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Using mean-field theory, we have studied the effect of quantum transverse anisotropies with RKKY interaction on

the multi-layer transition and magnetic properties of the spin-1 Blume–Capel model of a system formed by two magnetic

multi-layer materials, of different thicknesses, separated by a non-magnetic spacer of thickness M . It is found that the

multilayer magnetic order–disorder transition temperature depends strongly on the value of the transverse anisotropy.

The multilayer transition temperature decreases when increasing the transverse anisotropy. Furthermore, there exists

a critical quantum transverse anisotropy ∆xL beyond which the separate transitions occur in the two magnetic layers.

The critical transverse anisotropy ∆xL decreases (increases) on increasing the non-magnetic spacer of thickness M (on

increasing the crystal field), and ∆xL undergoes oscillations as a function of the Fermi level.
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1. Introduction

In the last few years, with the development of the
artificial fabrication and its application to the growth
of thin films, a renewed interest has been aroused
in ferro-electric thin films both experimentally[1−4]

and theoretically,[5−11] because of their significance
in the fields of micro-electronic and opto-electronics.
A good candidate to describe the H-bonded ferro-
electric systems is generally believed to be the trans-
verse Ising model within the framework of the pseudo-
spin theory. The transverse Ising model was first
introduced by de Gennes[12] to describe the phase
transition of order–disorder type ferro-electrics. How-
ever, the magnetic properties of multi-layer have at-
tracted much attention due to novel properties lead-
ing to a range of applications including the possibil-
ity of spintronics-based devices. Furthermore, there
existed the different types of multi-layer, such as
Pd/Co, Fe/Si, and Fe/Cr, have been studied inten-
sively in the context of magnetic and transport pa-
rameters. In case of metallic multi-layers, a giant
magneto-resistance (GMR) effect[13] and oscillatory
exchange coupling[14] are observed after applying a
magnetic field which depends on the number and
thickness of the multi-layers. In multi-layer GMR
two or more ferro-magnetic layers are separated by

a very thin non-ferromagnetic spacer (e.g. Fe/Cr/Fe).
At certain thicknesses the Ruderman–Kittel–Kasuya–
Yosida (RKKY) coupling[15,16] between adjacent fer-
romagnetic layers with a crystal field becomes anti-
ferro-magnetic, making it energetically preferable for
the magnetizations of adjacent layers to align anti-
parallel.[17−24] Moreover, the layering transitions in
Ising thin film have been studied using a real spacer
renormalization group and the mean field theory.[25,26]

Recently, many theoretical works have studied the
effect of the transverse field without the RKKY in-
teraction and the non-magnetic thickness.[27−30] Fur-
thermore, the singe-ion anisotropy term has been in-
vestigated by various theoretical methods: molec-
ular field approximation,[31,32] high-density expan-
sion method,[33] finite cluster approximation,[34] and
effective field theory with differential pair opera-
tor technique,[35,36] linear chain approximation,[37]

constant coupling[38] and the renormalization group
technique.[39] However, the effect of the crystal field
with RKKY interaction on the multi-layer transition
without the quantum transverse anisotropy has been
studied in detail.[40] Our aim in this work is to study,
using mean-field theory, the effect of the quantum
transverse anisotropy on the multi-layer transition
with RKKY interaction and magnetic properties of
a spin-1 Blume–Capel model of a system formed by
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two magnetic multi-layer materials, of different thick-
nesses, separated by a non-magnetic spacer of thick-
ness M . The paper is organized as follows: In Section
2, we present the model and methods. Results and
discussion are given in Section 3 and Section 4 is re-
served for conclusion.

2. Model and method

Sandwiches and super-lattices of mag-
netic/nonmagnetic/magnetic materials have attracted
several theoretical and experimental studies because
of their technological applications. In this material
the coupling exchange undergoes an oscillation pe-
riod known as the RKKY interaction.[15] In the other
side, the transverse anisotropy is due in general to the
dislocation in Mn12 acetate crystals.[41] Indeed, its
existence is proved experimentally by the magnetiza-
tion measuremental in single-molecule magnets such
as [Mn12O12(O2CCH2CH2Cl)16(H2O)4] · CH2ClCH2

CO2H] known as Mn12 − PrCl.[42] To combine both
effects of quantum transverse anisotropy and RKKY
coupling on the magnetic properties of theses materi-
als, we consider a spin-1 ferromagnetic simple-cubic
lattice system formed by two magnetic blocs A and
B separated by a non-magnetic layer of thickness
M . The blocs A and B are formed by N1 and N2
magnetic layers respectively (see Fig. 1).

Fig. 1. A schematic illustration of the model.

The system is infinite and symmetric in the x and
y directions and of finite thickness in the z direction.
The Hamiltonian of this system is given by

H = −J
∑

<i,j>

SizSjz −
∑

<p,p′>

Jp,p′
∑

<i,j>′
SizSjz

−∆
∑

i

S2
iz −

∑

i

∆xiS
2
ix, (1)

where J is the bilinear exchange interaction, the first
sum runs over all pairs of nearest-neighbour sites of
the system.

∑
<p,p′>

means the summation over all pairs

of layers p (p ∈ bloc A) and p′ (p′ ∈ bloc B),
∑

<i,j>′

means the summation over axially (with the axis being
perpendicular to the non-magnetic layers) connected
pairs of sites i and j in layers p and p′, respectively,
see Fig. 1, and

∑
i

means the summation over all site

of blocs A and B. Jp,p′ is the ‘RKKY-like’ coupling,
across the non-magnetic layers, between the layers p

and p′, given by

Jp,p′ =
aJ0

(p− p′)2
cos(kF(p− p′)), (2)

where kF is the Fermi level, a is the lattice constant, J0

is a magnetic coupling constant,[15] ∆ is the longitu-
dinal crystal field, and ∆xi is the quantum transverse
anisotropy, which takes the value ∆xA on the bloc A

and ∆xB on the bloc B. For simplicity we assume
a = 1 and J0 = 1. Six and Siz are the spin-1 Pauli
matrices given by

Six =
1√
2




0 1 0

1 0 1

0 1 0


 ,

Siz =




1 0 0

0 0 0

0 0 −1


 .

Using the mean field approximation based on the
variation principle for free energy[43]

F exact ≤ F = Tr(ρ0H)

+
(

1
β

)
Tr(ρ0 log(ρ0H)), (3)

where F exact and F are the exact and approximate free
energies, respectively, and ρ0 is any trial density ma-
trix. The equality sign holds if ρ0 = e−βH/ Tr e−βH .
Tr, means the trace performed over all spin configu-
rations, and β = 1

kBT , kB is the Boltzmann constant,
and T is the absolute temperature. We minimize the
right-hand side of Eq. (3) for the most general density
matrix that is factored into single density matrices.
Hence, ρ0 = e−βH0/ Tr e−βH0 , where H0 is the mean
field Hamiltonian given by:

H0 = −
∑

i

hieffSiz −
∑

i

hRKKY
ieff Siz
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−
∑

i

∆iS
2
iz −

∑

i

∆xiS
2
ix, (4)

which can be written as

H0 =
∑

i

H0i, (5)

where hieff and hRKKY
ieff are the effective field and ef-

fective field of RKKY interaction, respectively, which
could minimize the mean field free energy F .

The longitudinal (transversal) magnetization and
quadrupolar moment of a site i are given in the mean
field approximation, respectively, by

miα =
Tr Siαe−βH0

Tr e−βH0
, (6)

qiα =
Tr S2

iαe−βH0

Tr e−βH0
(7)

by calculating the three eigenvalues λk (k = 1, 2, 3)
of H0i and their corresponding eigenvectors |ψk〉 =
αk |+〉 + βk |−〉 + γk |0〉 (e.g. these eigenvalues and

eigenvectors are calculated numerically), one can per-
form the traces of Eqs. (6) and (7). Since the sys-
tem is invariant by translation in both x and y direc-
tions of the lattice, it is clear that for each site i of a
layer p (p = 1, 2, . . . , N1 + M + N2); λki = λk(p);
|ψki〉 = |ψk(p)〉; miα = mα(p) and qiα = qα(p)
with α = z, x. Hence, mα(p) and qα(p) denote, re-
spectively, the longitudinal (transversal) magnetiza-
tion and quadrupolar moment of the layer p; the latter
plays the role of density in the lattice–gas interpreta-
tion. Their expressions are given, respectively, by

mz(p) =

3∑
k=1

(α2
k(p)− β2

k(p)) exp(−βλk(p))

3∑
k=1

exp(−βλk(p))
, (8)

mx(p) = 0, (9)

qz(p) =

3∑
k=1

(α2
k(p) + β2

k(p)) exp(−βλk(p))

3∑
k=1

exp(−βλk(p))
, (10)

qx(p) =

3∑
k=1

((αk(p) + βk(p))2/2+γ2
k(p)) exp(−βλk(p))

3∑
k=1

exp(−βλk(p))
. (11)

The reduced longitudinal (α = z) and transver-
sal (α = x) magnetization (mα,A and mα,B) and
quadrupolar moment (qα,A and qα,B) of blocs A and
B respectively are given by

mα,A =
1

N1

N1∑
p=1

mα(p),

qα,A =
1

N1

N1∑
p=1

qα(p), (12)

mα,B =
1

N2

N1+M+N2∑

p=N1+M+1

mα(p),

qα,B =
1

N2

N1+M+N2∑

p=N1+M+1

qα(p). (13)

Hence, the total magnetizations and the total

quadrupolar moments of the system are given respec-
tively by

mα,T =
1

N1 + N2

[ N1∑
p=1

mα(p)

+
N1+M+N2∑

p=N1+M+1

mα(p)
]
, (14)

qα,T =
1

N1 + N2

[ N1∑
p=1

qα(p)

+
N1+M+N2∑

p=N1+M+1

qα(p)
]

(15)

with α = z, x.
However, the mean-field reduced free energy of

such a system can be written as follows:

F = −kBT
N1+M+N2∑

p=1

log

[
3∑

k=1

e−
λk(p)

T

]
+

1
2

N1+M+N2∑
p=1

[
mpmp−1 + 4m2

p + mpmp+1

]

+
1
2

N1+M+N2∑
p=1




N1+M+N2∑

p′′=N1+M+1

Jp,p′′′mpmp′′+
N1∑

p′=1

Jp,p′′mpmp′′


. (16)
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3. Results and discussions

We are now able to study the magnetic proper-
ties in the multi-layer (i.e. transition temperature)
of the ferromagnetic Ising model in a quantum trans-
verse anisotropy (∆x) with RKKY interaction. In or-
der to examine the effect of the thickness of the mag-
netic multi-layer N (N = N1+N2) and the quantum
transverse anisotropy (∆x) on the transition temper-
ature of the model (1), we have studied, using mean
field theory, the behaviour of the transition temper-
ature as a function of the thickness of the magnetic
multi-layerN (i.e. for N = N1 + N2, there exist sev-
eral possible choices of N1 and N2, for example, when
N = 6, there exist three possible choices, such as the
case 1 (N1 = 1 and N2 = 5, N1 = 2 and N2 = 4
and N1 = 3 and N2 = 3). These three different
possibilities can lead to three different transition tem-
peratures. However, in Fig. 2(a) we considered the
case of N1 = N2 for different values of the trans-
verse anisotropy (∆x), for ∆/J = 1, kF = 0.1 and
M = 6. Then, it is necessary to calculate the critical
temperatures from the behaviour of the correspond-
ing magnetization, because, in the case of multilayer
transition we can not use the linearization method
since, in principle, the magnetizations are not simul-
taneously closed to zero. It is found that the multi-
layer transition temperature increases with increasing
the thickness of the magnetic multi-layer N1 and/or
N2 (Fig. 2(a)); reaching the bulk critical tempera-
ture T b

c , for sufficiently large values of N1 and/or
N2, these bulk critical temperature decreases with
increasing the quantum transverse anisotropy. In-
deed, for ∆x/J = 0.1, T b

c /J = 4.248, for ∆x/J = 5,
T b

c /J = 3.049 (i.e. in the case∆x = ∆xA = ∆xB ,
the two blocs A and B transit simultaneously at the
same temperature Tc = TcA

= TcB
). Moreover,

Fig. 2(b) shows that the multi-layer transition temper-
ature decreases when increasing the quantum trans-
verse anisotropy (∆x = ∆xA = ∆xB), for different
values of the thickness of the system N (N = N1+N2
with N1 = N2), for ∆/J = 1, kF = 0.1 and M = 6.
Furthermore, for ∆xA > ∆xB(for example ∆xA/J = 7
and ∆xB/J = 0.1), the two blocs A and B ex-
hibit at different transition temperatures TcA

and TcB

(Fig. 3(a)). Moreover, for sufficiently large values of
the quantum transverse anisotropy ∆xA (∆xB fixed),
the multi-layers bloc A and bloc B exhibit an order–
disorder transition at different critical temperatures
TcA

and TcB
, respectively. For ∆xA > ∆xB( for ex-

ample: ∆xA/J = 7 and ∆xB/J = 0), TcA
< TcB

,

while for small value of the quantum transverse field
∆xA, the RKKY interaction becomes strongly domi-
nant in comparison with the thermal fluctuation and
then the magnetism in the bloc A is reinforced by the
magnetism of bloc B via RKKY interaction, and then
the two blocs exhibit an order–disorder transition at
the same temperature (TcA

= TcB
).

Fig. 2. The dependence of the transition temperature as a

function: (a) of the thickness of the system (N = N1+N2)

for different values of (∆x); (b) of the quantum transverse

anisotropy (∆x) for different values of N . For ∆/J = 1,

kF = 0.1 and M = 6.

It is clear that the quantum transverse anisotropy
(∆xA) applied in the bloc A decreases the longitudi-
nal magnetization in this bloc A and without the effect
on the longitudinal magnetization in the bloc B. This
result is illustrated in Figs. 3(b) and 3(c), for fixed
values of N1, N2, M and kF (i.e. N1 = N2). On the
other hand, in absence (present) of the crystal field,
for T ≺(TcA

or TcB
), the quadrupolar moment (qzA

or qzB) decreases and (qxA or qxB) increases with in-
creasing the temperature, passing through cups at TcA

(TcB
) and reaching their asymptotic value at high tem-

perature (T Â TcA
(TcB

)). It is clear that we change
the ∆xA (∆xB/J = 0) the variation of the quadrupo-
lar moment of the bloc A (qzA) is similar so that it
decreases from the saturation value at T = 0 (qzA)
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to an asymptotic value while decreasing when we in-
crease ∆xA, but the quadrupolar moment of the bloc
B (qxB) is independent of ∆xA.

Fig. 3. The dependence of the longitudinal magnetiza-

tion as a function of the temperature for N1 = N2 = 5,

kF = 0.1 and M = 6; (a) ∆/J = 1, (b) ∆/J = 0 and

(c)∆/J = 3.

Moreover, for the transverse quadrupolar moment
of the bloc A (qxA), the variation is similar when
we change ∆xA. It is clear that the qxA increases
with the increasing of ∆xA, but qxB of the bloc B

is independent of the quantum transverse anisotropy
∆xA (Fig. 4(a) and 4(b)). We note that the larger
the transverse anisotropy (the larger the transverse

quadrupolar moment), the smaller the longitudinal
magnetization and quadrupolar moment, which means
that the transverse anisotropy inhibits the magnetic
ordering in the z direction and plays a role in the
crystal defects (dislocation). This is qualitatively in
good agreement with experimental results[41] and the-
oretical calculations obtained in previous works.[29]

Fig. 4. The dependence of the quadrupolar moment (solid

lines) and transverse quadrupolar moment (dashed lines)

as a function of temperature for N1 = N2 = 5, kF = 0.1,

∆xB/J = 0 and M = 6; (a)∆/J = 0, and (b)∆/J = 3.

However, using the mean field approximation the
phase diagrams presented in Fig. 5, exhibit three dif-
ferent phases, namely: (1) the two magnetic blocs A

and B are ordered, (2) the magnetic bloc A is disor-
dered and the magnetic bloc B is ordered, and (3) the
two magnetic blocs A and B are disordered. It is clear
that the multi-layer transition, where A and B exhibit
an order–disorder transition separately, occurs above
a certain value of the quantum transverse anisotropy
(∆xL). We note that ∆xL depends strongly on the
crystal fields ∆, and the RKKY interaction (e.g. the
Fermi level kF and the non-magnetic spacer of thick-
ness M). Moreover, ∆xL increases with increasing the
crystal field ∆. Indeed, for ∆/J=0, ∆xL/J = 0.435,
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and for ∆/J = 3, ∆xL/J = 1.353 (Fig. 5).

Fig. 5. The dependence of the transition temperature as a

function of the quantum transverse anisotropy for several

values of the crystal field. For N1 = N2 = 5, kF = 0.1,

∆xB/J = 0 and M = 6.

In contrast, the critical temperature of the bloc
B is independent of ∆xA because of the large value
of its non-magnetic spacer of thickness (M = 6). On
the other hand, in absence (present) of the longitudi-
nal crystal field, ∆xL decreases when increasing the
non-magnetic spacer of thickness (M) (Fig. 6).

Fig. 6. The dependence of the critical quantum trans-

verse anisotropy as a function of the thickness of non-

magnetic spacer for several values of the crystal field. For

N1 = N2 = 5, kF = 0.1, ∆xB/J = 0.

However, at certain thickness of the non-magnetic
spacer of thickness M the critical quantum transverse

anisotropy ∆xL disappears completely, i.e, the two
magnetic blocs A and B exhibit an order–disorder
transition separately. Besides, ∆xL depends strongly
on the values of the Fermi level, indeed it oscillates as
a function of kF (Fig. 7).

Fig. 7. The dependence of the critical quantum trans-

verse anisotropy as a function of the Fermi level for N1 =

N2 = 5, M = 6, ∆xB/J = 0 and ∆/J = 0.

4. Conclusion

We have studied, using mean-field theory, the ef-
fect of the quantum transverse anisotropy with RKKY
interaction on the multi-layer transition of a spin-1
Blume–Capel model formed by two magnetic blocs
(A and B) separated by non-magnetic spacer of fi-
nite thickness M . We have shown that the magnetic
order in the two blocs depends strongly on the quan-
tum transverse anisotropy (∆xA and ∆xB) and RKKY
interaction. In particular, we have shown the exis-
tence of a critical quantum transverse anisotropy ∆xL

above which the multi-layer blocs undergo a transi-
tion separately at different temperature. Besides, we
have shown that (∆xL) increases (decreases) with in-
creasing the magnetic crystal field (increasing the non-
magnetic spacer of thickness). Moreover, ∆xL under-
goes oscillations as a function of the Fermi level for
fixed value of the non-magnetic thickness M . Finally,
in this paper, we have shown that the quantum trans-
verse anisotropy plays an opposite role in RKKY cou-
pling.
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