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This paper investigates the collision between two nonlinear waves with different propagation directions in two-

dimensional dust crystals. Using the extended Poincaré-Lighthill-Kuo perturbation method, two Korteweg—de Vries

equations for nonlinear waves in both the £ and 7 directions are obtained, respectively, and the analytical phase shifts

and trajectories after the collision of two nonlinear waves are derived. Finally, the effects of parameters of the lattice

constant a, the arbitrary constant ugy, the forces f(r), and the colliding angle 6 on the phase shifts of both colliding

nonlinear waves are examined.
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1. Introduction

Dust crystals are strongly coupled dusty plasmas.
They can be found typically in plasma discharge ex-
periments due to the strong electrostatic interaction
between massive, heavily charged, micron-sized dust
particulates (dust grains) injected into the plasma.[!-2]
The formation and dynamics of dust crystals have
been studied experimentally and theoretically,[2~1
where dust particles were essentially created by in-
jecting artificial microspheres, which subsequently
acquired a high electron charge via inherent dy-
namic charging mechanisms. Such dust crystals typ-
ically have a two-dimensional (2D) hexagonal struc-
ture, although various two- and three-dimensional
(3D) configurations have also been reported.?! One-
dimensional (1D) dust crystals have already been fab-
ricated in experiments by making use of appropriate
confinement potentials.[n’w]

Linear and nonlinear waves in a 2D hexagonal
crystal system consisting of a monolayer of charged
particles have been studied recently. This system can
sustain longitudinal waves and two kinds of transverse
waves, where the latter can be classified according to
whether the particle motion remains in plane or is out
of plane. The longitudinal wave is a compressional
wave. Its propagation direction is parallel to that of

the particle motion. The transverse wave, sometimes
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called the shear wave, is a wave propagating perpen-
dicular to the particle motion. In the linear wave
regime, i.e., the regime where wave amplitude is much
smaller than the mean inter-particle spacing, both lon-
gitudinal and transverse modes have been observed in
several experiments.['314! Certain theoretical modes
have also been proposed to predict the waves in dusty
plasmas.['=17] Recently, some theoretical and experi-
mental results have shown that longitudinal and trans-

verse waves can propagate in the plasma crystal.l'8:19]

Duan et ol.[10

have investigated longitudinal and
transverse dust grain vibrations in a 2D hexagonal
lattice by considering screened Coulomb interactions
(Debye—Hiickel or Yukawa system) between charged
dust particles, i.e., u(r) = Q%exp(—r/A\p)/(4meor),
where r is the distance between two dust particles
and Ap is the Debye radius (ey denotes the elec-
tric susceptibility of a vacuum). Let us consider
a ‘dressed’” Debye-type interaction potential energy,
namely, u(r) = Q*(1 — r/Ap) exp(—r/\(D))/4meor.
The electrostatic binary interaction force f(r) exerted
onto two dust grains situated at a distance r is de-
flr) =
We may expand the potential energy

rived from a potential function wu(r), viz.
—0u(r)/or.

around equilibrium at r = a, namely

ou 1 0%u
U(T) = u(a)+(r_a)g|r=a+§(T—a)2w|r=a+. -

By defining the ‘spring’ constant G = (0%u/0r?)|,—a,
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and setting the potential energy at equilibrium to zero,
we have u(r) = 1G(r —a)?. We have calculated G, for

a Yukawa system u(r), the corresponding expressions

202
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where we have defined the (dimensionless) lattice pa-
rameter £ = a/Ap, the normalized potential energy
u(r)/(Q?/4meg ). We should note that studies of
the interaction between nonlinear waves have been fre-
quently reported in recent years.?°=22 In a 1D (or
quasi-1D) system, there are two distinct interactions.
One is the overtaking collision and the other is the
head-on collision.1=23] Until now, however, few the-
oretical studies have been carried out on a 2D dust
crystal. Hence, in this paper, based on a 1D model,
we study the nonlinear waves propagating in a 2D
hexagonal crystal. In 2D systems, the general case is
0 < 8 < 7; the overtaking collision and head-on col-
lision are only two special cases of § = 0 and 6 = ,
respectively, where 6 is the angle between two prop-
agation directions of two nonlinear waves. In order
to investigate the general case, we use the extended
Poincaré-Lighthill-Kuo (PLK) perturbation method
and obtain two KdV equations to describe nonlinear
waves propagating in two different directions respec-
tively. Moreover, we can obtain their phase shifts and
trajectories after collision of two nonlinear waves.
The paper is organized as follows. In Section 2,
the basic set of fluid equations is presented. We derive
the equation of motion for nonlinear waves propagat-
ing in two different directions and obtain both the
phase shifts and trajectories after interaction of two
nonlinear waves. In Section 3, we give a discussion

and a summary of our conclusions.

2. Derivation of the KdV equa-
tion and phase shift

Let us consider a 2D hexagonal crystal (assumed
infinite, for simplicity) consisting of negative dust
grains (of constant charge @ and mass M), located
at equidistant sites a. For the analysis of the waves
in this 2D crystalline monolayer, we use the so-called
‘particle string’ model, allowing for 2D motion, in the
longitudinal (horizontal, along the z axis) and trans-
verse (vertical) directions, the corresponding discrete
ordering dust grains being denoted by indices n and
m, respectively. Figure 1 shows the monolayer hexag-
onal lattice in two dimensions.

Y

Fig. 1. Monolayer hexagonal lattice in two dimensions.

We now want to find the equation of motion for
an arbitrary particle (n, m)th. We consider the forces
exerted on the particle (n, m)th produced only by the
six nearest particles. Under the assumption of small
amplitude and long wavelength limit, for this system
the basic equations of motion in the x and y directions

are, respectively, 1]

0%u 0%u 0%u 0%v 0*u 0*u 0*u v
e~ Mg T TGy, T iga TG T Aegage T A g,
+ Ag—%—= O +A9@i+ 10@@+ 11@@4— 12@@

Ordy3 Oz Ox2 Ox 0x2 oz 0y? Oz Oy?
Oy Ox 8 Oy 0xdy ° Oy Oz Oy Oy? Oy 0x2
+ Algav 82 + 19@ﬁ 20@@ (1)
Oy Oy? Ox Oxdy Ox 0x0y’

0%v 0% 0%v 0%u v 0*v 0*v 0*u
w:B182+3282+Bgaa +B4a4+384+368 23y2+B73x33y
+ By —F—= O +Bg%i+ 10@&4- 11%@ 12@@

Oxdy3 Oy Oy? Oy Oy? Oy 02 Oy Ox?
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P g v O oudh ot o
0 Oxdy 0z Oz 0y 9z 022 169z 0y? 1 Oy 0x0y
Ov 0%u Ov 0%u ov 0%u
Byl o v Iu 2
* 89z 022 99z oy? 208y8z8y @)
In Eq. (1), the coefficients A;, Aa, ..., Agy are given by
11
g i § —q? 0 0 0 0
A Ay As Ay 16 16 8 256
B B 1. 3. 0 0 0 0
As  Ag Ar As 256 128 64 64 33 1 1 13
A9 Ao Ann A = _g g g _g a2f’(a)+ 96 32 32 32 a3fll(a)~
Ay Au A A 5 s s 1
2 _2 0 0 16 16 16 32
Az Aig Arg A 4 4 3 1 1 3
0 0 0 0 32 16 32 32
In Eq. (2), the coefficients By, Ba, ..., By are given by
- A
s B B B 6 16 8 256 0 0 00
! ? ° * iGQ iaz ia2 iaz 0 0 0 0
Bs Bs Br Bs 256 128 64 64 3 9 1 3
By By B B | = 0 0 0 0 af'la)+| 32 32 32 32 [d’f(a)
B3 Bis Bis Bis 0 0 3 3 3 1 3
5 g 16 16 32 32
Bi7 Bis Big B 3 3 3 3 3 1 3 3
A 16 32 32 16

In the above equations, u© and v are the displace-
ments of the particles from their equilibrium posi-
tions in the x and y directions, respectively, a is
the lattice constants with M the mass of the atom,
£(@) = 0F ()07 lo—ay §"(a) = O2F(r) /0%F |y—a, the
electrostatic binary interaction force f(r) exerted onto
two dust grains situated at a distance r is derived from
a potential function u(r), namely f(r) = du(r)/dr,
and the other notations have their usual meaning.

We assume that there are two nonlinear waves 1
and 2 in the crystal, asymptotically, which are travel-
ing with an arbitrary angle at the initial state. After
some time they interact, collide, and then separate.
We also assume that nonlinear waves have small am-
plitudes and the interactions between nonlinear waves
are weak. Hence, we expect that the collision will
be quasi-elastic, so it will cause phase shifts of the
post-collision trajectories (phase shift). In order to
analyse the effects of the collision, we employ an ex-
tended PLK perturbation method.[?3=25] This method
is a combination of the standard reductive perturba-
tion method[26:27) and the technique of strained coor-
dinates. The main idea of this perturbation method
is as follows. In the limits of the long wavelength ap-
proximation, asymptotic expansions for both the flow

field variables and the spatial or time coordinates are
used. This makes a uniformly valid asymptotic expan-
sion (i.e., eliminates secular terms) and at the same
time obtains the changes of the trajectories (i.e., phase
shifts) of the nonlinear waves after the collision. Ac-
cording to this method, we introduce the stretched
coordinates

f = e(klx + lly - Clt) + E2P(0) (777 T)
+EPV(E )+,

n = e(kox + loy — cot) + eQQ(O)(f, T)
—"_ €3Q(1) (67 n7 T) + MR (4)
T = e, (5)

where £ and 7 denote the trajectories of the two non-
linear waves, respectively, ¢; and ¢y are the propaga-
tion speeds of two nonlinear waves in different direc-
tions. We assume that ¢; and ¢y are constants, and
the variables P\) and Q) (j = 0,1,...) are to be de-
termined. Introducing the asymptotic expansions for
the quantities v and v as v = eu; + €2us + ...,v =
€vy + €2vy + .. ., then substituting the expansions into
Egs. (1) and (2), and equating the powers of €, we
obtain a hierarchy of coupled equations in different
orders of e. To leading order, we have
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82 (92 8 Ul 8 ul 8 ul 6 U1
2 2 = ki ——= + 2k 1k
( 852 + 01628687}+ 2 877 ) ( e + 2k 28§8n+ 2 877
8 Ul 6 Ui a Ui
B + 211 13
+ ( oez g, TR )
A 0% 0%y 0%y 0%y
+ Mg (klll 6521 + kll2a€a7’] + k211 6&6 + k2l2 8 ) ) ) (6)
0% 0?vy 0%v 0%v 0%v 0%
2 1 2 1 2 1 1 2 1
2 = ki 2k1k
( Vo TR 0g0 T o > < Voer T agon T o )
32 26 V1 8 U1 28 (%
— (1 2141 l
+ <a§2+ Y250, T 292
Bg 0 Ul 82 1 82U1 82U1
— | Kyl k1l kol kol .
+M<118§2+128€377+ 218§8n+ 2l (7)
The solutions of Egs. (6) and (7) read ‘tions, we can deduce
2
= ug@,r) + (0, 7), (8) e 40 0>8 e gt
v = (gv ) (’I’], ) (9) 2 84 84U
—1-402aa + bider ¢t S+ fad 028477
Substituting Eqs. (8) and (9) into Egs. (6) and (7), we A Aug 0> Pue | O,y 02y
obtain 2¢3 = (A; + B1)k3/M + (Aa+ B2)I2 /M + (A3 + T ader 5 o€ ¢z R on o2
Bs)kily /M, 2¢5 = (A1 + B1)k3 /M + (A2 + B)I3 /M + \ Oy Oug due Ouy _ .
(Ag +B3)]€212/M T AL ,r] 652 2875 8772 = 0. ( )
The unknown functions u¢ and u,, will be deter- I der t d . t el
mined at higher order. Equations (8) and (9) imply .n order to avol Spurlogi ;gsonan.ces, We ISt eHme
] . inate all secular terms.[27:28] Letting R = Ou¢/0¢,
that, to leading order, we have two nonlinear waves, S = duy /0 b
one of which, u¢ (&, 7), is travelling in & direction, and = U/, WE RAVE
the other, u,(n, 7), is travelling in 7 direction. At the 8R R8£ 5 PR 0 13
next order, the solutions also have the same shape, as ar o€ BT o (13)
follows: oS 85 835
67’]' + Oég 877 + 62 0, (14)
Uz = U&(faT) +v (7777-)7 (10) ou
B, B PP + M =, (15)
V2 = 7”5(577—) + 71}7](7777—)7 (11) K
A3 Ag (0) auﬁ
100 + 58 <0, (16)

where v¢ and v, are to be determined.
To the next highest order, after tedious calcula-

where

= [ (Al + Bl)k‘lk’z + 2<A2 =+ Bg)lllg + (Ag + B3)(k‘1l2 =+ k‘zll)}/M — 40102,

/\1

[Agk2k2 + A10k2k2 + Allkgll + A12k2l2 + Algkllllg + A14kll 12 + Bl5k2k’2 + Blﬁkgll

+ Birkilils + B18/€1 ko + BleZZ% + Baokilils] /M,

A2 =

[Agk‘lkig + Alok‘lk‘% + Allkll% + Amlﬁl% + Aizkalily + Agkolils + Bmklk‘g + Blﬁk‘llg

+ Birkilily 4+ Biskik3 + Biokil3 + Baokilils] /M,

a1 = [Agk? + A1k + Ay k112 + Aok 12 + Aisky 13 4+ Aygki13 + Bisk? 4+ Bigki 13
+ Birk1li + Bisk? + Bigk1l3 + Bogk:l3]/4c1 M,

ao = [Agki + Aroks + A11kal3 + A12kal3 + Aiskals + A14kal3 + Bisks + Bighal3
+ Birkal3 + Bisks + Biokals + Baokol3) /4ca M,
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B1 = [(Ag + Ba)ki + (As + Bs)l + (Ag + Be)k?1? + (A7 + Br)k3ly + (Ag + Bg)k113]/4c1 M,
Bo = [(As + Ba)ks + (A5 + Bs)l5 + (A6 + Bo)k315 + (A7 + Br)kijlo + (As + Bs)kal3] /4ca M.

Equations (13) and (14) are the two side traveling
wave KdV equations in the reference frames of £ and
7, respectively. Their corresponding solutions are

— UgeT — Uy T
R = ngsech2£70£ and S = smnsech2n70n,
’LUg w77

respectively, where

3’(1,071
Tm¢ = s Smn =
aq a2

4 1/2 4 1/2
e ()7, (4
UO§ uon

are the amplitudes and widths of two nonlinear waves,

and

respectively. The uge and ug, are two arbitrary con-
stants. As a result, we obtain

Ug = rmgwgtanhm, (17)
We

Uy = smnwntanhw. (18)
Wy

We denote u¢ for the nonlinear wave 1, and u,, for the
nonlinear wave 2.

Using Egs. (13)—(18), we can obtain the phase
functions of P and Q(© as follows:

ALSm -
POy, 7) = — 2mnOn ey 17 M0nT o (qg)
Y Wy
AaTm -
QO (e, r) = —22meWe L ETUET o0
v we

Substituting the above equations into Eqs. (3) and (4),
we can obtain the trajectories of two nonlinear waves
up to O(€?), which are, respectively, given by

¢ = e(krz 4+ iy — ert)

)\ mnWn -
— 22T oy T 0T L o(ed),  (21)
Y Wy
n = e(kaz + lay — cot)

_ pAeTmeWey  ETUET | sy (g9
Y We

At the same time, we can obtain the magnitude of

u(v)

£ — upeT

u(v) = €|rmewetanh
We

+ smnwntanhn_wM +O(%) +....(23)
U

In order to obtain the phase shifts after the
collision of two nonlinear waves, we let P, =
PO (n,T) |(n—uoyr)——o0, Which is the phase value
of nonlinear wave 1 before the collision, and P, =
PO (n,T) |(n—uoyr)—o0> Which correspond to that of
nonlinear wave 1 after the collision. Similarly, we de-
fine Q, = QO (¢, 7) (¢ —uper)——o0, the phase value
of nonlinear wave 2 before the interaction, and Qo =
Q& T) |(¢ —uper)—o0s cOrTesponding to that of non-
linear wave 2 after the interaction, using Eqgs. (19) and
(20) we can obtain their corresponding phase shifts
AP and AQ as follows:

AP=P,— P :_M7 (24)
gl
2XoT e W
AQZQQ—Q1=—727£ S (25)

3. Discussion

The present study describes the propagation and
interaction of two small but finite amplitude wavs in
a 2D dust crystal using the extended PLK perturba-
tion method. The effects of parameters of the lattice
constant a, the arbitrary constant wg,,, the forces f(r),
and the colliding angle 6 on the phase shifts of both
colliding nonlinear waves are examined as follows.

1007100

Fig. 2. The profile of interaction between two shock waves
with a given colliding angle 6 = /2.

It is noted from Egs. (3) and (4) that two nonlin-
ear waves travel in two different directions 1 = (k1,11)
The angle 6 be-
tween propagation directions of the two waves satis-
fies cos 0 = (kika + 1112)/[(k? 4 12)(k3 4 13)]Y/%. From
Egs. (6) and (7) we note k7 = [ and k3 = [3, we can

obtain cos@ = 0 and cosf = 1. Here we know that

and ro = (kg,l3), respectively.
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0 = 0 is not valid for our perturbation method in this
paper; there is one condition § = /2 in these systems.
Figure 2 shows the profile of interaction between two
shock waves with a given colliding angle § = /2.

Since shock wave 1 is traveling along the £ direc-
tion and shock wave 2 is traveling along the 7 direc-
tion, we see from Eqs. (24) and (25) that due to the
collision each soliton has a negative phase shift. The
magnitudes of the phase shifts are related to the phys-
ical parameters i.e., the arbitrary constants uoe, oy,
the lattice constant a, and the forces f(r). In order
to know how these parameters influence the solitons,
we give the results as shown in Figs. 3-5. In these
figures, all physical quantities are dimensionless and
k1 =0.5,l1 = —0.5,ko = 05,1 =05, M = 1.

Figure 3 shows the variation of the phase shift
AP of the shock wave 1 against arbitrary constant
ugy, for different values of Debye screening length Ap
(=2,3,4). We note that the magnitude of phase shift
increases with ug, and decreases with Ap, the phase
shift increases sharply when Ap is small, the change
is weaker when Ap = 3,4. The curves of A\p = 3 and
Ap = 4 are fairly close to each other, but the curve of

Ap = 2 is far away from both of them.

0717

—0.5 1

AP

—1.0

—1.51

Uon

Fig. 3. Variation of the phase shift AP of the shock wave
1 against arbitrary constant (ugy) for different values of
Debye screening length Ap (= 2, 3,4).

Figure 4 represents the variation of the phase
shift AP of shock wave 1 with respect to lattice con-
stant a for different values of Debye screening length
Ap = 4,5,6. From this figure we note that, the mag-
nitude of phase shift increases with a and decreases
with Ap, for a given value of parameter Ap, the phase
shift increases steeply with a when a > 0.5. For given
a, the phase shift decreases with Ap, but the change

is weaker.

—2.0q9 ----xp =5

—2.5 T T

Fig. 4. Variation of the phase shift AP of shock wave
1 with respect to lattice constant a for different values of
Debye screening length A\p = 4,5, 6.

Figure 5 shows the variation of the phase shifts
of shock wave 1 against the forces f(r). We note that
phase shift decreases as the forces f(r) increases.

0.1 0.2 0.3 0.4 0.5
£(0)

Fig. 5. The variation of the phase shifts of shock wave 1
against the forces f(r).

In summary, using the extended PLK perturba-
tion method, we find that this system admits a so-
lution with two solitary waves: one is moving in the
¢ direction and the other is moving in the n direc-
tion. Moreover, the angle between them is 6 = 7/2,
the leading-order analytical phase shifts of collision
between two shock waves in a 2D dust crystal are
derived explicitly, the collision of two shock waves is
elastic and the waves preserve their original proper-
ties after collision. Due to the collision each wave has
a negative phase shift in its direction of travel. The
effects of parameters of the lattice constant a, the ar-
bitrary constant ug,, the forces f(r), and the colliding
angle 6 on the phase shifts of both colliding nonlinear
waves are studied. We expect that the present inves-
tigation will provide insight into and understanding of
the phenomena related to collision waves.

019401-6



Chin. Phys. B Vol. 20, No. 1 (2011) 019401

References

(1]
2]

(3]

(4]

Shukla P K 2001 Phys. Plasmas 8 1791

Hou L J and Wang Y N 2003 Acta Phys. Sin. 52 434 (in
Chinese)

Duan P, Liu J Y, Gong Y, Zhang Y, Liu Y and Wang X
G 2007 Acta Phys. Sin. 56 7090 (in Chinese)

Samsonov D, Zhdanov S and Morfill G 2005 Phys. Rev. E
71 026410

Yang X X, Duan W S, Li S C and Han J N 2008 Chin.
Phys. B 17 2989

Nunomura S, Samsonov D and Goree J 2000 Phys. Rev.
Lett. 84 5141

Zhdanov S K, Samsonov D and Morfill G E 2002 Phys.
Rev. E 66 026411

Chen J H 2009 Chin. Phys. B 18 2121

Liu Y H, Liu B, Chen Y P, Yang S Z, Wang L. and Wang
X G 2003 Phys. Rev. E 67 066408

Duan W S, Wan G X, Wang X Y and Lin M M 2004 Phys.
Plasmas 11 4408

Huang G X 2001 Chin. Phys. 10 523

Misawa T, Ohno N, Asano K, Sawai M, Takamura S and
Kaw P K 2001 Phys. Rev. Lett. 86 1219

Wang X G, Bhattacharjee A and Hu S 2001 Phys. Rev.
Lett. 86 2569

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22

(23]
[24]

(25]
[26]
27]

019401-7

Wang X G, Liu Y, Bhattacharjee A and Hu S 2001 Thin
Solid Films 390 228

Nunomura S, Goree J, Hu S, Wang X, Bhattacharjee A
and Avinash K 2002 Phys. Rev. Lett. 89 035001

Duan W S and Lin M M 2006 Chaos, Solitons and Frac-
tals 28 1212

Kalman G, Rosenberg M and DeWitt H E 2000 Phys. Rev.
Lett. 84 6030

Duan W S, Parkes J and Lin M M 2005 Phys. Plasmas
12 022106

Nunomura S, Goree J, Hu S, Wang X and Bhattacharjee
A 2002 Phys. Rev. E 65 066402

Li S C, Wu L H, Lin M M and Duan W S 2007 Chin.
Phys. Lett. 24 2312

Huang G X, Velarde M G and Makarov V' A 2001 Phys.
Rev. A 64 013617

Han J N, Li S C, Yang X X and Duan W S 2008 FEur.
Phys. J. D 47 197

Su C H and Mirie R M 1980 J. Fluid. Mech. 98 509
Jeffery A and Kawahawa T 1982 Asymptotic Methods in
Nonlinear Wave Theory (London: Pitman) p9

Huang G X and Velarde M G 1996 Phys. Rev. E 53 2988
Taniuti T and Wei C C 1968 J. Phys. Soc. Jpn. 24 941
Kakutani T, Ono H, Taniuti T and Wei C C 1968 J. Phys.
Soc. Jpn. 24 1159



