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1. Introduction

Many partial differential equations, especially
those arising in mathematical physics and mechanics,
can be equivalently written as a system of differential
equations with separated variables

∂

∂x
u = Mu, (1)

where M is the matrix differential expression, i.e., dif-
ferential operator matrix with maximal domain in a
Hilbert space of functions. In Refs. [1]–[9] the plane
problems of functionally graded piezoelectric mate-
rials and functionally graded magneto–electro–elastic
materials, the two-dimensional elasticity problem, and
the bending problem of rectangular thin plates on an
elastic foundation are described by system (1).

When M is the Hamiltonian operator, the com-
pleteness of the eigen or root vector system of M ,
which is the cornerstone of the method of separa-
tion of variables based on Hamiltonian systems, has
been considered in Refs. [10]–[12]. As is known, the
symplectic orthogonality of eigenvector and root vec-
tor systems plays an important role there. Recently,
we have found that certain non-Hamiltonian operators
can also have the above symplectic orthogonality.[1−4]

Thus, we may study the completeness of eigen and
root vector systems of these operators. On the other
hand, in order to employ the method of separation of
variables based on the system (1), we need to study
the completeness of eigen and root vector systems of
the operator matrix M .

In this paper, we consider the eigenvalue problem
of a class of fourth-order operator matrices appear-
ing in mechanics. We first investigate the geomet-
ric multiplicity, the algebraic index, and the algebraic
multiplicity of the eigenvalues. Next, the symplectic
orthogonality of eigen and root vectors is obtained.
Then, some necessary and sufficient conditions of the
completeness of the eigen and root vector systems are
given. Finally, the obtained results are applied to the
plate bending problem.

Throughout this paper, an operator or operator
matrix is always linear, X is a Hilbert space, and R is
the real number set. For an operator T , D(T ), σp(T ),
and E(λ;T ) denote the domain of T , the point spec-
trum (the set of all eigenvalues) of T , and the set of
all eigenvectors of T associated with the eigenvalue λ,
respectively. In the following, we present some basic
notation and lemmas.

Definition 1 The symplectic orthogonal vector
system {uk1, uk2, . . . , uksk

| k ∈ Λ, sk ∈ N} is said to
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be complete in the sense of Cauchy principal value
in the Hilbert space Z, if for each ∆ ∈ Z, there ex-
ists a unique constant sequence {ck1, ck2, . . . , cksk

| k ∈
Λ, sk ∈ N} such that

∆ =
∑
k∈Λ

ck1uk1 + · · · + cksk
uksk

,

which converges in the norm of the space Z, where Λ

represents a directed countable index set that consists
of some integral numbers in natural order, N denotes

the natural number set, and {sk| k ∈ Λ} is a bounded
number sequence.

Remark 1 The sk is not necessarily constant,
and is in general dependent on its subscript k. See
for example, sk = 2 for k = 0, and sk = 4 for each
k ∈ {1, 2, . . .} in Section 3.

Remark 2 In order to illustrate Defini-
tion 1, consider the Hamiltonian operator H = 0 1

d2/dx2 0

 with the domain

D(H) =


 p

q

 ∈ L2[0, 1] × L2[0, 1]

∣∣∣∣∣∣ p, p′ are absolutely continuous,

p(0) = p(1) = 0, p′, p′′ ∈ L2[0, 1]

 .

As computed in Ref. [11], the eigenvec-
tor system of H is {uk1, uk2 | k ∈ Λ}, where
uk1 = (sin kπx i kπ sin kπx)T, uk2 =
(− sin kπx i kπ sin kπx)T, and Λ = {1, 2, . . .}. This
eigenvector system is clearly symplectic orthogo-
nal, and can be checked that it is complete in
the sense of Cauchy principal value, i.e., for each
∆ ∈ L2[0, 1] × L2[0, 1], there exists a unique constant
sequence {ck1, ck2| k ∈ Λ} such that

∆ =
∑
k∈Λ

ck1uk1 + ck2uk2.

Note that sk = 2 for each k. However, the eigenvector
system {uk1, uk2 | k ∈ Λ} is not complete in the gen-
eral sense.

Definition 2 Let T be an operator in a Hilbert
space Z, and u be an eigenvector associated with the
eigenvalue λ. If

Tuj − λuj = uj−1, j = 1, 2, . . . , r, u0 = u,

then the vectors u1, . . . , ur are called the root vectors
associated with the pair (λ, u), and

{
u, u1, . . . , ur

}
is

called the Jordan chain associated with the pair (λ, u).
Note that each uj is called the j-th order root vector
associated with the pair (λ, u). The collection of all
eigen and root vectors of T is called its root vector
system.

Definition 3 For λ ∈ C, the smallest nonneg-
ative integer k such that N(T − λ)k = N(T − λ)k+1

is called the algebraic index of λ and is denoted by
α = α(λ), where

N(T − λ)k = {x ∈ D(T k) | (T − λI)kx = 0}.

If there is no such nonnegative integer k, then we write
α = ∞. It is obvious that α = 0 if and only if T − λI

is one-to-one.
For the upper triangular operator matrix, the fol-

lowing result is obvious.

Lemma 1 Let T =

 T1 T2

0 T3

 : D(T ) ⊆ X ×

X → X ×X, then σp(T1) ⊆ σp(T ) ⊆ σp(T1)∪ σp(T3).
Lemma 2[4] For the operator A : D(P ∗) ×

D(P ) → X × X,

A =

 0 P

P ∗ 0

 , (2)

where P is a closed densely defined operator in X, the
following statements hold.

(i) λ ∈ σp(A) ⇔ −λ ∈ σp(A), and (x y)T ∈
E(λ;A) if and only if (−x y)T ∈ E(−λ;A);

(ii) 0 6= λ ∈ σp(A) ⇔ λ2 ∈ σp(PP ∗), and
(x y)T ∈ E(λ;A) if and only if x ∈ E(λ2;PP ∗), where
y = P ∗x/λ;

(iii) The operator A is self-adjoint, σp(A) =
σp(−A∗) ⊆ R, and (x y)T ∈ E(λ;A) if and only if
(x − y)T ∈ E(λ;−A∗);

(iv) Assume that the operator A possesses count-
able simple eigenvalues. By (i), we set

σp(A) = {λk, ωk ∈ R | k ∈ Λ } (3)

with ωk = −λk. Then, for (xk yk)T ∈ E(λk;A) (λk 6=
0, k ∈ Λ), we have that (−xk yk)T ∈ E(ωk;A), and

(xk, yj) =
(

P ∗xk

λk
,
P ∗yj

λj

)  6= 0, k = j,

= 0, k 6= j.
(4)
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2. Model and method

Consider the following fourth-order operator ma-
trix

M =


0 P 0 B2

P ∗ 0 B3 0

0 0 0 −P

0 0 −P ∗ 0

 , (5)

with the natural domain in X ×X ×X ×X (for short
X4). We begin with the geometric multiplicity, alge-
braic index, and algebraic multiplicity of the eigen-
value of the operator matrix M .

Lemma 3 For the operator matrix M , let the op-
erator PP ∗ possess countable simple non-zero eigen-
values {νk}k∈Λ with xk ∈ E(νk;PP ∗). Assume that
0 is the simple eigenvalue of P , y0 ∈ E(0;P ) and
B2y0 = 0. If PB3xk = B2P

∗xk (k ∈ Λ), then

σp(M) = {0} ∪
{
λk, ωk | k ∈ Λ

}
⊆ R,

E(0;M) ∪ {0} = span{u01, u02}, E(λk;M) ∪ {0} =
span{uk1, uk2} and E(ωk;M)∪ {0} = span{uk3, uk4},
where λk =

√
νk 6= 0, ωk = −λk (k ∈ Λ), and

u01 = (0 y0 0 0)T, u02 = (0 0 0 y0)T, (6)

uk1 =
(

xk
P ∗xk

λk
0 0

)T

,

uk2 =
(

xk
P ∗xk + B3xk

λk
xk − P ∗xk

λk

)T

, (7)

uk3 =
(
−xk

P ∗xk

λk
0 0

)T

,

uk4 =
(
−xk

P ∗xk + B3xk

λk
− xk − P ∗xk

λk

)T

.(8)

Note that the geometric multiplicity of each eigenvalue
of M is clearly 2.

Proof Since the operator PP ∗ possesses count-
able simple eigenvalues and 0 ∈ σp(P ), A also pos-
sesses countable simple eigenvalues {0} ∪ {λk, ωk |k ∈
Λ} (λk 6= 0) by Lemma 2(ii), where λk =

√
νk and

ωk = −λk (k ∈ Λ). From Lemma 1 and Lemma 2(iii) it

follows that the operator M possesses countable eigen-
values, and

σp(M) = {0} ∪
{
λk, ωk | k ∈ Λ

}
⊆ R. (9)

From 0 ∈ σp(P ), y0 ∈ E(0;P ) and B2y0 = 0, we
see that u01 = (0 y0 0 0)T and u02 = (0 0 0 y0)T

are two eigenvectors of M associated with the eigen-
value 0. Note that 0 is the simple eigenvalue of P . So,
E(0;M) = span{u01, u02} is valid. By the assump-
tions PB3xk = B2P

∗xk and PP ∗xk = λ2
kxk, we have

Muk1 = λkuk1, Muk2 = λkuk2,

Muk3 = ωkuk3, Muk4 = ωkuk4, (k ∈ Λ),

which show that uk1, uk2, uk3, and uk4 are eigenvec-
tors of M associated with the corresponding eigen-
values. Since the eigenvalues of PP ∗ are simple and
uk1, uk2 are two linearly independent eigenvectors as-
sociated with the eigenvalue λk, it is easy to check
that the geometric multiplicity of the eigenvalue λk is
2. Thus, E(λk;M)∪ {0} = span{uk1, uk2}. The proof
for ωk is similar. ¤

Lemma 4 Under the assumptions of Lemma
3, if PB3xk − B2P

∗xk = 2akλkxk (k ∈ Λ) with
0 6= ak ∈ R, then we have the following.

i) The point spectrum of the operator matrix M

is

σp(M) = {0} ∪
{
λk, ωk | k ∈ Λ

}
⊆ R,

and

E(0;M) ∪ {0} = span{u01, u02},

E(λk;M) ∪ {0} = span{uk1},

E(ωk;M) ∪ {0} = span{uk3},

i.e., the geometric multiplicities of the eigenvalues 0,
λk, and ωk are 2, 1, and 1, respectively, where λk, ωk,
u01, u02, uk1, uk3 are defined in Lemma 3;

ii)

u1
k1 =

(
xk

P ∗xk + B3xk

λk
− akP ∗xk

λ2
k

xk − P ∗xk

λk

)T

, (10)

u1
k3 =

(
xk − P ∗xk + B3xk

λk
+

akP ∗xk

λ2
k

xk
P ∗xk

λk

)T

(11)

are the first-order root vectors of M associated with the pairs (λk, akuk1), (ωk, akuk3) (k ∈ Λ), respectively;
iii) The algebraic index and the algebraic multiplicity of each eigenvalue of M are both 2.
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Proof 1) According to PB3xk − B2P
∗xk =

2akxk, we can easily prove uk2 /∈ E(λk;M), uk4 /∈
E(ωk;M) for uk2, uk4 in Lemma 3. Since each eigen-
value of PP ∗ is simple, the assertion i) follows from
Lemma 3.

2) By the assumptions, the relations

Mu1
k1 = λku1

k1 + akuk1,

Mu1
k3 = λku1

k3 + akuk3 (k ∈ Λ),

hold, which show that u1
k1 and u1

k3 are the first-order
root vectors of the pairs (λk, akuk1) and (ωk, akuk3),
respectively.

3) Claim (ii) implies that N(M − λk) $ N(M −
λk)2, i.e., the algebraic index of the eigenvalue λk of
M is at least 2. Assume N(M − λk)2 $ N(M − λk)3,
then there will exist a vector U = (x2

k y2
k h2

k e2
k)T ∈

N(M − λk)3, and U /∈ N(M − λk)2. Thus, 0 6=
(M − λk)U ∈ N(M − λk)2. Since the geometric mul-
tiplicity of the eigenvalues λk is 1 by claim 1), we
can check that dimN(M − λk)2 = 2. Together with
claims 1) and 2), N(M − λk)2 = span{uk1, u

1
k1}. So,

(M − λk)U = buk1 + cu1
k1, where b, c ∈ R and c 6= 0,

i.e., 

Py2
k + B2e

2
k = λkx2

k + (b + c)xk,

P ∗x2
k + B3h

2
k = λy2

k + b
P ∗xk

λk

+ c

(
P ∗xk + B3xk

λk
− akP ∗xk

λ2
k

)
−Pe2

k = λkh2
k + cxk

−P ∗h2
k = λke2

k − c
P ∗xk

λk
.

(12)

From the third and fourth expressions in Eq. (12), it
follows that

PP ∗h2
k = λ2

kh2
k + 2cλkxk.

Thus,

(PP ∗h2
k, xk) = (λ2

kh2
k, xk) + 2c(λkxk, xk),

which implies cλk(xk, xk) = 0, since PP ∗ is self-
adjoint. This is impossible because of c 6= 0, xk 6= 0,
and λk 6= 0. So, N(M − λk) $ N(M − λk)2 =
N(M − λk)3 = · · · . This shows that the algebraic
index of the eigenvalue λk of M is 2. Combined with
dimN(M −λk)2 = 2, the algebraic multiplicity of the
eigenvalue of λk is 2. The proof for ωk is analogous.
¤

Lemma 5 Under the assumptions of Lemma 3, if PB3 is self-adjoint, (y0, P
∗xj) = 0 and (y0, B3xj) =

0 (j ∈ Λ), then the following statements hold.
(I) If PB3xk = B2P

∗xk (k ∈ Λ), then the eigenvector system of M is {u01, u02}∪{uk1, uk2, uk3, uk4 | k ∈ Λ},
and has the symplectic orthogonality, i.e.,

(u01, Juj1) = (u01, Juj2) = (u01, Juj3) = (u01, Juj4) = 0,

(u02, Juj1) = (u02, Juj2) = (u02, Juj3) = (u02, Juj4) = 0,

(uk1, Juj1) = (uk1, Juj2) = (uk1, Juj3) = (uk3, Juj4) = 0,

(uk2, Juj4) = (uk3, Juj2) = (uk4, Juj2) = 0,

(u01, Ju02) = −(u02, Ju01) = (y0, y0),

(uk1, Juj4) = −(uk2, Juj3) =

−2(xk, xk), k = j,

0, k 6= j.

(II) If PB3xk − B2P
∗xk = 2akλkxk (k ∈ Λ)

with 0 6= ak ∈ R, then the root vector system
of M is {u01, u02} ∪

{
uk1, u

1
k1, uk3, u

1
k3 | k ∈ Λ

}
, and

has a similar symplectic orthogonality to {u01, u02} ∪
{uk1, uk2, uk3, uk4 | k ∈ Λ} in (I).

Proof By Lemma 3, Lemma 4 and direct calcu-
lations, the conclusions are obtained. ¤

Based on previous lemmas, necessary and suffi-
cient conditions for the completeness of eigen and root

vector systems of M are given.
Theorem 1 Under the assumptions of Lemma

3, if PB3 is self-adjoint, (y0, P
∗xj) = 0, (y0, B3xj) =

0 (j ∈ Λ), and the series∑
k∈Λ

(f4, B3xk)
(P ∗xk, P ∗xk)

P ∗xk − (f4, P
∗xk)

(P ∗xk, P ∗xk)
B3xk,

is convergent, then the following statements hold.
I) If PB3xk = B2P

∗xk (k ∈ Λ), then the eigen-
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vector system of the operator matrix M is complete
in the sense of Cauchy principal value in the space
X4 if and only if the vector systems

{
xk

}
k∈Λ

and{
y0, P

∗xk/λk

}
k∈Λ

are both orthogonal bases in X,
where λk =

√
νk.

II) If PB3xk − B2P
∗xk = 2akλkxk (k ∈ Λ) with

0 6= ak ∈ R, then the root vector system of the oper-
ator M is complete in the sense of Cauchy principal
value in the space X4 if and only if the vector systems

{
xk

}
k∈Λ

and
{
y0, P

∗xk/λk

}
k∈Λ

are both orthogonal

bases in X.

Proof (a) Sufficiency

By Lemma 5 (statement (I)), the eigenvector sys-

tem of M is {u01, u02}∪{uk1, uk2, uk3, uk4 | k ∈ Λ}. In

order to prove that the eigenvector system is complete

in the sense of Cauchy principal value in the space X4,

by Lemma 5 (statement (I)), we take


c01 =

(∆,Ju02)
(u01, Ju02)

, c02 =
(∆,Ju01)
(u02, Ju01)

, ck2 =
(∆,Juk3)
(uk2, Juk3)

, ck4 =
(∆,Juk1)
(uk4, Juk1)

,

ck1 =
(∆,Juk4)
(uk1, Juk4)

, ck3 =
(∆,Juk2)
(uk3, Juk2)

, (k ∈ Λ),
(13)

for each ∆ = (f1 f2 f3 f4)T ∈ X4. Then,

c01u01 + c02u02 +
∑
k∈Λ

ck1uk1 + ck2uk2 + ck3uk3 + ck4uk4

=


0

c01y0

0

c02y0

 +
∑
k∈Λ



(ck1 − ck3)xk + (ck2 − ck4)xk

(ck1 + ck3)P ∗xk

λk
+

(ck2 + ck4)(P ∗xk + B3xk)
λk

(ck2 − ck4)xk

− (ck2 + ck4)P ∗xk

λk



=



∑
k∈Λ

(f1, xk)
(xk, xk)

xk

(f2, y0)
(y0, y0)

y0 +
∑

k∈Λ

(f2, P
∗xk) + (f4, B3xk)

(P ∗xk, P ∗xk)
P ∗xk − (f4, P

∗xk)
(P ∗xk, P ∗xk)

B3xk∑
k∈Λ

(f3, xk)
(xk, xk)

xk

(f4, y0)
(y0, y0)

y0 +
∑

k∈Λ

(f4, P
∗xk)

(P ∗xk, P ∗xk)
P ∗xk


. (14)

Since {y0, P
∗xk/λk}k∈Λ is an orthogonal base in X,

we have

f4 =
(f4, y0)
(y0, y0)

y0 +
∑
k∈Λ

(f4, P
∗xk)

(P ∗xk, P ∗xk)
P ∗xk.

Note that PB3 is self-adjoint, (y0, B3xj) = 0 (j ∈ Λ),

and the series∑
k∈Λ

(f4, B3xk)
(P ∗xk, P ∗xk)

P ∗xk − (f4, P
∗xk)

(P ∗xk, P ∗xk)
B3xk,

is convergent. Thus, by Eq. (4), we have( ∑
k∈Λ

(f4, B3xk)
(P ∗xk, P ∗xk)

P ∗xk − (f4, P
∗xk)

(P ∗xk, P ∗xk)
B3xk, y0

)
= 0,( ∑

k∈Λ

(f4, B3xk)
(P ∗xk, P ∗xk)

P ∗xk − (f4, P
∗xk)

(P ∗xk, P ∗xk)
B3xk, P ∗xj

)
= (f4, B3xj) −

∑
k∈Λ

(
(f4, P

∗xk)
(P ∗xk, P ∗xk)

B3xk, P ∗xj

)
= (f4, B3xj) −

( ∑
k∈Λ

(f4, P
∗xk)

(P ∗xk, P ∗xk)
P ∗xk, B3xj

)
= (f4, B3xj) −

(
f4 −

(f4, y0)
(y0, y0)

y0, B3xj

)
= (f4, B3xj) − (f4, B3xj) = 0, (j ∈ Λ),

which indicates that ∑
k∈Λ

(f4, B3xk)
(P ∗xk, P ∗xk)

P ∗xk − (f4, P
∗xk)

(P ∗xk, P ∗xk)
B3xk = 0.
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Since {xk}k∈Λ and {y0, P
∗xk/λk}k∈Λ are both

orthogonal bases in X, the four components on the
right-hand side of Eq. (14) are the series expan-
sions associated with f1, f2, f3, and f4 in X, re-
spectively. Hence, there exists a constant sequence
{c01, c02} ∪ {ck1, ck2, ck3, ck4 | k ∈ Λ}, such that

∆ = c01u01 + c02u02 +
∑
k∈Λ

ck1uk1,+ck2uk2

+ ck3uk3 + ck4uk4 (15)

holds for each ∆ = (f1 f2 f3 f4)T ∈ X4. Assume
that there is another constant sequence {ĉ01, ĉ02} ∪
{ĉk1, ĉk2, ĉk3, ĉk4 | k ∈ Λ}, such that equation (15)
holds, then, we have

(c01 − ĉ01)u01 + (c02 − ĉ02)u02

+
∑
k∈Λ

(ck1 − ĉk1)uk1 + (ck2 − ĉk2)uk2

+(ck3 − ĉk3)uk3 + (ck4 − ĉk4)uk4 = 0,

which clearly implies that c01 = ĉ01, ck1 = ĉk1,
ck2 = ĉk2, ck3 = ĉk3, and ck4 = ĉk4 (k ∈ Λ), by tak-
ing the inner product of the relation by Ju02, Ju01,
Juk3, Juk1, Juk4, and Juk2 on the right, respec-
tively. Therefore, the eigenvector system {u01, u02} ∪
{uk1, uk2, uk3, uk4 | k ∈ Λ} of the operator matrix M

is complete in the sense of Cauchy principal value by
Definition 1.

Necessity Assume that the eigenvector system
{u01, u02} ∪ {uk1, uk2, uk3, uk4 | k ∈ Λ} of the opera-
tor M is complete in the sense of Cauchy principal
value, then the equality (15) will hold. Taking the in-
ner product of the relation (15) by Ju02, Ju01, Juk3,
Juk1, Juk4, and Juk2 on the right, respectively, we see
that c01, c02, ck1, ck2, ck3, ck4 (k ∈ Λ) are determined
by expression (13), where

f3 =
∑
k∈Λ

(ck2 − ck4)xk =
∑
k∈Λ

(f3, xk)
(xk, xk)

xk,

f4 =
∑
k∈Λ

− (ck2 + ck4)P ∗xk

λk

=
(f4, y0)
(y0, y0)

y0 +
∑
k∈Λ

(f4, P
∗xk)

(P ∗xk, P ∗xk)
P ∗xk.

Thus, by Eq. (4) and the arbitrariness of f3, f4, the
vector systems

{
xk

}
k∈Λ

and
{
y0, P

∗xk/λk

}
k∈Λ

are
both orthogonal bases in X.

(b) By Lemma 5 (statement (II)) the root vec-
tor system of the operator matrix M is {u01, u02} ∪{
uk1, u

1
k1, uk3, u

1
k3 | k ∈ Λ

}
. In the following, we prove

that the root vector system is complete in the sense
of Cauchy principal value, i.e., there exists a unique
constant sequence {ck1, c

1
k1, ck3, c

1
k3 | k ∈ Λ} such that

for each ∆ = (f1 f2 f3 f4)T ∈ X4,

∆ = c01u01 + c02u02 +
∑
k∈Λ

ck1uk1,+c1
k1u

1
k1

+ ck3uk3 + c1
k3u

1
k3. (16)

To this end, we only need to set
c1
k1 =

(∆,Juk3)
(u1

k1, Juk3)
, c1

k3 =
(∆,Juk1)
(u1

k3, Juk1)
,

ck1 =
(∆,Ju1

k3)
(uk1, Ju1

k3)
, ck3 =

(∆,Ju1
k1)

(uk3, Ju1
k1)

, (k ∈ Λ)

by Lemma 5 (statement (II)) and c01, c02 are defined
in expression (13). The rest of the proof is similar to
that of statement (II). ¤

3. Application

We present an example illustrating the previous
results in this section. Consider a rectangular plate
with two opposite edges simply supported, i.e.

D

(
∂2

∂x2
+

∂2

∂y2

)2

ω = f(x, y) (17)

with f(x, y) being the lateral load in a region
{(x, y) | 0 ≤ x ≤ h, 0 ≤ y ≤ 1}, and the boundary
conditions for simply supported edges are

ω = 0,
∂2ω

∂y2
= 0, for y = 0 and y = 1. (18)

The fundamental differential equation (17) can be
written as the following matrix differential system

∂

∂x


$

θ

q

m

 =



0 − ∂

∂y
0

∂

∂y
∂

∂y
0

∂

∂y
0

0 0 0
∂

∂y

0 0 − ∂

∂y
0




$

θ

q

m

 +


0

0
f

D
0

 , (19)
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where

$ = −2
∂3ω

∂x∂y2
, θ =

∂3ω

∂x2∂y
− ∂3ω

∂y3
,

q =
∂3ω

∂x3
+

∂3ω

∂x∂y2
,

and

m = − ∂3ω

∂x2∂y
− ∂3ω

∂y3
.

Clearly, the differential system (19) possesses the form
with separated variables, and $(x, 0) = $(x, 1) = 0
and q(x, 0) = q(x, 1) = 0 by the boundary conditions

(18). Let X = L2[0, 1], then the associated operator
matrix will be

M =



0 − ∂

∂y
0

∂

∂y
∂

∂y
0

∂

∂y
0

0 0 0
∂

∂y

0 0 − ∂

∂y
0


, (20)

with the domain

D(M) =




$

θ

q

m

 ∈X4

∣∣∣∣∣∣∣∣
$(0) = $(1) = 0, q(0) = q(1) = 0, $, θ, q,m

are absolutely continuous, $′, θ′, q′,m′ ∈ X


. (21)

Direct calculations show that the non-zero eigen-
values and associated eigenfunctions of the operator
PP ∗ are νk = (kπ)2 and xk = sin kπy (k ∈ Λ =
{1, 2, . . .}). Also, 0 ∈ σp(P ), y0 = 1, B2y0 = 0, and

PB3xk − B2P
∗xk = 2(kπ)2 sin kπy,

where ak = λk = kπ (k ∈ Λ). Obviously,
{
xk

}∞
k=1

={
sin kπy

}∞
k=1

and
{
y0, P

∗xk/λk

}∞
k=1

=
{

cos kπy
}∞

k=0

are both orthogonal bases in X. Thus, the assump-
tions of Theorem 1 (statement I)) are satisfied. There-
fore, the root vector system of the operator matrix M

is complete in the sense of Cauchy principal value in
X4.

On the other hand, it can be seen that the eigen-
values of the operator matrix M are λk = kπ, ωk =
−kπ (k = 0, 1, 2, . . .), and the associated root vector
system consists of the following vectors

u01 = (0 1 0 0)T, u02 = (0 0 0 1)T,

uk1 = (sin kπy cos kπy 0 0)T,

u1
k1 = (sin kπy cos kπy sin kπy − cos kπy)T,

uk3 = (− sin kπy cos kπy 0 0)T,

u1
k3 = (− sin kπy cos kπy − sin kπy − cos kπy)T

(k ∈ Λ).

We can directly verify that this root vector system is
complete in the sense of Cauchy principal value in X4.
The discussion in this paragraph shows that the result
obtained by using Theorem 1 is reasonable.
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