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A statistical RCL interconnect delay model taking
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As the feature size of the CMOS integrated circuit continues to shrink, process variations have become a key factor

affecting the interconnect performance. Based on the equivalent Elmore model and the use of the polynomial chaos

theory and the Galerkin method, we propose a linear statistical RCL interconnect delay model, taking into account

process variations by successive application of the linear approximation method. Based on a variety of nano-CMOS

process parameters, HSPICE simulation results show that the maximum error of the proposed model is less than 3.5%.

The proposed model is simple, of high precision, and can be used in the analysis and design of nanometer integrated

circuit interconnect systems.
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1. Introduction

With complementary metal-oxide semiconductor
(CMOS) integrated circuits shrinking to the nanome-
ter scale, the impact of process variation on integrated
circuit design and manufacture has become critical.
Process variations with a random nature will directly
result in changes in the physical structure of inte-
grated circuits, thereby affecting their performance.
Relevant research has become a hot spot of integrated
circuit design and verification.[1−4]

In nano-scale integrated circuits, interconnect de-
lay has become one of the key parameters in high-
performance chip design. In order to accurately es-
timate the interconnect delay, many researchers have
proposed a variety of models.[5−9] Among them, the
Elmore model[8] has been the mainstream model to
estimate interconnect delay in the industry because of
its simple form, but it does not consider the inductive
effect. Based on the important influence of the in-
ductive effect, Ref. [9] proposed an equivalent Elmore
model taking into account the inductance effect by ap-
plication of the same approximation method used in
the Elmore model. However, with the rapid develop-
ment of semiconductor technology, process variations
will give rise to great effects on the interconnect delay
which cannot be ignored.[10] The literature above con-

tains errors as a result of not considering process vari-
ations. Therefore, we should amend the existing delay
models to make them applicable to today’s nano-scale
integrated circuit design.

In order to correctly estimate the impact of
process variations on interconnect delay, this paper
presents a linear statistical RCL interconnect delay
model taking into account process variations. We first
introduce polynomial chaos theory and the Galerkin
method. Then, based on the equivalent Elmore model,
we propose an RCL delay analytical model taking into
account process variations using the successive linear
approximation method. Finally we apply HSPICE to
verified the proposed model.

2. Polynomial chaos theory and

the Galerkin method

2.1.Polynomial chaos theory

Here we suppose that z = {z1, z2, . . . , zN} are un-
related variables with mean 0 and F (z) is a function
of z. At the same time, we suppose that F (z) is a sec-
ond order random process, i.e., it has a finite variance
w.r.t z. This is certainly true for all practical intercon-
nect systems. Based on polynomial chaos theory,[11,12]
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we can expand function F (z) as a series in orthogonal
polynomials Γn (z) as follows:

F (z) =
∞∑

n=0

FnΓn (z) . (1)

Reference [11] has proved the methods and con-
vergence of this technology. The orthogonal property
implies

E (Γi (z)Γj (z)) =
∫

D

Γi (z)Γj (z)pdf (z) dz

=





0 if i 6= j;

1 if i = j;
(2)

where D is the range of the variation of z and pdf (z)
is the probability density function of the variable z.
It is noteworthy to point out that {Γn (z)} consti-
tutes an orthogonal basis for an infinite dimensional
Hilbert space, so for a fixed z = {z1, z2, . . . , zN}, func-
tion F (z) is a point in the infinite dimensional Hilbert
space with orthogonal basis {Γn (z)}. There exist dif-
ferent orthogonal polynomials for different distribu-
tions of the random variables. If z = {z1, z2, . . . , zN}
is in unrelated standard normal distribution, the or-
thogonal polynomials are Hermite polynomials[12]

Hp

({za1 , za2 , . . . , zap
})

= (−1)p e
1
2 zTz ∂p

∂za1∂za2 . . . ∂zap

e
1
2 zTz, (3)

where {zai} is any set of p variables chosen from
the set {z1, z2, . . . , zN} with repetitions. Since p

variables can be chosen from a set of N variables
in (p + n− 1)!/p! (n− 1)! ways, the number of Her-
mite polynomials of exact degree p is given by
(p + n− 1)!/p! (n− 1)!. By calculating, we can ob-
tain that the zero-order and first-order Hermite poly-
nomials for z = {z1, z2, . . . , zN} are H0 ({}) = 1
and H1 (zi) = zi respectively. Thus, when z =
{z1, z2, . . . , zN} is the unrelated standard normal dis-
tribution, F (z) is a point in the infinite-dimensional

Hilbert space, and its zero-order and first order or-
thogonal bases are 1 and zi (1 ≤ i ≤ N) respectively.

2.2.The Galerkin method

From the above, we can see that for fixed z =
{z1, z2, . . . , zN}, function F (z) is a point in the
infinite-dimensional Hilbert space. For practical com-
putation purposes, the infinite series expansion in
Eq. (1) needs to be projected onto a finite-dimensional
Hilbert space, i.e. a truncated one. Then it will cause
a truncation error. In order to minimise the error, we
can apply the Galerkin method.[11]

In practice, we often use the standard normal dis-
tribution to model the variable and hope the function
F (z) is a linear analytical model. So in this paper, we
assume z = {z1, z2, . . . , zN} to be the unrelated stan-
dard normal distribution, and map F (z) to a linear
approximation model

F (z) ≈ F0 +
N∑

j=1

Fjzj . (4)

The truncation error ∆z is

∆z = F (z)−

F0 +

N∑

j=1

Fjzj


 . (5)

We use the Galerkin method[11,12] to obtain the
coefficients, which essentially states that the trunca-
tion error is minimised when the error ∆z is orthogo-
nal to the truncation expansion itself.

In other words, when the truncation error ∆z is
orthogonal to the linear expression F (z), the trun-
cation error ∆z is minimised. The orthogonal prop-
erty is defined in this case as E (∆z · Γi) = 0, where
Γi = {1, z1, z2, . . . , zN} in our case. We thus have a set
of N +1 equations with N +1 unknown variables. For
example, the first equation is given by E (∆z · 1) = 0,
where

E (∆z · 1) =
∫ +∞

−∞
. . .

∫ +∞

−∞
∆z · pdf (z)dz1 . . .dzN

=
∫ +∞

−∞
. . .

∫ +∞

−∞
∆z · exp

(
−0.5

N∑
0

z2
j

)
dz1 . . .dzN

=
∫ +∞

−∞
. . .

∫ +∞

−∞
F (z) · pdf (z)dz1 . . .dzN − F0. (6)
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We can obtain the concrete form of Fi

(1 ≤ i ≤ N) by solving the equations. Substituting
Fi into Eq. (4), we obtain the linear approximation
expression of F (z). The expression is simple in form
and can accurately approximate F (z).

From the above we can see that, when z =
{z1, z2, . . . , zN} is the unrelated standard normal dis-
tribution, F (z) is a point in the infinite-dimensional
Hilbert space. By applying the Galerkin method,
we can map function F (z) to the finite-dimensional
Hilbert space and obtain a linear approximation func-
tion, which is simple and can accurately approximate
function F (z).

3. Interconnection parameters

taking into account process

variations

3.1.The linear approximation model of

interconnection parameters taking

into account process variations

Any interconnect size fluctuations will affect the
parasitic parameters, leading to interconnect delay
fluctuations. The impact of process variations on the
shape of the interconnection lines is shown in Fig. 1.

In order to model the impact of variability on wire
delay, we need to capture the effect of geometric vari-
ations on the electrical parameters. The change in
electrical parameters due to variations in geometric
dimensions can be captured by the simple linear ap-
proximation equation[13]





R = Rnom + a1∆W + a2∆T,

C = Cnom + b1∆W + b2∆T + b3∆H,

L = Lnom + c1∆W + c2∆T.

(7)

Here, R, C, and L represent respectively the total in-
terconnect resistance per unit length, the total capac-
itance, and the total inductance taking into account
process variations. Rnom, Cnom, and Lnom represent
nominal resistance, capacitance, and inductance val-
ues, computed when the wire dimensions are at their
nominal or typical values ∆W , ∆T , and ∆H represent
the change in metal width, metal thickness, and insu-
lated medium thickness respectively. Also, ai, bi, and
ci are the model coefficients in the linear model. For
simplicity, this paper assumes that ∆W , ∆T , and ∆H

obey the unrelated standard normal distribution. For
the general normal distribution X ∼ N

(
µ, σ2

)
, we can

carry out the transformation (X − µ)/σ ∼ N (0, 1),
and then we can have the standard normal distribu-
tion.

Fig. 1. Interconnection changes caused by process variations.

We can calculate the model parameters ai, bi, and ci through application of the interconnect empirical
parasitic model. As shown by the middle line surrounded by two lines in Fig. 1, the line resistance, capacitance,
and inductance per unit length can be expressed using the following equations[14,15]

R = ρeff
1

WT
, (8)

Cg

εox
=

(
2W

H

)
+ 4.08

(
T

T + 4.53411H

)0.071 (
S

S + 0.5355H

)1.773

, (9)

Cc

εox
= 1.4116

T

S
exp

(
− 4S

S + 8.014H

)

+ 2.3704
(

W

W + 0.3078S

)0.25724 (
H

H + 8.961S

)0.25724

exp
(
− 2S

S + 6H

)
, (10)

Lself =
µ0

2π

[
ln

(
2l

W + T

)
+

1
2

+ 0.2235
(

W + T

l

)]
, l >> (W + T ) ; (11)
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Lmut =
µ0

2π

[
ln

(
2l

S

)
− 1 +

S

l

]
, l > S; (12)

where Cg and Cc are respectively capacitance per unit
length between line to ground and line; Lself and Lmut

are respectively self and mutual inductances per unit
length; ρeff is the effective resistivity; εox is the ef-
fective dielectric constant; µ0 is the vacuum magnetic
permeability; W , S, T , H, and l are respectively line
width, line spacing, line thickness, dielectric thickness,
and length of the line. This interconnect empirical
parasitic model can accurately estimate the electrical
parameters for most materials.[14,15] As in real envi-
ronments, mutual capacitance and mutual inductance
of the interconnect have an important effect on delay,
therefore we consider the impact of mutual capaci-
tance and mutual inductance on the accuracy of the
estimate of interconnect performance. Therefore the
total capacitance and the total inductance per unit
length are[14]





C = Cg + 2Cc,

L = Lself + 2Lmut.
(13)

Combining Eqs. (8)–(13), the linear modeling co-
efficients ai, bi, and ci can be readily computed by
evaluating the partial derivatives at the nominal point.
In order to facilitate the establishment of this model,
we suppose that z = {z1, z2, z3} = {∆W,∆T, ∆H},
then the resistance, capacitance, and inductance ex-
pressions in terms of changes in physical dimensions
can now be written as





R = a0 +
3∑

i=1

aizi,

C = b0 +
3∑

i=1

bizi,

L = c0 +
3∑

i=1

cizi,

(14)

where




a0 = Rnom, a1 =
(

∂R

∂W

)

nom

,

a2 =
(

∂R

∂T

)

nom

, a3 = 0;

b0 = Cnom, b1 =
(

∂C

∂W

)

nom

,

b2 =
(

∂C

∂T

)

nom

∆T, b3 =
(

∂C

∂H

)

nom

;

c0 = Lnom, c1 =
(

∂L

∂W

)

nom

,

c2 =
(

∂L

∂T

)

nom

, c3 = 0

(15)

However, we point out that this formulation is not
critical to our approach and any linear models similar
to Eq. (14) can be used in our framework. We now dis-
cuss how these electrical parameters can be mapped
to the moments.

3.2.The linear approximation model of

moments taking into account pro-

cess variations

For the RCL interconnect tree shown in Fig. 2,
the moments of each node can be obtained using iter-
ative methods.

Fig. 2. RCL interconnect tree.

Here we are only interested in the first and second
moments. We can express them at node i as follows:[9]





mi
1 = −∑

k

CkRik,

mi
2 =

∑
k

∑
j

CkRikCjRkj−
∑
k

CkLik.
(16)

Among them, k is node ordinal number traversing
each capacitor in the circuit, Rki and Lki is the public
path resistance and inductance from the input to the
node i and k. By analysing Eq. (16), we observe that,
if we know the linear approximation function F (z),
we can obtain the linear approximation function of
moments, where

F (z) =


F10 +

3∑

j=1

F1jzj





F20 +

3∑

j=1

F2jzj


 . (17)

In the formula above, z = {z1, z2, z3} is the unre-
lated standard normal distribution. By applying the
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Galerkin method, we can obtain the linear approxi-
mation function of F (z)

F (z) = F30 +
3∑

j=1

F3jzj , (18)

where

F30 = F10F20 +
3∑

j=1

F1jF2j ,

F3j = F10F2j + F20F1j , (1 ≤ j ≤ 3) . (19)

In practice, users first give the specific expression
(16) based on the practical interconnect tree topol-
ogy. Then, combined with the linear approximation
equation (14) of interconnect parameters R, C and
L, we can obtain the linear approximation model of
moments taking into account process variations by ap-
plying the method of Eqs. (17)–(19) on Eq. (16).





mi
1 = mi

10 +
3∑

j=1

mi
1jzj ,

mi
2 = mi

20 +
3∑

j=1

mi
2jzj .

(20)

4. The statistical RCL intercon-

nect delay model taking into

account process variations

Among existing delay models, this paper chooses
the equivalent Elmore delay model to analyse the im-
pact of process variations on the delay. This model
is independent of the specific model of delay although
other analytical models can also be applied here. From
Ref. [9], we can have the delay model of nodes i in the
interconnection trees shown in Figure 2. In order to
apply successively the linear approximation method,
we express the analytical delay model as follows:

d = d1/ωn = (1.047d2 + 1.39ζ)/ωn

=
(
1.047e(ζ/0.85) + 1.39ζ

)
/ωn, (21)

where di = di0 +
3∑

j=1

dijzj , (1 ≤ i ≤ 2) is the linear

approximation expression of counterpart in Eq. (21),
and

ζ =
−m2

2
1

M1
=
−m2

2
1√

M2 −m2

=
−m2

2
1√

m2
1 −m2

, (22)

ωn =
1

M1
=

1√
M2 −m2

=
1√

m2
1 −m2

. (23)

In the equation above, m1 and m2 are respec-
tively the first moment mi

1 and the second moment
mi

2 of node i, of which the specific form is given by

Eq. (20). Mi = Mi (z) = Mi0 +
3∑

j=1

Mijzj , (1 ≤ i ≤ 2)

is the linear approximation expression of the counter-
part in Eqs. (22) and (23). Based on the Galerkin
method, we obtain

M20 =
3∑

j=0

m2
1j , M2j = 2m10m1j , (1 ≤ j ≤ 3) , (24)

M10 =

√√√√K0 −
√

K2
0 −

3∑
j=1

K2
j

√
2

,

M1i =
Ki

√
2

√√√√K0 −
√

K2
0 −

3∑
j=1

K2
j

, (1 ≤ i ≤ 3) , (25)

where Kj = M2j −m2j (1 ≤ j ≤ 3). Here we suppose
that the linear approximation expressions of ζ and ωn

are





ζ = ζ0 +
3∑

j=1

ζjzj ,

ωn = ωn0 +
3∑

j=1

ωnjzj .

(26)

Substituting Eqs. (24) and (25) into Eqs. (22) and (23)
and applying the Galerkin method, we obtain

ζ0 =
1
2

M10m20 −
3∑

j=1

M1jm2j

3∑
j=1

M2
1j −M2

10

,

ζj = −1
2

m2j

M10
− M1j

M10
ζ0, (1 ≤ j ≤ 3) ; (27)

ωn0 = − M11

3∑
j=1

M2
1j −M2

10

,

ωnj = −M1j

M10
ωn0, (1 ≤ j ≤ 3) . (28)

Here we substitute Eqs. (26)–(28) into Eq. (21)
and apply the Galerkin method, to obtain

d20 = exp


ζ0/0.85 +

3∑

j=1

(ζj/0.85)2/4


 ,

d2j =
1
2
d20 (ζj/0.85) , (1 ≤ j ≤ 3) ; (29)

d1j = 1.047d2j + 1.39ζj , (0 ≤ j ≤ 3) . (30)
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We suppose that the linear approximation expres-
sion of delay d, taking into account process variations,
is

d = d00 +
3∑

j=1

d0jzj . (31)

Using the Galerkin method, we can obtain

d00 =

3∑
j=1

d1jωnj − d10ωn0

3∑
j=1

ω2
nj − ω2

n0

,

d0j =
d1j

ωn0
− ωnj

ωn0
d0, (0 ≤ j ≤ 3) . (32)

Substituting z = {z1, z2, z3} = {∆W,∆T, ∆H} in
Eq. (31), and taking into account process variations,
we obtain the RCL statistical delay model

d = d00 + d01∆W + d02∆T + d03∆H. (33)

By observing Eq. (33), we can see that this model is
simple in form and can be used in analysis of the im-
pact of process variations on delay. Because ∆W , ∆T ,
and ∆H are the standard normal distribution and d is
the linear function of ∆W , ∆T , and ∆H, d is a normal
distribution and its mean and standard deviations are
as follows:

µ (d) = d00, (34)

σ (d) =

√√√√
3∑

j=1

d2
0j . (35)

This paper transfers nonlinear resistors, capac-
itors, and inductors to linear form through succes-
sive application of the linear approximation method,
and then we obtain the linear analytical delay model,
which is simple in form. In order to verify the correct-
ness of this model, we apply the distributed RCLG
model to simulate the actual non-linear interconnect
performance, and compare this model with HSPICE

simulation results. As shown in Fig. 3, we take the
node 4 as the analysis object. In order to fully con-
sider the inductance effects, we use a step input. Table
1 lists the global interconnect parameters in the dif-
ferent process points.

Fig. 3. Global interconnect tree structure (in units of

µm).

To illustrate the significant impact of mutual ca-
pacitance and mutual inductance on the delay, Table
2 lists the HSPICE simulation delay results of three
different cases in the three processes. From Table 2,
we can see that mutual capacitance and mutual in-
ductance have an important influence on interconnect
delay. If we ignore the role of mutual capacitance and
mutual inductance, we will produce large errors which
cannot be ignored. At the same time, to validate the
model, we use the parameters listed in Table 1. Ac-
cording to international practice, we use a Gaussian
distribution to model the process variations. We con-
sider 3σ variations in 30% of the nominal values for
each process variable and assume that the variables
are independent of each other. We carry out 10000
times Monte–Carlo analysis and measure the 50% de-
lay time.

Table 1. Global interconnect process parameters.[16]

tech. node/nm 45 32 22

width/nm 67.5 48 33

line thickness/nm 162 120 85.8

dielectric thickness/nm 148.5 110.4 79.2

effective conductor resistivity/µΩ·cm 3.10 3.52 4.20

effective dielectric constant 2.6–2.9 2.4–2.8 2.1–2.5
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Table 2. HSPICE simulation results under three different conditions.

tech.
delay/ns

delay without
error/%

delay without
error/%

node/nm mutual capacitance/ns mutual inductance/ns

22 3736.3 712.3 –80.9 3344.0 –10.5

32 1692.3 347.5 –79.5 1501.1 –11.3

45 808.3 177.6 –78.0 721.8 –10.7

Figures 4–6 show respectively the measured de-
lay distribution from the HSPICE simulation and the
probability density function of this model during the
three different processes. From Figs. 4–6, we can see
that this model can accurately simulate the delay dis-
tribution taking into account process variations. Table
3 lists the mean and standard deviations of this model
and the HSPICE simulation results in three different
nano-scale processes. From Table 3 we can see that
this model has high precision and the average error
when comparing to HSPICE simulation results is less
than 3.5%. Therefore, in circuit analysis and design,
users can apply this model to estimate the impact of
process variations on delay.

Fig. 4. Comparison between this model and HSPICE in

22 nm process.

Fig. 5. Comparison between this model and HSPICE in

32 nm process.

Fig. 6. Comparison between this model and HSPICE in

45 nm process.

Table 3. Comparison between this model and HSPICE in the three kinds of process.

tech. node/nm
µ/ns σ/ns

this model HSPICE error/% this model HSPICE error/%

22 3782.8 3736.3 1.24 134.1 138.7 –3.35

32 1642.6 1692.3 –2.94 63.7 65.3 –2.38

45 784.0 808.3 –3.01 31.2 32.3 –3.44

It is worth pointing out that this model is based on the equivalent Elmore delay model, but is independent of
the specific form of delay model. When the device size is small, the interconnection parameters show distribution
effects and the equivalent Elmore delay model cannot accurately estimate interconnect delay, but the user can
successively apply the linear approximation method of this model on the distributed RCL delay model to obtain
a more accurate statistical model taking into account process variations.
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5. Conclusion

Based on the significant impact of process variations on interconnect performance, this paper presents a
linear statistical RCL interconnect delay model which takes into consideration process variations. We first
introduce polynomial chaos theory and the Galerkin method. Then, based on the equivalent Elmore delay
model and the use of polynomial chaos theory as well as the Galerkin method, we propose a linear statistical
RCL interconnect delay model taking into account process variations and successively applying the linear
approximation method. HSPICE simulation results validate that the model has higher accuracy. The model is
simple and has high precision, and can be used in integrated circuit interconnect system design.
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