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1. Introduction

The effect of the orbital degree of freedom on the
properties of transition-metal oxides (TMO) has been
intensively studied over the past several decades. Nu-
merous investigations have indicated that it plays an
extremely important role in these materials.! =3/ In
particular, the multi-orbital nature of the electronic
structure of iron pnictides, which were recently found

[4=9 has

to be superconducting at low temperatures,
been of particular interest to physicists working in this
field.[10=15] Consequently, investigating the interplay
between the orbital degree of freedom and the corre-
lation of electrons has become a very active and pro-
ductive research field in condensed matter physics.
The quantum compass model is one of the sim-
plest models originally introduced to describe Mott
insulators with orbital degeneracy.'617) Tt can be
thought of as a simplified version of the more realistic
120°,1'") in which the two nearly degenerate e, orbitals
are represented by pseudo-spin operators. These op-
erators satisfy the same commutation relations as con-
ventional spin operators. However, despite their ap-
parent resemblance to ordinary spin models, such as
the Heisenberg model, there is actually a very impor-
tant difference: due to the spatial anisotropy of the
3d orbitals, interaction among electrons is intrinsically
frustrated. More specifically, the superexchange inter-
actions between the pseudo-spin operators in both the
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120° or the compass model are highly orientation de-
pendent. Consequently, they do not possess continu-
ous SU(2) pseudospin symmetry, whereas the Heisen-
berg model does. Therefore, the well-known Mermin—
Wagner theorem is not applicable. In other words, the
quantum fluctuations in the one- or two-dimensional
quantum compass model may not be strong enough to
completely destroy the orbital orderings. Instead, the
competition between the interactions in different lat-
tice directions could possibly lead to the appearance
of the directional ordering!'® and the dimension re-
duction phenomenon.['?! Naturally, these possibilities
have attracted the attention of many physicists and
are under vigorous discussion.!?°=24 In particlular to
obtain a deeper understanding of the quantum com-
pass model, Brzezicki et al.*® introduced their one-
dimensional version. In the one-dimensional version,
this model can be exactly solved. Later, this model
was also studied by applying different methods.[26—30]
Many illuminating conclusions have been established.
In particular, one finds that the quantum fluctua-
tions caused by the frustrating interaction between
the pseudo-spin operators leads to the so-called ‘order
from disorder’ mechanism, which eliminates the high
degeneracy of the ground state and makes the exis-
tence of directional ordering possible in this model.
Compared with the one-dimensional quantum
compass model, the two-dimensional one is not well

known. In fact, most of our knowledge of this
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system was derived by investigating its classical
counterpart.['®31 Interestingly, besides its usefulness
in uncovering the effect of the orbital degree of free-
dom in transition-metal oxides, the two-dimensional
quantum compass model may also have some practi-
cal applications. For example, physicists have conjec-
tured that the model could possibly be used to gener-
ate protected qubits and, therefore, may be applied to
quantum computation.®?] For a physical realization
of the quantum compass model, they proposed that
superconducting Josephson junction arrays should be
considered.[?3] This idea was further elaborated by
Nussinov and Fradkin,®¥ who showed that the two-
dimensional quantum compass model is indeed dual
to plaquette p + ip superconducting arrays.

In order to realize such a proposal, a necessary re-
quirement for the two-dimensional compass model is
that the degeneracy of its ground state is exactly two-
fold. Based on the symmetry principle found in quan-
tum mechanics,®?! the authors of Ref. [32] claimed
that this condition was satisfied. However, by care-
fully analyzing their arguments, one can easily see that
this claim is not accurate. In fact, the authors only
proved that the degeneracy of the ground state can-
not be less than two in the two-dimensional quantum
compass model. To show that this degeneracy is not
greater than two, more delicate analysis is needed.

In a recent work, we studied again the quan-
tum phase transition in the one-dimensional quan-
tum compass model.[20] To do this, we developed an
approach that combined the Perron—Frébenius theo-
rem in matrix theory®! with the reflection positiv-
ity method introduced by Dyson, Lieb and Simon.!3”]
More importantly, the same method can easily be ap-
plied to discover the properties of the two-dimensional
quantum compass model. In a recent work,?8! using
this method we proved that degeneracy of the global
ground state of the model cannot be larger than two.
Therefore, the ground state of the two-dimensional
quantum compass model is indeed equal to two, as re-
quired by the proposal for its application in quantum
computation. Furthermore, we are able to determine
the structure of the global ground state of the system
and show the existence of directional ordering in this
system.

The natural question which then arises is: what
happens if a magnetic field, which can be either uni-
form or staggering, is imposed on the system?[8] It
is apparent that for the quantum compass model it-
self, this problem may have no practical meaning be-
cause the model only describes the dynamics of the

electronic orbital degree of freedom. However, if the
model represents a superconducting Josephson junc-
tion array as suggested in Ref. [33], then an intrinsic
magnetic field dramatically changes the properties of
the system. In this case, the method which we in-
troduced in our previous work may no longer be ap-
plicable. Indeed, we find that this approach fails for
some cases, such as where the magnetic field is perpen-
dicular to the XY plane and uniform. Consequently,
one has to develop other techniques to cope with it.
However, when the magnetic field is staggered and im-
posed in either the X- or the Y-direction, our method
can be still applied; although the symmetry argument
used in Ref. [32] is broken. The directional ordering in
the ground state of the system is therefore preserved
in this case. We shall give rigorous proof of this state-
ment.

This paper is organized as follows. In Section 2,
we introduce the two-dimensional quantum compass
model in a transversely staggered magnetic field and
discuss its symmetries. In Section 3, we explore the
ground-state properties of the two-dimensional quan-
tum compass model by applying the Perron—Frobenius
theorem and the reflection positivity method. In Sec-
tion 4, we summarize our main conclusions. Finally,
in the Appendix of this paper, we prove an important
lemma which is used in Section 4.

2. Two-dimensional quantum

compass model in a trans-

versely staggered magnetic

field

Take a two-dimensional square lattice A with
Ny = L x L sites. For technical convenience, we shall
let L = 4m with m being an integer. The Hamilto-
nian of the quantum compass model in a transversely
staggered magnetic field can then be written as

H=J, Y TrTr+J, Y T'TY
(id)llea (i5)lley

+hZe(i)Tiy, (1)

where Tf and ’fzy represent the pseudospin operators
at site ¢. The Pauli matrices for these operators are
chosen on the assumption that only the e, orbitals
are active.1917l Tn Eq. (1), e, and e, denote the unit
vectors along the z- and the y-axis of lattice A, re-
spectively. Furthermore, Zuj)”% (Z<ij>”ey) repre-
sents the sum over pairs of nearest-neighbour sites
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which are connected by a bond (ij) in the z- (y-)
direction. Correspondingly, J, > 0 and J, > 0 are
the anisotropic superexchange coupling constants be-
tween the pseudospin operators. An important obser-
vation is that, in terms of J, and J,, the lattice A
is bipartite. In other words, it can be divided into
two separate sublattices, A and B, such that only the
pseudospin operators located at the lattice sites, which
belong to different sublattices, may be coupled by a
nonzero constant J, or J,. Moreover, the interaction
between the pseudospins and the transverse magnetic
field is represented by the third term on the right-hand
side of Hamiltonian (1). Here, h is the intensity of the
field and €(7) is the alternating function, which is de-
fined by €(i) = —1 for i € A and €(i) = 1 for i € B.
We would like to emphasize that the direction of the
magnetic field is technically arbitrary as long as it is
in the XY plane.

Obviously, Hamiltonian (1) lacks the conventional
SU(2) (pseudo)-spin symmetry. However, as observed
by the authors of Ref. [32], it enjoys some hidden sym-
metries. For instance, if we define ‘string’ operators
P; and Q; by

L L
b= Tlety) =147
j=1 j=1
X L L
Q; = H(2T;fi) = H Afm (2)
i=1 i=1

where indices j and ¢ are the z- and the y-component
of lattice site i, respectively, then it is easy to check
that they satisfy commutation relations

[]51'17 PZ2] - [lea sz] =0. (3)

Furthermore, when the staggered magnetic field is ab-
sent, these operators commute with the Hamiltonian.
However, operator 15z does not commute with Qj. As
a matter of fact, we have

[Py, Qj)* =4 (4)

for any pair of indices ¢ and j. Therefore, by the sym-
metry principle of quantum mechanics,®! each eigen-
state of Hamiltonian (1) is, at least, twofold degener-
ate.

After turning on the staggered magnetic field, one
would expect the symmetry of the system to be gener-
ally reduced. In fact, although operator P, still com-
mutes with the Hamiltonian, the other nonlocal oper-
ator Qj does not. Consequently, the above argument
fails. Moreover, we notice that in Hamiltonian (1), the

superexchange interactions between pseudospins are
orientation dependent. More precisely, if two nearest-
neighbour sites ¢ and j are connected by a bond along
the xz-axis of lattice A, then the coupling between the
pseudospins on these sites is given by the Ising-like in-
teraction Jmﬂwﬂﬂ% Similarly, the interaction will be
Jyjjiyjji?{i-ey
the y-axis of the lattice.

when the bond connecting them is along
Consequently, the Hamil-
tonian has built-in competition: while the first sum-
mation on the right-hand side of Eq. (1) favours an
Ising-type long-range order in the pseudospin-x direc-
tion, the second term, which is parallel to y-axis of
the lattice, stabilizes another Ising-type long-range or-
der in the pseudospin-y direction. Therefore, there is
‘dynamic’ frustration among the pseudospins, which
makes analysis of the quantum compass model very
difficult. In the following, by applying the method de-
veloped in Ref. [26], we shall explore the ground state
prosperities of this system.

3. Ground-state

the two-dimensional quantum

properties of

compass model

To begin, we introduce several unitary transfor-
mations. Under these transformations, we shall con-
vert Hamiltonian (1) into a form which possesses re-
flection positivity. 7]

We apply

0y = ] explin77), (5)
€A
which rotates each pseudospin on sublattice A by an
angle of m about T*-axis in the pseudospin space and
keeps the other pseudospins intact, to the Hamilto-
nian. Under this transformation, we have

UNT Ty = e()TF, UTYUL = e(i)TY.  (6)

Consequently, the coupling constants J, and J, in
Hamiltonian (1) change their signs and become neg-
ative. Such a change is required in order to use the
Perron-Frébenius theorem. 36!

We then introduce another unitary transforma-

~ T~
U2 = H eXp(— 1 §Tim)7 b (7)
€A

tion

which rotates all the pseudospin operators on lattice
A by the same angle of 7/2 about the T*-axis. With
both U; and Uy, Hamiltonian (1) is mapped into the
following equivalent form:

H = (U,U:) H(0,05)
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—Jy Z Tfj“f —Jy Z Tisz —h Z Tf holds for any pair of indices, 7; and iz, it is more con-

()]l e (ig)lley i venient to write the Hilbert space H as
T e
= = TF+ T )T +T;
4 %6.( I i) H=H@H2®...® Hy, (12)
—y <_%|: LTy - hZ T (8) where H; denotes the subspace spanned by the pseu-
ij) ey %

. dospin configurations on the lth chain parallel to e,.
We notice that both Hamiltonians H and H have the  In terms of this decomposition, each basis vector ¥,
same spectra. Therefore, as far as the low energy  has the form
spectrum of the system is concerned, we areAable to

concentrate on the transformed Hamiltonian H in the U, = QBQ{l QJZIQ aiw v
fOHOWing' = (bal (Ml) ® ¢042 (MQ) ®...® (baL (ML) (13)

Moreover, under these transformations, the non-
local operator Pj, which is defined in Eq. (2), now Eq. (13), ¢, (M;) represents a pseudospin configu-

reads . L ration in subspace H;. It is defined by

P i= H A;z (9)
=t ¢a,(Ml) = |TlZ1 =mi,
Clearly, it still corilmlites with the transformed Hamil- Ty =mua, .oy Ty = mup) (14)
tonian H, i.e., [P;, H] = 0. Therefore, each eigen-
state of ﬁ] is also an eigenstate of operator 1:51 forA any and is subject to the condition m; 1 +my2+.. . +my L =
1 < i < L. In other words, the value of each P; is M. In the above definition, 17y, and my j, denote the

a conserved quantity. This can easily be understood. pseudospin z-component operator and its value at site
We notice that the interaction along the e,-direction & of the [th chain parallel to e, respectively.

of the lattice in H commutes with all the operators Moreover, for any specific index [, H; can be fur-
TiZ_ Therefore, it does not affect ]52 On the other  ther decomposed into a direct sum of two smaller sub-
hand, each pseudospin-flipping interaction in Hamil-  spaces Hl(fl) and Hl(l), in which the nonlocal operator

tonian H along the z-axis changes the pseudo-spin P, takes on values +1, respectively. As we explained
number T% of the system by either 0 or 2. Conse-  above, these subspaces are not mixed up by the in-

quently, as a product of 67, in the ith chain parallel  teractions in Hamiltonian (8). Therefore, the total

to ey, P; remains invariant. As we now explain, this  Hilbert space H can be further decomposed as

observation can be used to convert the Hilbert space
of the system into a more manageable form, which H= 9 (H' ®HPE ®...@ H{*),  (15)
simplifies our analysis. B

For Hamiltonian (8), a natural basis for its Hilbert  where each integer I; is equal to —1 or 1. In other

space is given by words, the total Hilbert space H consists of numerous
| W) = |Tf =mq, T5=ma,..., subspaces. Each of these subspaces is characterized
TF =mi,... Th, =mn,) (10) by a specific sequence (I, I5, ...,I,) and the total

number of them is 2. Therefore, any eigenstate ¥y

with m; =1/2 or ~1/2. ObVIOBSIY’ these vectors are of Hamiltonian H must belong to a certain subspace

orthonormal. However, since P; commutes with the HW) — H{1®H52 Q... ®H£L7 which is characterized by

Hamiltonian and ) ) sequence (W) = (I, = IE“), I, = Iz(u)7 N II(JM))'
[P;,, Pi,]=0 (11)‘ As a result, the eigenstate ¥y can be written as
Uy = CMyMao Mg My My = [0 Ly = 10T = 1Y), (16)
(0117 A2y oeny OcL)
Here, @A M2, Mu(]) = If”)7 I, = 12(“), oI = IIE”)) is a basis vector in subspace H(") and C}1 Mz, -, M

denotes the corresponding expansion coefficient.
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With the above preparations, we are now ready to
state and prove our main results. First, we establish
the following fact.

Theorem 1 For each specific characterizing se-

quence (I, Is,...,I1,), the ground state of H in the

subspace

H(Iy, Iy, ..., L) =HI' @HP @ ... HI* (17)

is unique. .

Proof Hamiltonian H can be written into a ma-
trix I;'(Il, Is, ..., I1) in terms of the basis vectors
P Mz, - Mi of the subspace H(I1, Iz, ..., Ir). We
should emphasize that the boundary condition, which
is either open or periodic, imposed on the lattice A
will not change the main characteristics of the matrix,
although it may change their concrete forms. The ma-
trix ﬁ(ll, I, ..., I1,) has the following properties.

(i) Al the
H(L, I, ..
flipping interaction related to a bond along z-axis
of the lattice.
negative value of —J, /4.

off-diagonal  elements  of

., I1,) are produced by the pseudo-spin
Therefore, they are either zero or a
(ii) Furthermore, we notice that the subspace

H(Iy, Iz, ..
interaction in each chain [ along the e,-direction in

., I1) is related to the pseudospin flipping

the lattice. In other words, if we take two arbitrary
configurations ¥, and ¥s from the set of the basis

vectors defined by Eq. (13) and apply Hamiltonian H
sufficiently many times to ¥,, then another configura-
tion W3 will appear in the expansion of the new state
with a nonzero coefficient. In other words, we can find
an integer K such that

(HX (L, I, ..., I1))pa = <%|§K|%> £0. (18)

Therefore, ﬁ[([l, I, ..

For such a matrix,

., I1,) is irreducible.

the well-known Perron—
Frobenius theorem in matrix theory is applicable.[gf]
It shows that the lowest energy of the Hamiltonian H
in subspace H(Iy, Iz, ..., I1,) is nondegenerate. This
ends our proof of theorem 1. QED.

Theorem 1 has some interesting physical implica-
tions. First, according to the theorem, we see that
the degeneracy of the global ground state of H can-
not be larger than 2¥ because the total number of
., 1) is 2F. On the other hand,

when J;, = 0 and h = 0 the ground-state degener-

subspaces H(I1, Io, ..

acy of the system is exactly equal to 2% as the two-
dimensional compass model is now reduced to L in-
dependent Ising pseudospin chains. Naturally, as J,

and h increase, this degeneracy may be lifted. How-
ever, the low-energy spectrum still consists of these 2
low-lying states. It is quite unusual. Algebraically, for
the two-dimensional compass model defined on a finite
lattice A with N4 = L? sites, its Hilbert space is 9L?
dimensional. Therefore, one expects that its low-lying
spectrum will have roughly M = O(2L2) states. How-
ever, as shown above, this quantity is actually much
smaller than that expected for a pseudospin model in
one dimension. In this sense, the low energy spectrum
of the two-dimensional compass model is thought of as
being one-dimensional.[3?!

Next, we come to determine the global ground
state of the two-dimensional quantum compass model
among the 2% low-lying states. Then, we show that it
has a directional long-range order. For this purpose,
we Sh‘lel exploit the reflection positivity of Hamilto-
nian H. More specifically, we have the following the-
orem.

Theorem 2 The global ground state of Hamil-
tonian H is, at most, two-fold degenerate. More-

over, it coincides with one of the ground states of H
in the most homogeneous subspaces: H, = H([; =
—].7 I2 :—1, ey IL = —1) andHeE'H(Il = 1, .[2 =
1, ..., I, =1).

Before proceeding to the proof of this theorem,
we should point out that theorem 2 implies that the
global ground state must have a ‘fer}"omagnetic7 long-

range order of the ‘string’ operator ]Sl. In fact, by the
definition of H, or He, we have I,,,I,, = 1 for any pair
of indices I,,, and I, in their characterizing sequences,
r:aspectively. In other words, for any eigenstate @,, of

H in these subspaces, relation
(D] PP &) = 1 (19)

holds true. In particular, it indicates that the global
ground state ¥, of H supports a long-range order of

operator ]51, according to Yang.[*?! Indeed, if we in-
troduce the Fourier transform

}g(q) = %Zﬁl exp(—igl) (20)
1

with ¢ = 2%n, n = 0,£1,£2, ..., then we have

(0ol P (0)P(0) o)
= L S|P W)

— %ZZ<470|ImIn|%> =L. (21)
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In other words, the correlation function of P, at mo-
mentum ¢ = 0 in the global ground state ¥, is an
extensive quantity, i.e., it is proportional (equal) to
the number of these operators. Therefore, as Yang

proposed in Ref. [39], we have the following corollary.

Corollary The ground state of Hamiltonian H
has a long-rang order of ]317 which is directional along
the e, -axis of the lattice, at momentum ¢ = 0.

By using the inverse transformations of Uy and
U, defined in Eqs. (5) and (7), the Hamiltonian H
is mapped back onto Hamiltonian (1), which repre-
sents the original two-dimensional quantum compass
model. In the meantime, the nonlocal operator Py is
mapped onto its counterpart P,. Unlike ﬁl, by its def-
inition (2), P is a product of operators 67, in the [th
chain along the e,-direction. Therefore, by Eq. (21),
we conclude that the global ground state of the two-
dimensional quantum compass model in a transversely
staggered magnetic field has a directional long-range
order of ]51, which is string-like and, therefore, nonlo-
cal.

We shall now prove theorem 2.

Proof of theorem 2 For convenience, we first
We shall de-
,I1,) as being in-

introduce some useful terminologies.

scribe a subspace HW (I, I, ...

homogeneous if the integers Ii(” )

in its characterizing
sequence are not completely identical. By this defini-
tion, for an inhomogeneous subspace, there must be
at least one pair of neighbouring indices I'*) and I fﬁ)l,

which are different, in its characterizing sequence. In

1, 16)

by a ‘bad’ super-bond. Furthermore, one subspace

this case, we say that the pair ( ) is connected
H() is more inhomogeneous than another subspace,
H®) | if the former has more bad super-bonds. In par-
ticular, subspaces H, and H, are the most homoge-
neous since they do not have any bad super-bonds.

With these definitions, theorem 2 becomes a
corollary of the following lemma.

Lemma 1 Let Yy(a) be the nondegenerate

ground state of Hamiltonian H in an inhomogeneous
subspace H(® and Eéa) be its energy, and assume
that ¥p(a) is also a global ground state, then there
will be a more homogeneous subspace HP) | in which
the ground-state energy Eéﬁ ) of H satisfies the follow-
ing inequality:

E™ > EP. (22)

In other words, ¥y(0) is also a global ground state.
The proof of lemma 1 is standard but lengthy.
We shall present it in the Appendix of this paper for

readers’ convenience. By lemma 1, one can easily see
that the global ground state of Hamiltonian H must
coincide with its global ground state in the most ho-
mogeneous subspace H, or H.. Consequently, it can
be, at most, two-fold degenerate.

That ends our proof of theorem 2. QED.

Finally, we make a remark.

As we explain in Section 1, when magnetic field
h = 0, the statement of theorem 2 can be further
strengthened. In this case, the two-dimensional quan-
tum compass model has an additional hidden sym-
metry which is represented by the non-local operator
Qj defined in Eq. (2). They also commute with the
Hamiltonian but do not commute with P;. As a re-
sult, each eigenstate of the system must be, at least,
two-fold degenerate.?? Combining it with theorem 2,
which holds true for the cases of either h # 0 or h = 0,
we conclude that the global ground state of the system
is actually doubly degenerate at h = 0, as the authors
of Ref. [32] claim, although their argument is flawed.

After turning on the magnetic field, Qj is no
longer a conserved quantity. Therefore, we expect
that the degeneracy of the global ground state will
be lifted. Moreover,Asince the magnetic interaction
term in Hamiltonian H takes on a minimal value when
my = 1/2, it is probable that the global ground state
of the system will reside in the subspace H.. However,
at this point, we cannot rigorously prove this conjec-

ture.

4. Summary

In the present work, we investigate the low-energy
spectrum of the two-dimensional quantum compass
model in a transversely staggered magnetic field by
utilizing an approach based on the Perron—Frébenius
theorem and the reflection positivity method. First,
we map the original Hamiltonian H onto an equivalent
form H by applying two unitary transformations. Un-
like H , the transformed Hamiltonian enjoys so-called
reflection positivity.3”) Consequently, the method de-
veloped in our previous work[?¢! is used. Then, we
show first that the low-energy spectrum of the sys-
tem is actually one-dimensional, i.e., it consists only of
2L states. Furthermore, we also determine the global
ground state of the two-dimensional quantum compass
model and show that it has a directional long-range

order.
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Appendix: Proof of Lemma 1

In order to prove lemma 1, we take the following
strategy: First, we assume that the ground states of
Hamiltonian H in homogeneous subspaces H, and H,
are not global ones. There must then exist the lowest
eigenstate of the Hamiltonian in an inhomogeneous
subspace which has a minimal but nonzero number
of ‘bad’ super-bonds. However, by applying the re-
flection positivity method, we shall show that such a
number cannot exist. Consequently, lemma 1 must be
correct.

To begin with, we assume that ¥y(«a), the ground
state of Hamiltonian 151" in the inhomogeneous sub-
space H(®)_ is also a global ground state of the sys-
tem. Since H(® has a minimal but nonzero number
of ‘bad’ super-bonds, we can find one, say (i, i + 1)
with I; = —1 and I;1; = 1, in the characterizing se-
quence (Iy, Iy, ..., I) of H(®). For technical conve-
nience, we shall impose the periodic boundary condi-
tion on the lattice in the y-direction. Consequently,
when L = 4m, we can draw a perpendicular plane P
which cuts through the midpoints of the super-bond
(i,i41) and super-bond (¢',#'+1), which faces (i, i+1),
as shown in Fig. A1l. Obviously, this plane divides the
whole lattice A into two equal halves, A, and AR,
which we refer to as the right and left sublattices. We
should emphasize that the super-bond (¢/, i’ + 1) can
be either good or bad. It does not affect our pr(zof.

In terms of this division of A, Hamiltonian H can
be decomposed as

~ 2L AR

H=H +H -J, >,

(ig)€(i, i+1)
- Jy Z TiZT]"Zv
(ig)e(@, i'+1)

1717
(A1)

L ~R
and H represent the Hamiltonians, which

where I:?
are solely defined on sublattices Ay, and AR, respec-
tively. The rest of the terms denote the pseudospin
interactions across the dividing plane P: while the
third term is the sum over the lattice bonds (ij) be-
tween the ith and (i+1)th pseudospin chains in the z-
direction, the fourth term represents the sum over lat-
tice bonds between the i'th and (i/ + 1)th pseudospin

Therefore, Hamiltonian (A1) is now in the
(37]

chains.

form required by the reflection positivity method.

Fig. Al. Plane P perpendicular to e, divides lattice A
into two equal halves Ay, and AR, bisecting the super-bond
(¢, i+ 1) and the opposite bond (¢’, i’ +1). Solid lines with
upper arrows denote I; = —1 while dash lines with lower
arrows refer to I; = 1.

Correspondingly, we are able to write the wave
function of Wy(«) in the following form:

Po(a) = Y Wn(@)¥h, @ 6. (A2)

Here, {¢)%} and {¢}} are the pseudospin configura-
tions on the left sublattice Ay, and the right sublattice
AR, respectively. The direct product of these configu-
rations yields a complete basis for the subspace H(®).
{Winn(a)} are the expansion coefficients of ¥p(«) in
terms of this basis. Furthermore, by taking m for the
row index and n for the column index, we can write
{Winn(@)} into a matrix W(a). In general, it is not a
square matrix.

For definiteness, we assume that matrix W(«) has
more rows than columns. To deal with such a non-
square matrix, we shall use the singular polar decom-
position theorem found in matrix theory.[*?) Accord-
ing to this theorem, there are three matrices Uyy(q),
Vw(a) and Ayy (o) such that

W(a) = Vina) Awa) Uw(a) (A3)

holds. Moreover, V)y () is a non-square matrix with
orthonormal columns and Uyy(,) is a unitary matrix.
In addition, Ayy(,) is a square diagonal matrix with
elements A;(a) > 0. Consequently, the wave function
of ¥y(«r) can be written in a much simpler form

Uo(a) = D M(@)ék ® X1 (A4)
k

where f,]; and Xl,z“ are respectively given by
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gl% = Z(VW(Q))mkva;m

m

X/cR = Z(UW(a))k:nqp}}

n

(A5)

Since Uyy(q) is unitary and the columns of Vyy(,) are

orthonormal, the transformed sets of vectors {¢}} and

{x}}} are orthonormal, too. Furthermore, we have
(Wo(a)| Po(a)) = TIW! (@)W (a)

|

Eo(a) =( (o) H| To(a

_Jy

> Z%

(ij)€(i, i+1) k1, k2

2. D e

(igye(i, i'+1) k1, k2

*Jy

=2k

=3 X(a) =

k

(A6)

because the ground state ¥o(«) is normalized.

With the simple form (A6) for the ground-state
wave function, we now calculate its energy EAo(a) by
taking the expectation value of Hamiltonian H in the
state. We have

. AR
(E61H 168) + (R TH 1))

) Ak, ( <§k2|TZ|£k1><Xk2‘TZ|Xk1>

Q) Ak, (@ <fk2 \TZ |§k1 ) <Xk2 |Tz |Xk1> (A7)

In the following, we shall drop superscripts L and R in Eq. (A7), to avoid confusion.

Since J, > 0, we can obtain a lower bound to Ey(a) by applying inequality

lab] <

(|a|2 +[b)

(A8)

to each term in the last two summations of Eq. (A7). A little algebra yields

Eo(0) > 3 Nl{ed 1)
k

Jy
)
(i) € (4, i+1) k1, k2

>

(if) (@, &' +1) k1, k2

Jy
2

The right-hand side of Eq. (A9) can be further sim-
plified by introducing wave functions

- Yoo
zAk

where &, and X, are the complex conjugates of & and

a)&x ®§ka

a)Xf ® Xis (A10)

Xk, respectively. In terms of ¥; and Ws, inequality
(A9) has a more compact form

Eola) > (W |0 + (| H|W5). (A1)

An important observation is that, by its defini-
tion, ¥ belongs to a subspace H(?), which is, in gen-
eral, different from the original inhomogeneous sub-
space H(®) . As does Wy, which is in another subspace
HO.

for example H(?)| is strictly less inhomogeneous than

Furthermore, at least one of these subspaces,

the original subspace H(®). To make this point more

+(nlH 6] +
Z Aky Ak [(Skz |T;Z|§k1><§k2 |Ti2|§k1> +

Z Aoy Ak ngz |Tzz |£k1 > <€k2 |le |§k1> +

& S Ml0u Hle) + bl )
k
<Xk2 |T]"Z ‘Xk1><xk2 |TjZ|Xk1>]

<Xk2|Tj?|Xk1><Xk2‘12;|Xk1>]‘ (Ag)

clear, we carefully study the characterizing sequence of
H) . Constructing wave function ¥y, this sequence is
determined by the following rule: if the characterizing
sequence (I(a) I(a) I(a)) of subspace H(*) is

partially given by ( z(-s-)la IZ(CQQ, ...... ,Ii(a)) on sublat-
tice Ay, and ( P ), IZ.(,O‘_)17 ...... ,Il(i)l) on AR as shown

in Fig. Al, then the characterizing sequence of H(?)
is determined by

o B o
1O =), =18, ... 1P =11,
1 = R, ... .1 = RU(T)). (A12)

where R(Ii(a)) represents the mapping of integer Ii(a)

by reflection in plane P. That is due to the fact that
the wave function ¥y, which is in the subspace H?), is
an expansion of basis vectors {¢X(3) ®E§(6)}. There-
fore, a basis of H(®) is actually given by all the direct
products of a configuration £}(3) on the left sublat-
tice and the complex conjugate of its reflected image
by plane P on the right sublattice.
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Similarly, the characterizing sequence of subspace
H) is in the form

I('Y) :(R(Ifa))’ ...... ,R(Ii(/o_fl)a
R(Ii(/a))’ Ii(la)v Ii(’o-217 """ ’Iz(a)) <A13)

Naturally, by the above construction, super-bonds
(i, i+ 1) and (i', ' 4+ 1) are no longer bad in either se-
quence I¥) or I, Therefore, one of subspaces H )
and H) must be strictly less inhomogeneous than the
original subspace H ().

Keeping these facts in mind, we can further sim-
plify inequality (A11) by the variational principle. We
have

Eofa) > 5Eo(B) + 3Fo(),  (AL4)

1

3
where Ey(f) and Ep () are the ground-state energies
of Hamiltonian H in the subspaces H? and H), re-
spectively. Therefore, one of them must be less than
or equal to Ep(a) = Ep, the global ground-state en-
ergy of the system. Otherwise, inequality (A14) can-
not hold. Now, if we can show that the corresponding
subspace is also strictly less inhomogeneous than H(®) |

then lemma 1 is proven.
As mentioned above, by their construction, one
of subspaces H® and H() is already known to be
strictly less inhomogeneous than H(®). As a result, if

another one is also strictly less inhomogeneous than
H(®), then we reach lemma 1 without doing anything
more. Therefore, we need only to consider a case in
which the second subspace, say H(?), is more inhomo-
geneous than H(Aa). However, in this case, the ground-
state energy of H in H™) must be larger than or equal
to the global ground-state energy Ey. This is due to
the fact that by its very definition, subspace H(®) is
the least inhomogeneous and has a ground state which
also coincides with the global ground state of the sys-
tem. Consequently, we conclude that Ey(5) must be
less than or equal to Ey(a) = Ey. Otherwise, inequal-
ity (A14) cannot hold.

In fact, Eq. (A1l4) can be further strengthened,
i.e., it is actually strict. As shown in the appendix
of Ref. [41], inequality (A11), which leads to inequal-
ity (A14), will become strict, if there exists a pair of
indices k7 and ko such that,

<£k2‘Tiz|£k1> # <Xk2|Tiz|Xk1> (A15)

holds for some lattice index 3. Copsidering the fact
that & and xj are eigenstates of P; and ﬁiﬂ with
eigenvalues I; = —1 and I;;; = 1, respectively, there
must be at least one pair of indices, k1 and k5, and one
operator, Tf, such that condition (A15) holds true.
That ends our proof of lemma 1. QED.
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