operations
have been reported.[22−24] These excellent results mo-
tivate us to consider the question of “whether the con-
clusions can be extended into the situation where the
quantum operations are not unitary.”

In this paper, we provide a new tool named opera-
tor fidelity to discriminate quantum operations. With
this tool we can verify some previous results to dis-
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criminate unitary operations.[13−16] A general discrim-
ination condition will be proposed when the opera-
tions are both not unitary. In Section 2, we intro-
duce the basic methods to discriminate quantum oper-
ations and the definition of operator fidelity mentioned
above. In Section 3, we utilize the operator fidelity to
study the discrimination problem and obtain the gen-
eral parallel and sequential discrimination schemes. In
Section 4, we provide some useful results which can be
used in quantum key distribution (QKD), quantum
secret sharing (QSS), quantum secure direct commu-
nication (QSDC), etc. We also analyse the realization
of our method in practice. A short conclusion is given
in Section 5.

2. Preliminaries

Here some useful results and notations to operator
fidelity are introduced. We denote the d-dimensional
Hilbert space by Hd. The notation Q(d) represents the
set of quantum operations acting on Hd; in particu-
lar, the notation U(d) represents the unitary operation
set.

First, we will review the basic methods to dis-
criminate quantum operations. Given the fact that
two orthogonal states can be discriminated perfectly,
the discrimination of quantum operations is defined
below.

Definition 1 Two quantum operations U0 and
U1 are said to be perfectly discriminated (with a sin-
gle run allowed) if there exists an input state named
the detected state |φ〉 such that U0|φ〉 ⊥ U1|φ〉.

Obviously, we can rewrite the condition as follows:

L = 〈φ|U†
0U1|φ〉 = 0, 〈φ|φ〉 = 1. (1)

In order to discriminate quantum operations, a
direct method is to traverse the entire space to find
a suitable detected state. Besides, we can reuse the
quantum device to solve the problem, i.e., we can
discriminate the quantum operations once (DQOO)
or discriminate the quantum operations several times
(DQOS). The case of DQOS means a quantum device
can be used in many essentially different ways such
as in parallel, in sequence, or in any other scheme al-
lowed by quantum mechanics. Up to now, the parallel
and the sequential schemes have been considered as
two sufficient ways to solve the discrimination prob-
lem. The two schemes are reviewed as follows.

Definition 2 (Parallel Scheme) Let U0, U1 ∈
Q(d), there exist an integer N and a detected state
|φ〉 ∈ Hd such that UN

0 |φ〉 ⊥ UN
1 |φ〉.

Definition 3 (Sequential Scheme) Let U0, U1 ∈
Q(d), there exist a set of auxiliary operations
X1, . . . , XN ∈ Ud and a detected state |φ〉 ∈ Hd such
that U0XN−1 · · ·X1U0⊥U1XN−1 · · ·X1U1.

The parallel and the sequential schemes provide
the basic ways to consider the discrimination of quan-
tum operations. The two schemes for unitary opera-
tions have been discussed in Ref. [13]. In the present
paper, we extend them to a general case where the
quantum operations are not only unitary.

Second, we provide some useful results on the op-
erator fidelity. This can be seen as a function to mea-
sure the orthogonality between quantum operations.
The preferred definition is given as follows.

Definition 4 Let U0, U1 ∈ Q(d), the definition
of operator fidelity can be expressed as:

F =
1
d
|Tr(U†

0U1)| = |Tr(U†
0U1)|. (2)

Operator fidelity has attracted much
interest.[25−27] As referred to in Ref. [26], L is called
the Loshmidt echo to evaluate the response to pertur-
bations. Intuitively, L and F are considered as two
different metrics which characterize the stability of
a quantum system to perturbations. We know that
the perfect discrimination of quantum operations is
equal to L = 0, but if we describe the discrimina-
tion problem by F , some similar and useful results
may be presented. In the following paragraphs, we
just discuss the discrimination problem with F and
introduce a general idea to discriminate operations.
Furthermore, we describe the operator fidelity with
some well-developed quantum algorithms such as the
deterministic quantum computation with one quan-
tum bit (DQC1).

3. General description of discrim-

inating quantum operations

Now we use operator fidelity to analyse the de-
scription problem and provide some results which can
be seen as a general description of discriminating
quantum operations. Theorem 1 provides an efficient
condition to achieve perfect discrimination. Theorem
2 shows a general result to discriminate quantum op-
erations in practice. In the proof of Theorem 2, we can
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obtain a general parallel scheme. Naturally, a new se-
quential scheme can be derived from Theorem 3.

Theorem 1 If U = U†
0U1 is a normal quantum

operation acting on Hd, and satisfies F = 0, then
there exists a state |φ〉 ∈ Hd such that U0|φ〉 ⊥ U1|φ〉.

Proof In order to prove this fact, we first analyse
the quantum operations with four different eigenval-
ues, and this proposition can be easily extended to the
case of high dimension. We set

U = U†
0U1 = a|ϕ1〉〈ϕ1| + b|ϕ2〉〈ϕ2|

+ c|ϕ3〉〈ϕ3| + d|ϕ4〉〈ϕ4|, (3)

where |ϕ1〉, |ϕ2〉, |ϕ3〉, and |ϕ4〉 are the eigenstates of
U with the eigenvalues a, b, c, and d, and they also
make up the orthogonal basis of Hd. Then we have

Tr(U) = a + b + c + d = 0. (4)

Suppose there exists a quantum state satisfying the
constraint condition

|φ〉 = λ1|ϕ1〉 + λ2|ϕ2〉 + λ3|ϕ3〉 + λ4|ϕ4〉, (5)

what we want to do is to recognize whether there exists
an array of {λ1, λ2, λ3, λ4} to satisfy Tr(U |φ〉〈φ|) =
aλ2

1 + bλ2
2 + cλ2

3 + dλ2
4 = 0. Considering all the neces-

sary conditions, one has the equations as follows:
aλ2

1 + bλ2
2 + cλ2

3 + dλ2
4 = 0,

λ2
1 + λ2

2 + λ2
3 + λ2

4 = 1,

a + b + c + d = 0.

(6)

Obviously a = b = c = d = 0 satisfies the equation;
however the detected state can be arbitrarily chosen
in this case. So a more general and significant case
should be considered, i.e., at least two of a, b, c, and d

are nonzero. Without loss of generality, we let a 6= 0,
which leads to (a − b)λ2

2 + (a − c)λ2
3 + (a − d)λ2

4 = 0,

a + b + c + d = 0.
(7)

We can easily obtain λ1 = λ2 = λ3 = λ4 = 1
2 to satisfy

the condition. Of course, this is not the only possible
choice, but it is sufficient to prove the conclusion.

Now we have that for two quantum operations
U0 and U1, if U = U†

0U1 is Hermitian and F = 0, the
two operations must be distinguishable. However, this
conclusion is sufficient but not necessary.

Example Let U0, U1 ∈ Q(4) such that U†
0U1 =

1
2 (|00〉〈00| − |11〉〈11| + |01〉〈01| + |10〉〈10|).

On the one hand, by taking |φ〉 = |00〉 we can have
Tr(U |φ〉〈φ|) = 1

2 ; when we choose |φ〉 = |11〉, we can
obtain Tr(U |φ〉〈φ|) = − 1

2 . Obviously we can choose
|φ〉 = 1√

2
(|00〉−|11〉) to make Tr(U |φ〉〈φ|) = 0. There-

fore, the two operations can be discriminated per-
fectly. On the other hand, we know F = Tr(U)/4 =
1
4 6= 0. This makes the above conclusion sufficient but
not necessary. But for the discrimination of quantum
operations, the condition is effective enough.

From Theorem 1, the perfect discrimination of
two quantum operations can be achieved if F = 0. But
in practice, the discrimination system should be af-
fected by the intrinsic error associated with the quan-
tum device and the random error associated with the
environment. If the error margin ε has been provided,
we are able to implement the quantum devices repeat-
edly to discriminate the two quantum operations. In
other words, if F < 1, we can find a finite N to make
FN ≤ ε; this is equal to FN → 0, and N → ∞. In
the following paragraphs, we will redescribe the par-
allel and the sequential discrimination schemes by the
above idea when the two quantum operations are both
not unitary.

Lemma 1 Let U be a normal quantum opera-
tion, then there exists a state ρ such that |Tr(Uρ)| =
|νmin|, where νmin is an eigenvalue of U which has the
minimum module.

Proof From the above condition, we can set

U = vmax

m∑
k=1

|νk〉〈νk| + vmin

m+n∑
k=m+1

|νk〉〈νk|

+
d∑

k=m+n+1

νk|νk〉〈νk|, (8)

where vmax and vmin are the eigenvalues of U with
the maximum and the minimum modules respectively,
and the others are represented by uk (k = m +
n + 1, . . . , d). Here the eigenstates {|νk〉} form a d-
dimensional orthonormal basis in Hd.

We construct a state as follows:

ρ =
m+n∑

k,k′=m+1

akk′ |νk〉〈νk′ |. (9)

Due to Tr(ρ) = 1, we need to require that

m+n∑
k=m+1

akk = 1. (10)

With this constructed state, we can easily obtain
Tr(Uρ) = νmin. Of course, the conclusion can be ex-
tended to the case where U is not positive.
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Theorem 2 Let U0, U1 ∈ Q(d) which satisfy
U = U†

0U1 that is normal. If there exists an eigen-
value of U whose module is less than d, then we can
find a state ρ such that U0 and U1 can be discrimi-
nated.

Proof Firstly, we can obtain the conclusion that
Tr(U⊗N ) = (Tr(U))N for any integer N . In order to
simplify this conclusion, we first consider the simplest
case of U ∈ Q(2). Without loss of generality, we let

U = λ1|0〉〈0| + λ2|1〉〈1|, (11)

so that Tr(U) = λ1 + λ2. In this case we obviously
obtain

U⊗2 = λ2
1|00〉〈00| + λ1λ2|01〉〈01|

+λ1λ2|10〉〈10| + λ2
2|11〉〈11|, (12)

then Tr(U⊗2) = λ2
1 + λ1λ2 + λ1λ2 + λ2

2 = (λ1 + λ2)2.
Because the trace of a normal operation depends

on the spectral decomposition, the case of N(N ≥ 2)
can be clearly recognized, i.e., Tr(U⊗N ) = (λ1 + λ2 +
· · · + λN )N .

From Lemma 1 we know that there exists a state
ρ0 such that |Tr(Uρ0)| = |νmin|. Then we can obtain

FN = |(Tr(Uρ0))N/dN | = |Tr(U⊗Nρ⊗N
0 )/dN |

= |νmin/d|N , (13)

because the module of νmin is less than d, we can ob-
tain FN → 0, and N → ∞, and the detected state
can be made by ρ = ρ⊗N

0 .
In fact, the proof of Theorem 2 shows us a more

general parallel scheme for the discrimination between
two quantum operations which are both not uni-
tary (the unitary case can be certainly included with
|v|min ≤ 1). A similar consideration can be also pro-
moted in the sequential scheme.

Theorem 3 Let U0, U1 ∈ Q(d) which satisfy
U = U†

0U1 that is normal. Then there exist a fi-
nite integer N > 1 and a sequence of quantum op-
erations X1, X2, . . . , XN−2, XN−1 such that W †

0 W1 is
normal, where W0 = U0XN−1U0XN−2 · · ·X2U0X1U0,
and W1 = U1XN−1U1XN−2 · · ·X2U1X1U1. If there
exists an eigenvalue of U whose module is less than
d, we can find a state ρ such that U0 and U1 can be
discriminated.

The proof can be easily performed with an arbi-
trary choice of X1, X2, . . . , XN−1. The unitary case
can be seen in Ref. [13]. From the above discussion,
it has been seen that if we use operator fidelity to
describe the discrimination problem, we can obtain

some general discrimination ideas. In practice, any
quantum operation acting on Hd is able to satisfy
vmin < d, so that the above conclusion can be seen
as a general idea to discriminate quantum operations.
From this point of view, the classic parallel and se-
quential schemes to unitary operations can be consid-
ered as special cases.

In the following paragraphs, we will discuss the
potential application in some quantum secure prob-
lems and introduce a quantum algorithm to estimate
the operator fidelity in practice.

4. Application and implementa-

tion

From the above conclusions, we obtain a gen-
eral idea to discriminate quantum operations. In real
quantum computation and quantum information, uni-
tary operation is usually considered as the most basic
resource. At the same time, some complex quantum
operations can be divided into a series of unitary oper-
ations acting on H2. So the discrimination of unitary
operations acting on H2 is significant. Here, we study
this special discrimination problem and its application
in quantum cryptograph protocols. We also introduce
a well-developed quantum algorithm named DQC1 to
estimate the distinguishability between different quan-
tum operations.

Theorem 4 Let U0, U1 ∈ U(2), F = 0 is a suffi-
cient and necessary condition to discriminate U0 and
U1.

Proof We know that numerical range is an effec-
tive tool to discriminate unitary operations and it has
been used in many researches.[15−18] Here we want to
compare operator fidelity with numerical range and
verify this fact. Without loss of generality, we set two
unitary operators to be distinguished in the following
forms:

U0 =

 cos θ sin θ ei ω

sin θ e− i ω − cos θ

 ,

U1 =

 cos(θ + ε) sin(θ + ε) ei(ω−τ)

sin(θ + ε) e− i(ω−τ) − cos(θ + ε)

 .

Here we introduce parameters ε and τ to demonstrate
the difference. Then we can have

U†
0U1 =

 a + b ei τ c ei(ω−τ) − d ei ω

−c e− i(ω−τ) + d e− i ω a + b e− i τ

 ,
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where a = cos θ cos(θ + ε); b = sin θ sin(θ + ε);
c = cos θ sin(θ + ε); d = sin θ cos(θ + ε). So the opera-
tor fidelity can be easily expressed as follows:

F = |Tr(U†
0U1)/2| = |a + b cos τ |. (14)

From the point of view of numerical range, per-
fect discrimination of unitary operations depends on
the complex hull that the eigenvalues of U†

0U1 sur-
round. If the complex hull includes the origin, the
two unitary operations can be distinguished perfectly.
For the above unitary operations, the eigenvalues of
U†

0U1 are λ1 = a + b cos τ + b cos τ | sin τ | i and λ2 =
a + b cos τ − b cos τ | sin τ | i. If the two unitary oper-
ations can be discriminated, the connection between
the eigenvalues should cross the origin, i.e., the three
points should be collinear. So ε should satisfy the con-
dition that a + b cos τ = 0, i.e. F = 0. It is clear that
the operator fidelity is equivalent to numerical range
in the discrimination of unitary operations acting on
H2, which is obviously correct.

In fact, from the analysis of discriminating uni-
tary operations acting on H2, some interesting con-
clusions can be proposed.

Conclusion 1 If U0 and U1 are two real different
unitary operations acting on H2 which satisfy F = 0,
the detected state can be found by the accurate form
of U = U†

0U1.
Proof Without loss of generality, we set

U = U†
0U1 =

 cos β sinβ

sinβ − cos β

 .

We suppose a quantum state with the form of
|ϕ〉 = a|0〉 + b|1〉. With a series of mathemati-
cal derivation, we can find a = 1√

2
(sin β

2 + cos β
2 )

and b = 1√
2
(sin β

2 − cos β
2 ), which is a solution of

〈ϕ|U†
0U1|ϕ〉 = 0.

Conclusion 2 The perfect discrimination of

U0 =

 ei α 0

0 1

 , U1 =

 ei β 0

0 1


will be achieved if U = U†

0U1 is Hermitian.
Proof With the condition that U = U†

0U1 is
Hermitian, we can see α − β = kπ, k ∈ N , and
F = 1 + cos(α − β). Because the two unitary op-
erations are different, we know that k should be odd,
i.e., cos(α− β) = −1, and F = 0. From Conclusion 1,
the result is true.

In fact, discriminating two unitary operations act-
ing on a single qubit (this is equal to acting on H2)
when the device is probed only once, is very useful
in solving some quantum secure problems. We know
that the most important step in quantum key distribu-
tion (QKD)[28−35] and quantum secure direct commu-
nication (QSDC)[36−40] is to encode secret bits. The
protocol that encodes a secret bit into unitary oper-
ations can be simplified as follows. The sender Alice
encodes the secret bit into U0 or U1 and transfers the
secret information to Bob. In the channel, there ex-
ists an eavesdropper named Eve. If U0 and U1 can be
discriminated once, Eve may extract the secret with
the intercept-resend attack. In view of this, Alice and
Bob should choose unitary operations which cannot
be discriminated once to encode secret bits. We can
also use this tool to discuss the security of some com-
munication protocols such as those using Pauli op-
erations to encode information. The conditions we
provided above may help us to realize this property
directly. The idea to discriminate unitary operations
can also be used in the QSS.[19,41,42] The discrimina-
tion of quantum operations has potential applications
in future research.

We use F to describe the above discrimination
problem for the added reason is that it can be esti-
mated in real quantum computation. Then we may
introduce the quantum algorithm DOC1 to estimate
F .

Fig. 1. Algorithm DQC1 for estimation of F .[43] Here U

represents U†
0U1, d = 2n. Repeated running of the circuit

and measurement of qubit c in Pauli X(Y ) basis yields

an estimate of the corresponding expectation value, from

which one can derive the real (imaginary) part of F .

5. Conclusion

In conclusion, we provide a new method to dis-
criminate quantum operations. We use operator fi-
delity to describe the distinguishability between quan-
tum operations and obtain the general parallel and
sequential discrimination schemes. These results can
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be used in the discrimination of unitary operations,
when we restrict the premise. We also introduce some
conclusions which can be used to analyse the security
of quantum cryptograph protocols. Finally, a well-
developed quantum algorithm called DOC1 is used to
estimate the operator fidelity, i.e., the distinguishabil-
ity can be measured in real quantum computation. We
unify the discrimination of quantum states and quan-
tum operations in this paper, because the essence of
discrimination of quantum operations (just like that
of quantum states) also depends on the orthogonality.
It is hoped that some significant results can be ob-
tained using operator fidelity in further research; the
new method merits further attention.
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