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The dispersion relations of normal modes in the layered constructions are studied. In the frequency region with

negative permittivity, we investigate the normal modes near the air–metal and the air–matematerial interfaces and

compare them. An extra bulk mode appearing in a pass band of two media is found near the air–matematerial interface,

which is different from the air–metal case. Moreover, the bulk mode will be further proved by the attenuated total

reflection (ATR) technique, in which the coupling between the incident electromagnetic waves and the normal modes is

studied. For p-polarized incident waves, the ATR spectra based on the Otto and the Kretschmann configurations are

obtained numerically, where the dips present the excitations of the surface and bulk modes. Furthermore, we also discuss

the influences of the middle layer thickness, the incident angle and the damping term on the reflection in detail. It is

found that the coupling frequencies and the maximum strength are strongly dependent on the above media parameters.
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1. Introduction

It is well known that air–metal interface can sup-
port surface polaritons (SPs).[1,2] This surface mode
is a kind of electromagnetic wave bounded at the in-
terface. It is present in the stop band of the metal,
in which no mode propagates because of negative per-
mittivity and positive permeability.[3−5] With larger
wave-vector, the SPs are explored for their poten-
tial applications in subwavelength optics, data stor-
age, light generation, microscopy and bio-photonics.[6]

For example, they are used in the miniaturization of
nano-optical circuits and the communication devices
due to their energy localization.[7] They also play an
important role in fabricating the periodically nanos-
tructured metallic films for the enhancement and the
directional confinement of light.[8−11] Furthermore, by
altering the dimension or the shape of holes on the
metal surface, the properties of SPs will be tailored,
which offers more potential manipulations.[12,13] Thus,
the investigations of SPs are important both from a
scientific point of view and from a practical one.[14]

Recently, the SPs retrieve much more attention
due to the emergence of metamaterial (MM), which
is different from the natural material.[15] A typical
MM belongs to left-handed material (LHM) with neg-

ative permittivity and negative permeability simulta-
neously in a certain frequency region, forming a pass
band.[16−19] The necessary existence condition of SPs
is that signs of the permittivity or the permeability
for the two adjacent media are opposite.[3,20] Different
from the metal case, the SPs may appear in the pass
band of MM.[3] Moreover, an extra mode propagating
in the pass bands of both media (called bulk mode in
this work) emerges for the MM case. Although this
bulk mode is usually ignored by researchers, it influ-
ences the attenuated total reflection (ATR) spectra
and plays an important role in applications. In the
previous work, the ATR method based on the prime
coupling[21−23] was used to prove the excitations of
surface modes.[24−27] However, the thickness of the
middle layer was fixed and the influences of damping,
incident angle and other parameters on the spectra
were not considered, which was disadvantage for the-
oretical study and practical applications.

In this work, the ATR spectra of a p-polarized
incident wave for air–MM interface are studied and
compared with air–metal case, where the emphasis is
placed on the influences of the bulk mode on the spec-
tra. Firstly, we investigate the existence regions and
the dispersion relations of surface and bulk modes.
Secondly, theory of the ATR method is presented,
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where the potential coupling resonant frequencies are
obtained. Thirdly, the numerical results of the ATR
spectra are presented, where the influences of the mid-
dle layer thickness, the incident angle, and the other
parameters on the reflection are discussed in detail.
Finally, summaries and conclusions are given.

2. Existence regions and disper-

sion relations of surface and

bulk modes

The normal modes are obtained by solving a suit-
ably defined boundary value problem based on the
Maxwell’s equations. The SPs are essential ones prop-
agating along the interface between two media, whose
electric and magnetic fields exponentially decay away
from the interface into the bulk of medium on either

side. The considered interface is shown in Fig. 1 form-
ing by two infinite media 1 and 2. Medium 1 with
electric permittivity ε1 and magnetic permeability µ1

occupies the z > 0 space, and the region z < 0 is
occupied by medium 2 with ε2 and µ2.

Fig. 1. Configuration of interface between two media and

the coordinate system.

Assume that a time harmonic field has frequency
ω, then the forms of the magnetic fields along the ŷ-
axis (p-polarized wave) in both media will be given
by[28]

H(x, y, z) =





ŷH1 exp [ikx1x− kz1z − iωt], z > 0,

ŷH2 exp [ikx2x + kz2z − iωt], z < 0,
(1)

where ŷ is the unit vector and wave-vector components ‘± k′zi (i = 1, 2) imply an attenuation along the ẑ-axis.
According to the Ampere’s law: ∇×H = ε(∂E/∂t), the electric fields are obtained as follows:

E(x, y, z) =





[
−x̂

H1kz1

iωε1
− ẑ

H1kx1

ωε1

]
exp [ikx1x− kz1z − iωt], z > 0,

[
x̂

H2kz2

iωε2
− ẑ

H2kx2

ωε2

]
exp [ikx2x + kz2z − iωt], z < 0,

(2)

where x̂ and ẑ are the unit vectors. The above wave-
vector components are related by equations:

k2
x1 − k2

z1 = ε1µ1
ω2

c2
, k2

x2 − k2
z2 = ε2µ2

ω2

c2
. (3)

Then the boundary conditions at the interface require
the tangential components of both fields to be contin-
uous, i.e., at z = 0,

H1 exp (ikx1x) = H2 exp (ikx2x),

−H1kz1

iωε1
exp (ikx1x) =

H2kz2

iωε2
exp (ikx2x). (4)

Therefore the necessary condition for the existence of
SPs is

kz1

ε1
+

kz2

ε2
= 0, (5)

which implies that two permittivities are opposite.
Using Eq. (3), the dispersion relation of normal modes

is derived as[28]

kx =
ω

c

[
ε2ε1(ε2µ1 − ε1µ2)

ε2
2 − ε2

1

]1/2

. (6)

Due to the attenuation along the normal direction of
interface, the SPs are restricted to regions[3] in which

kx > max
[ω

c

√
ε1µ1,

ω

c

√
ε2µ2

]
, (7)

where kzi are real in either medium. Otherwise, the
mode with imaginary kzi will propagate in the x̂ẑ-
plane, which is called bulk mode in following.

As an example, the interface constructed by air–
metal/MM is investigated to illustrate its normal
mode. For metal, the forms of the dispersive permit-
tivity and the permeability are

ε2 = 1− ω2
p

ω(ω + iγp)
, µ2 = 1. (8)
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Here, ωp is the electric plasma frequency and γp is the
damping term of metal. Similarly, the dispersive per-
mittivity and the dispersive permeability of MM will
be expressed as[29]

ε2 = 1− ω2
p

ω(ω + iγp)
(9)

and

µ2 = 1− Fω2

ω2 − ω2
0 + iωΓ

, (10)

respectively when it is composed of periodic ar-
rangements of thin metallic wires and split-ring
resonators.[16] The ω0 in Eq. (10) is the magnetic res-
onant frequency, constant F is the percentage of the
unit cell occupied by the interior of the split ring, and
Γ is the damping term. In the following calculations,
we only consider the frequency regions with negative
permittivity (ω < ωp). According to Eq. (6), the dis-
persion curves for the metal and the MM are shown
in Figs. 2(a) and 2(b), respectively.

Fig. 2. Calculated dispersion curves for lossless and lossy cases in the plane (kx/kp, ω/ωp). Panel (a) is for the air–metal

interface and panel (b) is for the air–metamaterial interface with ω0 = 0.4 ωp, F = 0.56 and γp = Γ . Line (L) and curve

(M) represent the dispersions of light propagating in air and MM, respectively. Here, kp = ωp/c and the dot horizontal

lines represent the resonant frequencies.

First, we discuss the lossless case (without damp-
ing). From Fig. 2(a) with γp = 0, we can find that
there is only one mode lying in the right-hand side
of light line (L), which is just a surface mode satis-
fying Eq. (7). The surface mode resonants at ωp/

√
2

(≈ 0.71 ωp) and cannot propagate when ω > ωp/
√

2.
This surface mode exists in the stop band of metal,
owing to negative permittivity and positive perme-
ability. However, there are two branches for the MM
case shown in Fig. 2(b). The lower branch on the
right-hand side of line (L) is also a surface mode lying
in the stop band of MM, where the permittivity and
the permeability of MM are opposite. The higher one
across the light line (L) is comprised of bulk and sur-
face modes. The part on the right-hand side of line
(L) represents a surface mode, which extends from the
pass band of MM to the stop band. The other part on
the left-hand side represents a bulk mode with imagi-
nary kzi. It can also propagate in MM along the ẑ-axis
because the region where it exists is a pass band of
MM with negative permittivity and negative perme-
ability. In addition, Fig. 2(b) shows that there are

two resonant frequencies (0.4 ωp and 0.71 ωp) and
two forbidden regions (0.4 ωp < ω < 0.42 ωp and
0.71 ωp < ω < ωp).

The influences of medium damping terms γp and
Γ on the dispersion are also shown in Fig. 2. Due
to the effects of damping, there are anomalous dis-
persion modes with negative group velocities in the
forbidden regions, which evanesce rapidly in the x̂ di-
rection with enormous Im[kx] and finite Re[kx]. Fig-
ures 2(a) and 2(b) show that the lossless case and the
lossy case of the normal modes present significant dif-
ferences nearby the resonant frequencies. The effects
become distinct with the increase of damping, which
will be demonstrated in the ATR spectra in the fol-
lowing sections.

3. Theory of ATR method

The prism-coupling based on the ATR mechanism
is an effective technique to detect the excitations of the
SPs in multiple layered configuration.[3,4,19] The dips
in the ATR spectra imply the coupling (or resonance)
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of the incident wave and the normal modes through
tunneling effect on the matching condition. The ad-
junctive wave-vector is supplied by a higher refractive
index prism. Usually, the Otto configuration[21] and
the Kretschmann configuration[23] are used to investi-
gate the normal modes.

The configuration is a kind of sandwiched struc-
ture shown in Fig. 3, where the prism is placed on the
top (labeled as 0) and two different media (labeled as
1 and 2) are under the prism in sequence. The permit-
tivity and the permeability of medium i (i = 0, 1, 2)
are written as εi and µi, respectively. Generally, the
prism and medium 2 are semi-infinite while medium 1
is finite with thickness d. In the Otto geometry (OG),
medium 1 is a dielectric with nondispersive permittiv-
ity and permeability, while medium 2 is a dispersive
one. On the contrary, medium 1 is dispersive and
medium 2 is dielectric in the Kretschmann geometry
(KG).

Fig. 3. Configuration of ATR spectra with a prism.

Now, theory of the incident wave coupling to the
normal mode based on the above geometry is investi-
gated on the assumption that the dielectric is air and
another one is metal or MM. An incident electromag-
netic wave comes into the prism with an angle θ, and
couples to the normal mode at matching condition,

i.e.,

ω

c

√
ε0µ0 sin θ = kx. (11)

The frequencies determined by Eq. (11) are coupling
resonant frequencies, which are dependent on incident
angle and property of material. For the OG case,
surface modes appear only at the interface between
media 1 and 2. They are excited by the evanescent
wave propagating along the upper interface between
the prism and medium 1. The energy is transmit-
ted from the evanescent wave to the surface modes by
tunneling effect. In the KG case, surface modes can
emerge on the two interfaces of middle layer, but the
coupling between the incident wave and the surface
mode only occurs near the lower interface. However,
there is no significant difference in dispersion curve
between the OG and the KG cases.

The dispersion curves and the incident wave
at fixed incident angles are shown in Fig. 4, where
Fig. 4(a) is for metal and Fig. 4(b) is for MM. Lines (i)
and (ii) represent the dispersion of light propagating in
the prism for θ = 40◦ and θ = 50◦, respectively. The
solid lines denote the modes near the interface of air–
metal/MM, while the dash lines represent the modes
near the interface of prism–metal/MM. According to
the matching condition Eq. (11), the cross points on
the dispersion curves and the incident waves represent
the coupling frequencies. The metal used in Fig. 4(a)
is silver[30] with ωp = 13.7 PHz. When ω < ωp, the
region under consideration is a stop band of silver.
The couplings between the incident wave and the SPs
denoted by ‘S’ occur at 5.5 PHz for 40◦ and 7.5 PHz
for 50◦. In Fig. 4(b), the parameters of MM are cho-
sen as ωp = 10 GHz, ω0 = 4 GHz and F = 0.56.[3,25,19]

Fig. 4. Dispersion curves in the (kx/kp, ω) plane. Lines (i) and (ii) represent the incident waves at 40◦ and 50◦, respectively.

The solid curves denote the normal modes of air–medium constructions, while the dash curves refer to those of prism–

medium constructions. Panel (a) is for metal and panel (b) is for MM. The intersections denoted ‘S’ and ‘B’ show coupling

frequencies.
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Hence, the MM has the following physical properties.
(I) For ω < ω0 and ω0/(1 − F )1/2 < ω < ωp, i.e.,
ω < 4 GHz and 6 GHz < ω <10 GHz, it behaves like
a metal since the permittivity is negative and the per-
meability is positive. The regions are the stop bands
of MM. (II) Within the range of 4 GHz< ω <6 GHz, it
is an LHM since the permittivity and the permeability
are both negative, and this frequency range is a pass
band of MM. When θ = 40◦, two resonant points at
3.2 GHz and 5.7 GHz denoted as ‘S1’ and ‘S2’ on line
(i) represent surface excitations because they both ap-
pear in the regions of surface modes. Moreover, there
is an extra resonant point at 4.7 GHz denoted by ‘B’,
which represents the coupling between the incident
wave and the bulk mode derived from the prism–MM
interface. Similarly, the surface couplings at 3.7 GHz
and 6.25 GHz and the bulk coupling at 4.72 GHz for
50◦ are also denoted on line (ii).

4. Numerical calculations of ATR

spectra

The ATR spectra for p-polarized wave can be cal-
culated through the classical electromagnetic theory,
and the resulting reflectivity form is[25]

R =
∣∣∣∣

γ01 + γ12 exp (−2kz1d)
1 + γ01γ12 exp (−2kz1d)

∣∣∣∣
2

, (12)

where

γ12 =
kz2ε1 − kz1ε2

kz2ε1 + kz1ε2
(13)

and

γ01 =
kz1ε0 − kz0ε1

kz1ε0 + kz0ε1
. (14)

γ12 and γ01 are the Fresnel coefficients in the interface
when the wave propagates from medium i to medium
j. Hereinafter, the influences of thickness d, incident
angle θ, damping γp and Γ , percentage F on reflec-
tivity R will be studied numerically.

4.1.Metal case

First, the ATR spectra dependent on ω and d

at fixed 40◦ for metal are presented in Fig. 5, where
Fig. 5(a) is for the case of OG and Fig. 5(b) is for the
case of KG. The damping term γp = 90 THz is used
in calculations. Figures 5(a) and 5(b) show that there
are obvious coupling zones around 5.5 PHz, which cor-
respond to the ‘S’ point in Fig. 4(a) approximately. In
Fig. 5(a), the minimum reflectivity (i.e., the maximum
of coupling strength) appears around d = 300 nm.
However, it is around d = 55 nm in Fig. 5(b). The
distance with minimum R is called the optimized cou-
pling distance in the following. Then, Fig. 5 shows
that the optimized coupling distance of the KG case
is shorter than that of the OG case, which is a result
of damping in the middle medium. From Fig. 5, we
also find that R increases rapidly with d increasing. In
other words, the coupling strength decreases for larger
d. The reason is that little energy of the evanescent
wave is transferred to the normal modes for larger d,
resulting a weaker coupling. On the other hand, if d

decreases from the optimized distance, R will increase
due to the mismatched complex wave-vector.

Fig. 5. Calculated R versus frequency ω and thickness d at 40◦ for (a) Otto configuration and for (b) Krestchmann

configuration, where the metal is silver with ωp = 13.7 PHz and γp = 90 THz.

The spectra of R for the OG case at different combinations of distance d, incident angle θ, and damping
γp are shown in Figs. 6(a)–6(d). We can find that the coupling frequencies are almost not affected by d and
γp (see Figs. 6(a), 6(c) and 6(d)), but are markedly changed by the incident angle (see Fig. 6(b)). There is an
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optimized distance related to the maximum coupling strength for fixed θ and γp. For example, the optimized
distance d = 300 nm in Fig. 6(a) is in agreement with the result of Fig. 5(a). As also shown in Fig. 6(d),
when γp = 450 THz, the optimal distance is around d = 200 nm. Due to being independent of d, the coupling
frequency increases with incident angle shown in Fig. 6(b), which can be interpreted by Fig. 4(a), where the
coupling frequency increases with θ since the required matching wave-vector for coupling. When θ = 50◦, the
coupling occurs around 7.5 PHz, which accords with that on line (ii) in Fig. 4(a). The optimized coupling
distance decreases with the increase of incident angle, e.g. d = 300 nm for 40◦ in Fig. 6(a) and d = 150 nm for
45◦ in Fig. 6(b). In the light of Eq. (3), the component kz1 monotonically increases with θ, which illustrates
faster decay of electromagnetic fields. Then, a smaller optimized distance is reasonable in physics. Figure 6(c)
at fixed d shows that R increases and the width well broadens with damping, thereby inducing the damping
effect on coupling strength. When we compare Fig. 6(a) with 6(d), the optimized distance decreases for larger
damping. The reason may be that the amplitudes of fields decay much faster for a larger damping, which
requires a smaller distance to excite the coupling resonance.

Fig. 6. Calculated R versus ω for the Otto configuration, showing (a) the effect of d at θ = 40◦ with γp = 90 THz, (b) the

effect of θ at d = 150 nm and γp = 90 THz, (c) the effect of γp with θ = 40◦ and d = 300 nm, and (d) the effect of d at

θ = 40◦ with larger damping γp = 450 THz.

4.2.Metamaterial case

Now, we replace metal by MM with a lower frequency region. The ATR spectra for MM with dispersive
permittivity and permeability in both configurations are described in Fig. 7, where γp = 0.03 ωp, Γ = 0.03 ω0

and θ = 40◦. There are two dips in ATR spectra near 3.2 GHz and 5.7 GHz, which correspond to the coupling
resonant frequencies of the surface modes and the incident wave on line (i) of Fig. 4(b), i.e., ‘S1’ and ‘S2’.
The corresponding positions of the above two minima for the OG case are around d = 32 cm and d = 15 cm,
respectively, (see Fig. 7(a)). But for the KG case in Fig. 7(b), the minima are around d = 4.5 cm and d = 10 cm.
Similarly, the optimized distances of the KG are smaller than those of the OG due to the damping of MM.
Moreover, comparing the component kz1 at 3.2 GHz with that at 5.7 GHz, we find that the former is smaller
than the latter for the OG, while the situation is exactly opposite to that for the KG. Therefore, the optimized
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distance related to 3.2 GHz is larger than that related to 5.7 GHz in Fig. 7(a), and it is opposite to the situation
in Fig. 7(b).

Fig. 7. Calculated R versus ω and middle layer d at 40◦ for (a) Otto configuration and for (b) Krestchmann

configuration. The MM is dispersive with ωp = 10 GHz and the other parameters used in calculations are ω0 =

4 GHz, F = 0.56, γp = 0.03 ωp and Γ = 0.03 ω0.

The most noteworthy characteristic in Fig. 7 is the coupling between the incident wave and the bulk mode,
which manifests itself by a dip between two surface mode dips. In the OG case of Fig. 7(a), the coupling between
the incident wave and the bulk mode occurs at 4.7 GHz, which is just the ‘B’ point between ‘S1’ and ‘S2’ on
line (i) of Fig. 4(b). Here, the bulk mode emerging in ATR spectra is derived from the prism–MM interface, so
the coupling occurs at smaller d as shown in Fig. 7(a). However, as for the KG case, it is possible for all values
of d to excite the bulk coupling, which is proved in Fig. 7(b). When d is smaller, the results are complicated
due to the interaction of modes in two surfaces of MM.

For the OG case, the influence of the incident angle θ on the ATR spectra is presented in Fig. 8(a), where
d and damping terms are fixed. It is found that the coupling frequencies shift toward higher frequencies with
θ increasing, which is determined by the dispersion of SPs and the incident wave, in order to satisfy the wave-
vector matching. As shown in Fig. 8(b), the locations of the resonant frequencies seem not to be changed by
the damping terms. However, the coupling strength and the optimized distance are dependent on damping,
which is similar to the metal case. From Fig. 8(c) for γp = 0.10 ωp and Γ = 0.10 ω0, the optimized distances
for the lower (3.2 GHz) and higher (5.7 GHz) coupling frequencies are d = 20 cm and d = 10 cm respectively,
which are smaller than d = 32 cm and d = 15 cm for γp = 0.03 ωp and Γ = 0.03 ω0 shown in Fig. 7(a). Here,
it is reverified that the rate of decay along the normal direction is sensitive to the damping. Figure 8(d) shows
that the lower coupling frequency decreases while the higher one increases with F increasing in our calculation.
On the other hand, the difference between the two SP resonant frequencies augments with percentage F . If
ω0 is fixed, the dispersion relations change with percentage F since µ2 is dependent on it. For a larger F , the
frequency range of MM with negative ε2 and µ2 is increased, which causes a higher coupling frequency. All
characteristics of MM in the spectra are useful for designing artificial materials.
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Fig. 8. Calculated R versus ω for MM with ωp = 10 GHz and ω0 = 4 GHz, showing (a) the effect of θ with F = 0.56,

(b) the effect of γp and Γ, where the coefficient of Γ is the same as γp, (c) the effect of d with larger damping and

F = 0.56, and (d) the effect of F in MM with γp = 0.03 ωp and Γ = 0.03 ω0.

5. Conclusions

We have theoretically studied the coupling be-
tween the incident electromagnetic wave and the nor-
mal modes through a multi-layered composite in this
paper. Based on the dispersion relations of normal
modes near air–metal/MM interface, we find that
there is a bulk mode emerging in the pass band of
MM, which is different from the metal case. The sur-
face modes and the bulk mode can be recognized from
their propagating behaviours.

Then, the ATR spectra are studied numerically.
The minima in the spectra correspond to the coupling
(resonant excitation) of normal modes, where the SPs

and the bulk mode are included for the first time. We
have analysed the influences of d, θ, γp (or Γ ) and
F on the reflectivity and explained the dependence of
these parameters briefly. The coupling frequencies are
not sensitive to d and γp, whereas they are effected by
θ and F due to the matching. However, the optimized
distances are dependent on γp (or Γ ) since they change
the rate of field decay along the ẑ direction. Compar-
ing the results of the OG and the KG, the discrepancy
lies in the bulk coupling, which is valid for smaller d

in the former case and for all d’s in the latter case.
All the discussions should be very useful for under-
standing and designing artificial materials for various
purposes.
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