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In this paper, we theoretically investigate the four-soliton interaction and their resonance phenomena of the (3+1)-

dimensional Kadomtsev—Petviashvili (KP) equation. We find that the maximum amplitude of the resonantly created

soliton can be 16 times that of one of the four equi-amplitude initial interacting solitons. We also find that the maximum

amplitude can only be 4 times the initial soliton amplitude when the resonance phenomena does not take place. The

case of four solitons with different amplitudes also has been studied analytically. The results indicate that the resonance

phenomena still exists in this case. Numerical results confirm the theoretical predictions.
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1. Introduction

Higher-dimensional solitons exist in the sky as
density waves in spiral galaxies, and the giant Red
Spot in the atmosphere of Jupiter. They exist in the
ocean as waves bombarding oil wells. They also can be
studied in the laboratory in water tank experiments
and in plasma physics experiments. The Kadomtsev—
Petviashvili (KP) equation was one of the first equa-
tions proposed to investigate higher dimensional ocean
patterns.l!) It was also used to study a transverse in-
stability of the KdV solitary wave.[?!

It was observed that when cylindrical or spheri-
cal solitons obliquely interact, a new nonlinear wave
was created during the interaction which moves ahead
of the colliding solitons. It was determined that
both its velocity and position depend upon the value
of the polar angle and are, respectively, larger than
those of the colliding solitons.!*#4 The resonance of
two equi-amplitude solitons satisfying the KP equa-
tion has been investigated and it was found theoreti-
cally that the maximum amplitude of the newly cre-
ated soliton would be 4 times the amplitude of one of
the colliding solitons and this was in agreement with
experiments.[5! Subsequently, we investigated the res-
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onance phenomena of three equi-amplitude solitons of
the (241)-dimensional KP equation.lfl It was found
theoretically and confirmed numerically that the max-
imum amplitude will be 9 times that of one of the
initial interacting solitons. This resonance amplitude
enhancement has been observed in experiments per-
formed in fluid dynamics,®% and also in the plasma
physics.[7—12]

It is well known that the KP equation is an ap-
proximation for complex physical systems which usu-
ally can be described with a set of partial differen-
tial equations and cannot be solved analytically. Us-
ing perturbation methods!*®~16l and with the help of
symbolic computation software like Mathematica and
Maple, many authors have obtained the KP equation
from many diverse branches of physics.'7~19 There-
fore, obtaining the solution of the KP equation is of
current interest. In this paper, we examine the four-
soliton solution analytically and find the characteristic
of the interaction and the resonance of the four soli-
tons.

The general form of the (3+1)-dimensional KP
equation can be written as follows:
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where vy, 72, v3, and 74 are all nonzero real con-

stants. In this paper, we only consider the case that
~vi > 0(i = 1,2,3,4). By introducing the transforma-
tion
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and dropping the primes, Eq. (1) can be rewritten as
the normalised higher dimensional KP equation that
will be examined in this paper
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Equation (2) is a (341)-dimensional nonlinear evolu-
tion equation that is non-integrable. We will present
its multi-soliton solutions by using the Backlund
transformation and discuss the four-soliton interac-

tion.
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2. Theoretical

the four-soliton resonance

investigation of

2.1. N-soliton solutions of KP equation

There are many methods for solving nonlin-
ear evolution equations including the inverse scatter-

ing method, the Béacklund transformation, the Hi-

d,[20-26] the Riccati equation

31,32

rota’s bilinear metho
method,[27-3% the variable separation approach,|
and so on. The Backlund transformation is a well-
known method for generating families of solutions
for integrable equations.3—3% In this paper, we find
multi-soliton solutions for the KP equation by using
the Backlund transformation. The Backlund transfor-

mation of Eq. (2) is given by

2
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Substituting Eq. (3) into Eq. (2) yields
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where the subscripts denote partial derivatives. Equation (4) shows that Eq. (2) is satisfied if

’U(’th + VUgzxx + 3vyy + 3Uzz) -

2
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+3v; 4+ 3v7) = 0. (5)

Equation (5) is called T-equation and can be solved by the e-expansion method.

For the N-soliton solution of Eq. (2), v is given by

2N

v = Z eXpZMmz 61 + Z ,U/mj ; (6)

m=1

where §; = k; x—l—ljy—i—sjz wit; wj = k:3—&-3lj—~_g ki li,s; (1 =1,2,.

j=1i+1,...,N) are positive constants and glven by

(ki — kj)(wj

— wi) + (ki — kj)4 +3(l; — lj)Q + 3(8z — 8j)2

Jj=i+1

., N) are constants, A;; (i =1,2,...

Aij=
T (ki k) (wi +wj) -

We note that A;; = Aji; ftmi is the entry in the mth

row and th column of p, where p is a matrix that has

2N rows and N columns. For N =1,

(ki + k)% =3l +1;)? — 3(si + 55)*
For N =2,
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For N =3,
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and so on. From a theoretical analysis, we know that
the amplitude of the ith soliton is 2k2.

It is found that the following relation must be
satisfied for the three-soliton solution of the (3+1)-
dimensional KP equation

k‘l l1 S1
ko Iy sa| = 0. (8)
ks I3 s3

For the four-soliton solution of (341)-dimensional

KP equation (2), we similarly find that the following
conditions are required

ky b osq k1l 51

ko Iy s2| =0, ko Iy s9| =0,

ks I3 s3 ky ly s4

kil s1 ko l2 s2

ks I3 s3) =0, |k I3 s3| = 0. (9)
kg ly 54 ky ly s4

In general, we can obtain the N-soliton solution
of Eq. (2) analytically from Eq. (3). However, we only
study the four-soliton solution in this paper. The case
of the N soliton solution will be our future work. It
is notable that Eqgs. (8) and Eq. (9) are satisfied au-
tomatically because of s; =0 (i = 1,2,...,N) for the

(24+1)-dimensional KP equation.

2.2. Investigation of the four-soliton res-
onance

In this paper, we are considering the case of k; > 0
(i=1,2,3,4). In order to obtain the maximum value
of u at the critical resonance angle, we let

ou ou ou ou

p— O —_— 0 —_— = 07 _ = 0. ].0
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We then find that the extreme point (zo, Yo, 20, to),
where the maximum value of u is reached, will satisfy

the following system of linear equations

kixo + liyo + sizo —wito = In Fy, (i =1,2,3,4), (11)

where
P D S
VAR A AL VA12A23A5,"
F3 = ! Fy = L (12)

\' A13A23A34 ’ \% A14A24A34 .

We can now obtain the maximum value of upmax =
u(xo, Yo, 20, to), which depends on the parameters
ki liys; (i = 1,2,3,4) analytically. Here, the analyt-
ical expression is omitted as it is rather complicated.
For the chosen parameters k; (i = 1,2, 3,4), the maxi-
mum value of u,.x can be obtained for the parameters
l; and s; (i = 1,2,3,4). We find that the maximum
value Umax can be derived when A1, Aoz, Ay — 400
(or Ajs, Ay, A1y — +00 or Ajs, Aoz, Aoy — +00,
etc.), that is

1
Umax = i(kjl + k? + k3 + k4)2' (13)

In a similar fashion, we also find that the maximum

value Uy ax 1S
1
Umax = 5(1@% + k3 + k3 + kD), (14)

when A;; — 1 (i =1,2,3,4; j=i+1,...,4).

When the amplitudes of the four solitons are the
same, i.e. k1 = ko = k3 = k4 = k, we see from Eq. (13)
that umayx is equal to 16 times that of initial soliton
amplitude %2 In the general case, it is difficult to
seek the appropriate parameters [; and s; that satisfy
Eq. (9) and ensure that Eq. (11) will have solutions for
the given k; (1 = 1,2,3,4). Clearly Eq. (9) is satisfied
when s; = al;(i = 1,2,3,4), where « is an arbitrary
nonzero constant. We now only consider this case.

For simplicity, we first investigate the case that
ki=k (i=1,2,3,4) and ls = -1y, Iy = —l3. Without
loss of generality, we assume that I3 > {; > 0. In this
case, the four solitons have the same amplitude and
we have wy = w1, ws = w3,

Ao — (1+a?)i3
T (1) -k
A _ (1+042)(13 7Z1)2
HTIB T A4 a?) (s — )% — 4kY
. . (1 —|—0¢2)(l3 +l1)2
Az = Aua = (1+a2)(l3 + ;)2 — 4k*’
1+a2)2
Ay = w (15)

A+ oD -k
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Solving Eq. (11) yields the extreme point where
the maximum value of u is reached, that is

9% lan —wglnFl

o —

k(wl — u)g)
Yo = —@2p, (16)
In F1 — 1IlF3
tO = ’
W3 — w1

where zj is an arbitrary real constant and F; and Fj3
are given by Eq. (12).

When Aqs, A1z, Aoy — +00, le. 11 — and

]()2
1+a2
2 . .
I3 — 1] — —22— we derive the maximum value
Vita?’

1
Umax = 16 % §k2. (17)

Figure 1 shows the resonance phenomena of four

solitons with identical amplitudes when [; = \/%,

l3 =~ \/%, where we choose the numerical values of
_ _ K —12 -12 , —
h= A 1077 0 = o 4251072, a =1,

k = 0.6 and z = 0. The theoretical result indicates
that the maximum amplitude when the four solitons
resonantly interact is 2.8799873, which is about 16
times that of the initial soliton amplitude.

2
Fig. 1. Th file of 0,tp) when I = —=&
ig e profile of u(z,y,0,ty) when Iy Tt +
10712, 13 = —3k2_ 1 90510712, o =1, k = 0.6.
) U3 /71+(¥2 +2 X y & )

o> A and ly — L > 22 then A,
Aqs, Ara, Aog, Aoy, Asy — 1 we find that
15
Umax = 4 x ik 5 (18)

which is much less than the result given in Eq. (17)
and is in agreement with the result given in Eq. (14).
Figure 2 shows the profile of u(z,y,0,t9) when [; =

ﬂ’fomo,l:g: \/Niizx%()oz_lk:().ﬁ.

The theoretical result, as shown in Fig. 2, is umax =
0.72003250. We see from Fig. 2 that the maximum
amplitude can only be 4 times that of the initial soli-
ton amplitude, which is the linear superposition of the
amplitudes of the four solitons, when the resonance
phenomenon does not take place. It also can be seen

that the interaction region is limited to a very nar-
row domain, which is different from the case that the

resonance phenomena are permitted to occur.

Fig. 2. The profile of u(z,y,0,t0) when I; = \/% X
«

100, I3 = —*~2

V1+a?

x 300, a =1, k = 0.6.

We now can come to the conclusion that the max-
imum amplitude may be 16 times that of initial soliton
amplitude when the soliton resonance occurs and the
amplitudes of the four solitons are the same. When
the parameters are ‘far from’ the resonance conditions,
the maximum amplitude when four solitons interact is
only 4 times that of the initial soliton amplitude.

Now, we investigate a more general case, with
ko = ky, ky = k3 and ls = —I1, l4 = —I3 but k3 # k1.
In this case, wy = w1, wy = w3 and thus we have

A — (1+a?)i3
2T 0+ a?)i kb
A24 = AlS

(14 a?) (kuls — kslh)? — k3k3 (k1 — ks)”
(14 02?) (kils — ksly)® — k2k2(ky + ks)*’
Asz = Ay
(1+a?) (kils + ksli)® — k23 (k1 — k3)®
(1 +a2) (kils + kslh)® — k23 (k1 + ks)?
(14 a?)i3

Agy = —— /3 1
T 1+ a?)E -k (19)

Solving Eq. (11) gives the extreme point where the
maximum value of u is reached, that is

w1 thg —(U31DF1

ro= kswi — kiws

Yo = —2p, (20)
kiInF3 — k3ln I

07 " hswr — kyws

where 2y is an arbitrary real constant, F; and Fj3 are
given by Eq. (12). When k3 = k1 = k, Eqgs. (19) and
(20) becomes Eqgs. (15) and (16), respectively. Note
that we must choose the parameters carefully to en-
sure A;; > 0. Taking account of the case that A;o, A13
and A24 tend to 400 gives the resonance condition, i.e.

I — ﬂﬁ and kyls — kgly — 225828) - (Here, we
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assume that kils > k3ly). The maximum value of u
can be derived easily

1
Umax = 5(2k1 + 2](13)27 (21)

which is in agreement with Eq. (14).
Figure 3 shows the resonance phenomena of four

I hen 11 ~ ki la ~ 2k1 ks +k3 h
solitons when 1~ W, 3 ~ W, where we

2
choose the numerical values of [ = \/% + 10712,

2
Iy = %+4x 10712, o =1, ky = 0.6, ks = 0.4
and z = 0. The theoretical result indicates that the
maximum amplitude when four solitons interact is
1.99998467, which is very close to the result given by

Eq. (21).

Fig. 3. The profile of u(z,y,0,t0) when i1 = T +
«@

2
1012 3 = ZRikstks L 010712, o = 1, ky = 0.6
9 \/m b b 9
ks = 0.4.
k3 kiks(k1+ks)
If ly >> \/ﬁ and kil — ksly >> T itz

then A;; — 1 (1=1,2,3; j=14+1,...,4), we obtain

x (2k7 + 2k3), (22)

N

Umax =

which is less than the result given in Eq. (21). Fig-
ure 4 shows the interaction of four solitons when

2
I = \/%XIO, h:%ﬁxw,a:l,kl:o.ﬁ,

ks = 0.4 and z = 0. The theoretical result indicates
that the maximum amplitude when four solitons in-
teract is approximately 0.52095403, which is in good
agreement with the result given in Eq. (22).

2.3. Investigation on the phase shift

We note from the figures presented in the previ-
ous section that during the interaction between four
solitons there are phase shifts after the interaction.
When the resonance phenomena take place, the phase
shift tends to infinity, as shown in Figs. 1 and 3. In
some cases, the phase shift tends to zero, as shown in
Figs. 2 and 4. We suggest an analysis to obtain this
result using the following procedure.

2

Fig. 4. The profile of u(z,y,0,tp) when I} = \/1}:1-? x 10,
— kS(llkl“rkf}) 1 =1 — — 4

I3 Vita? x 10, « , k1 =06, ks =0.4.

We assume that there are four solitons, each of
which has an arbitrary amplitude and direction of
propagation. Assuming that k;x+1;y+s;z2—w;t — +00
(i =1,2,3) with kqx + l4y + s42 — wat being a finite
value, we then obtain u ~ %kﬁseChQ%(& + 6p4) where
&4 = kar + lyy + 542 — wat, dps = In A14Apg Azq. Sim-
ilarly, letting k;x + iy + ;2 — wit — —oo(i = 1,2, 3)
with ksx + l4y + s4z — wyt being a finite value, we
then find u ~ %kﬁsech%@. We note that the am-
plitude and width of the fourth soliton after the in-
We also find
that there is a phase shift of %5,,4. The phase shift
increases as In A4 As4 A3, increases. In a similar way,

teraction are the same as the initial.

we are able to investigate the other solitons. The re-
sults indicate that the phase shift of jth soliton is
4
26y =3In '1‘[1 Aij, (7 =1,2,3,4).
i=
£
When the resonance phenomena take place, as
considered in Figs. 1 and 3, we find that 0,; (i =
1,2,3,4) approaches oo as Aja, Az, and Agy ap-
proaches +o00. For the cases considered in Figs. 2 and
4, we find 6,; — 0 (i = 1,2,3,4) because of A;; — 1
(i=1,2,3;j=di+1,...,4).
in agreement with the results shown in Figs. 2 and 4.

The former results are

From Ref. [5], we see that when the resonance
phenomenon occurs between two solitons with the
same amplitudes, the maximum amplitude can be 4
times that of the initial interacting soliton. In Ref. [6],
we find that when the resonance takes place among
three solitons with the same amplitudes, the maxi-
mum amplitude is 9 times that of the initial interact-
ing solitons. In this paper, we find that when reso-
nance takes place among four solitons with the same
amplitudes, the maximum amplitude of the newly cre-
ated soliton can be 16 times that of the initial inter-
acting soliton.

Heuristically, it is possible to obtain this value us-
ing the following argument. The soliton both before
and after the resonance interaction will satisfy the re-
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lation
Apew?,,, = Aqlaw?, = constant. (23)

At resonance, the transverse components of the four
solitons will cancel one another and only the compo-
nent in the propagation direction of the newly created
soliton will exist and will have the value of

Combining these three equations together, we finally

obtain/30!

Anew = 16Aold- (26)

This leads us to believe that when resonance takes
place among N solitons with the same amplitudes, the
maximum amplitude is N? times that of the initial
interacting solitons. A verification of this conjecture

remains to be performed.

knew = 4kold (24)
We can approximate this wave number as
1
knew ~—— and kold ~ —. (25)
Wnew Wold
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