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This paper studies quantitatively the generation of Lamb waves in thin bonded plates subjected to laser illumina-

tion, after considering the viscoelasticity of the adhesive layer. The displacements of such plates have been calculated

in the frequency domain by using the finite element method, and the time domain response has been reconstructed by

applying an inverse fast Fourier transform. Numerical results are presented showing the normal surface displacement for

several configurations: a single aluminum plate, a three-layer bonded plate, and a two-layer plate. The characteristics

of the laser-generated Lamb waves for each particular case have been investigated. In addition, the sensitivity of the

transient responses to variations of material properties (elastic modulus, viscoelastic modulus, and thickness) of the

adhesive layer has been studied in detail.
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1. Introduction

Due to its noncontact feature and the ability of
broadband signal generation, the technique of laser-
generated Lamb waves has demonstrated its great po-
tential for nondestructive evaluation and characteri-
sation of the sheet materials in industry. For that
reason, many previous works can be found on the
study of laser-generated Lamb waves in various me-
dia such as plates or pipes made of either single or
stratified, isotropic or anisotropic, elastic or viscoelas-
tic materials.[1−7] These works help to understand the
behaviour of Lamb waves, thus making it possible to
optimise the method of particular modes for detect-
ing specific defects in tested plates. However, among
all the media of investigation, adhesive bonded plates,
made of two sheet metals plus a viscoelastic adhesive
layer in between, have rarely been considered. These
types of structures are increasingly used in the modern
aerospace and automobile industries for their high me-
chanical performances and low weights. Aging, plus
thermal and mechanical loadings are only a few of the
mechanisms that could lead to failure or damage of

these adhesive bonds. As a result, maintenance and
reliability are crucial subjects. Usually the adhesive
bond layer itself is not accessible or visible. The choice
of Lamb waves for testing such structures has been
motivated due to their great potentiality for quickly
testing quite a long range of the specimen. Never-
theless, before an non destructive testing process gets
set up, a signal generated by a laser source in such a
system with a viscoelastic adhesive layer must be well
understood.

In adhesive bonded plates, the features of laser-
generated Lamb waves depend not only on the proper-
ties of the adhesive layer, but also on those of the top
and bottom layers, so that Lamb waves become in-
creasingly more difficult to interpret as the structural
system becomes more complex. Rokhlin and Wang[8]

have investigated the equivalent boundary conditions
for a thin epoxy resin layer between solids, and they
presented that the bonding layer can be approximated
well by spring model for a very thin lower density
layer. Heller et al.[9] have combined laser ultrasound
techniques with two-dimensional Fourier transforma-
tion to characterise the stiffness of adhesive bonds,

∗Project supported by the National Natural Science Foundation of China (Grant No. 11074125), the Major Project of the Natural

Science Foundation of the Jiangsu Higher Education Institutions of China (Grant No. 10KJA140006), the Natural Science Foun-

dation of the Jiangsu Higher Education Institutions of China (Grant No. 08KJB140003), and the Student Research Foundation

of the Jiangsu University, China (Grant Nos. 2010074 and 09A101).
†Corresponding author. E-mail: jsdxshx@ujs.edu.cn

© 2011 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

014302-1



Chin. Phys. B Vol. 20, No. 1 (2011) 014302

and they experimentally measured transient Lamb
waves in layered plates to study the effect of the ad-
hesive bond on the dispersion curves of these systems.
Cheng et al.[10] have simulated the laser-generated ul-
trasonic waves in an elastic isotropic bonded plate in
the Hankel and Laplace transform domain by using
the Thompson transfer matrix approach, and then
they obtained the signal in the time domain through
a numerical inverse transform where the laser irradi-
ation was dealt with a surface force. Liu et al.[11]

have utilised a laser induced grating technique to gen-
erate narrow band surface waves in an epoxy-bonded
copper-aluminum layered structure, and then they in-
troduced an inverse algorithm based on the simplex
method to determine the bonding thickness as well
as the elastic properties of the bonding layer. All
these works show that the laser ultrasonic wave test-
ing technique is a powerful tool in the characterisa-
tion of the bonding layer quality in bonded plates.
However, the bonding layers are considered as purely
elastic materials in the above publications, and little
work has been published so far on the investigation
for laser-generated Lamb waves in such plates, taking
account of the material viscoelasticity. Constitutive
relations developed in the Fourier domain and using
complex moduli which represent that the viscoelastic
material properties allow the dynamic behaviour of
these media to be properly described,[12−14] and sev-
eral cases of the propagation of ultrasonic waves in lay-
ered plates made of viscoelastic materials have been
modeled successfully[15,16] Nevertheless, these works
were restricted to generating and receiving ultrasonic
waves with air-coupled transducers, which can not ob-
tain ultrasound signals with high frequency and good
spatial resolution.

Due to the complexity of the generation and prop-
agation of Lamb waves in bonded plates with vis-
coelastic bonding layers, numerical methods will be
much more suitable in dealing with the complicated
processes, especially in processes involving various pa-
rameters. The finite element (FE) method, solving
the problems in the frequency domain,[17] has many
advantages. First of all, it is versatile due to its flexi-
bility in modeling complicated geometries and the fea-
sibility of obtaining full field numerical solutions.[18,19]

In addition, compared with classical FE method[20−23]

which uses numerical routines to produce time march-
ing solutions, thus requiring hundreds or thousands of
iterative calculations, the FE method proposed here
needs much less time and memory consuming since it
consists in solving the dynamic equations of equilib-
rium for a limited number of frequencies which con-
stitute the frequency spectrum of a temporal excita-
tion. Furthermore, complex moduli representing the
viscoelastic property introduced in this method can
effectively solve the problem of laser-generated Lamb
wave propagation in a viscoelastic bonding layer In
this article, the FE method is adopted to establish
the model of laser-generated Lamb waves in a thin
bonded plate with a viscoelastic adhesive layer in the
frequency domain, and the time domain responses are
then reconstructed by applying an inverse fast Fourier
transform (FFT). The sensitivity of the transient re-
sponses to variations of material properties of the vis-
coelastic adhesive layer is studied quantitatively.

2. Basic theory and numerical

method

2.1.Plane strain theory

We consider an infinite three-layer bonded plate
that consists of homogeneous, isotropic, and linearly
either elastic or viscoelastic layers, each with a thick-
ness of hk (k = 1, 2, 3). The coordinates x, y, and z

of the model are chosen to be parallel to the princi-
pal axis of the bonded plate, with y being the optical
axis of laser pulse irradiation, as shown in Fig. 1. The
motion is assumed to take place in three dimensions
(x, y, z), and the displacements in the x, y, and z di-
rections are uk, vk, and wk, respectively. The pulsed
laser line source is assumed to focus along the line
of z-axis on the top surface of the bonded plate, and
produces non-null displacements in both directions x

and y only, see Fig. 2. With the plane strain condi-
tions (εxz,k = εyz,k = εzz,k = 0), the displacement wk

and all derivatives with respect to z vanish, and the
two-dimensional governing equation in the frequency
domain is written as follows:





C∗11,k

∂2ũk

∂x2
+ C∗66,k

∂2ũk

∂y2
+ (C∗12,k + C∗66,k)

∂2ṽk

∂x∂y
+ ρkω2ũk = 0,

C∗22,k

∂2ṽk

∂y2
+ C∗66,k

∂2ṽk

∂x2
+ (C∗12,k + C∗66,k)

∂2ũk

∂x∂y
+ ρkω2ṽk = 0,

(1)
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where (ũk, ṽk) is the Fourier transform of the displace-
ment vector, ρk is the density, the subscript k = 1, 2,
3 represents the kth layer, and ω is the angular fre-
quency. The moduli C∗ij,k in Eq. (1) can be defined
to be complex quantities if the material is viscoelas-
tic: C∗ij,k = C ′ij,k + iC ′′ij,k, the real part represents the
elastic moduli and the imaginary part its viscoelastic
moduli.

Fig. 1. Schematic diagram for laser irradiating the sam-

ple.

Fig. 2. Cross section of the sample.

2.2.Numerical method

For wave propagation calculated in the fre-
quency domain, the above partial differential equa-
tion, Eq. (1), must be written in the following FE-code
form:[24]

∇ · (c∇Ũk)− aŨk = 0, (2)

where the symbol ∇ is the vector differential opera-
tor defined as ∇ = (∂/∂x, ∂/∂y), and the variable Ũk

to be determined corresponds to the vector (ũk, ṽk).
Then, the coefficient c is a 2×2 matrix composed of
four sub-matrices, that is

c11 =


 C∗11,k 0

0 C∗66,k


 , c12 =


 0 C∗12,k

C∗66,k 0


,

c21 =


 0 C∗66,k

C∗12,k 0


 , c22 =


 C∗66,k 0

0 C∗22,k


,

and the coefficient a is a 2×2 matrix given by

a =


−ρkω2 0

0 −ρkω2


 .

The boundary conditions are expressed as the
Neumann type, which corresponds to an excitation
source on the laser illuminative region and to a stress-
free boundary on the top and bottom surface of the
bonded plate. The boundary conditions are expressed
as

n · (c∇Ũk) = g, (3)

where n is the unit vector normal to the surface, and
the term g represents the excitation source on the
boundary. In the case of a stress-free boundary g = 0.
In addition, the stress tensors and displacements are
considered to be continuous at the interfaces of the ad-
jacent layers, and the initial displacement and velocity
are null.

2.3.Absorbing region

When simulating the propagation in the fre-
quency domain, it is mandatory to eliminate the re-
flections at the edges. A viscoelastic absorbing region
(AR) is simulated with a fictitious material for which
the viscoelastic moduli C

′′AR
ij,k are increased progres-

sively to absorb any waves entering this region. In a
layered plate, the imaginary part of the complex mod-
uli is regularly increased at the right-hand-side of each
layer of the plate (Fig. 2). The following function is
used to define the imaginary part of the complex mod-
uli involved in the AR:[16]

C
′′AR
ij,k = C ′′ij,k + A

( |xab − x|
Lab

)3

C ′ij,k,

L− Lab < x ≤ L,

(C ′′ij,k = 0 if material is elastic),

(4)

where C ′ij,k and C ′′ij,k represent the material properties
in the domain of propagation (DP), i.e. the domain
of interest for the generation and propagation, C

′′AR
ij,k

are the material properties in the AR, xab is the po-
sition of the interface separating the DP and the AR,
and A is a coefficient that may be adjusted to min-
imise the acoustic impedance mismatch between the
DP and the AR. To present the effect of the AR on the
propagation, we investigate a case of a 0.1 mm, 30 mm
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long, aluminum plate, with symmetric mode (S0) and
asymmetric mode (A0) coexisting at a frequency equal
to 0.5 MHz by using the AR. The predicted amplitude
of the normal surface displacement along the propa-
gation direction is shown in Fig. 3.

Fig. 3. Surface normalised normal displacement of an

aluminum plate at 0.5 MHz along the x direction.

As expected, in the AR, i.e., from x = 20 to
30 mm, the amplitude drastically diminishes and
tends towards zero, this indicates that no wave propa-
gates backwards along the DP to influence the incident
wave.

3. Numerical results and discus-

sions

3.1.Materials and laser parameters

Based on the theories described above, the laser-
generated Lamb waves are calculated in a three-layer
bonded plate of two aluminum plates joined together
with an adhesive bonding layer (the middle layer), and
the thicknesses of the two aluminum plates are the
same. The pulsed laser source is located at the po-
sition x = 0 mm on the top (aluminum) layer, just
as it would in a real application. Typical properties
of these materials used in the calculation are listed in
Table 1.[25]

Table 1. Mechanical properties of materials used in models.

ρ/(g·cm−3) C∗11/GPa C∗22/GPa C∗12/GPa C∗66/GPa

aluminum 2.78 112 112 58 27

adhesive 1.1 7+ i0.21 7+ i0.21 4.8+ i0.144 1.1+ i0.033

Harmonic waves can be generated by using pulsed laser techniques.[26,27] In this work, the laser source is
replaced by an equivalent stress and is given by[28]

f(t) =
2

α
√

2π
exp

[
− (t− t0)2

2α2
ω2

c

]
sin(ωct), 0 ≤ t ≤ td, (5)

where α is a parameter controlling the pulse width, t0 determines the pulse delay time, and ωc = 2πfc is the
centre angular frequency of the pulse. Here, we choose α = 1.2, t0 = 5 µs, and fc = 0.5 MHz. Figures 4(a)
and 4(b) show the time history of the chosen excitation source and its frequency spectrum, f(t) and F (f),
respectively.

Fig. 4. (a) Time history of the excitation source and (b) its frequency spectrum.
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3.2.Model of simulation

Spatial resolution of the FE model is critical for
the convergence of the numerical results. Choosing an
adequate element size is very important for the stabil-
ity and accuracy of the solution. In the calculation,
triangular element with quadratic behaviour is used
to mesh the plate where propagation is produced, and
the element size Le is 50 µm, which satisfies the crite-
rion suggested by Ref. [29].

Le ≤ 1
10

C

fmax
, (6)

where C represents the surface acoustic wave speed of
the aluminum plate, and fmax is the highest frequency
in the ultrasonic fields.

The frequency spectrum F (f) is used as the ex-
citation source of the FE model in the frequency do-
main. As seen in Fig. 4(b), the frequency content of
the pulse is confined to 0 ≤ f ≤ 1.5 MHz, and 150 fre-
quency components are enough to represent this fre-
quency spectrum. In the calculation, a number of 150
stationary analysis runs for the corresponding force
amplitudes are performed, with the method of using
a single parametric solution in the frequency domain.
Complex displacements are predicted in both direc-
tions x and y for the whole set of nodes. Tempo-
ral responses are then reconstructed for several node
positions by applying an inverse FFT for the set of
complex displacements predicted for the 150 frequency
components of the input.

3.3.Numerical results and discussion

The influences of the adhesive layer are shown
in Figs. 5(a) and 5(b) which compare the three-layer
bonded system with a single aluminum plate of the
same total thickness (100 µm). In this case, the three-
layer bonded system under consideration is a 30 mm
long three-layer plate, where the top and bottom lay-
ers are 40 µm thick aluminum plates and the middle
layer is a 20 µm thick adhesive. The time domain
traces at a source-to-receiver distance of 10 mm are
shown in Fig. 5(a). Good agreement can be found
in terms of the characteristics of the modes S0 and
A0 propagating through comparing the features of the
waveforms in the single aluminum plate calculated by
the FE model in the frequency domain with those of
the numerical results in Ref. [30]. It presents that the
lower frequency components of the modes S0 and A0

are dominant in such a thin plate. The initial arrival
shows the S0 mode, followed later by the dispersive
A0 mode with larger displacement amplitude which
means that the energy of Lamb waves is mainly in the
A0 mode. The presence of the adhesive layer causes
a clear decrease in the velocity and an increase in the
amplitude of both the S0 and A0 modes. This is par-
ticularly true for the A0 mode, which is more sensitive
than the S0 mode. In addition, it shows clearly that
the adhesive layer causes a decrease in the dispersion
of the A0 mode. The effects of the adhesive layer are
also shown in the dispersion curve in Fig. 5(b). It
can be found that the adhesive layer causes a marked
decrease in the velocity of both modes and in the dis-
persion of the A0 mode.

Fig. 5. (a) Surface normal displacement and (b) dispersion curve of the three-layer (Al/Ad/Al) plate are

compared to the signal aluminum plate of the same total thickness.
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To evaluate unknown material properties of a layer structure from measured data by using an inverse
technique requires a sensitivity analysis of the signals to variations of the material parameters. It can then be
determined whether the unknown parameters can be extracted. As a first example, to study the effects of the
viscoelasticity of the adhesive layer on the transient responses, the viscoelastic rate m of the adhesive layer is
gradually increased by varying the imaginary parts of the complex moduli C∗ij = C ′ij + m(iC ′′ij), from 0 to 2
of the nominal values given in Table 1. The transient responses at the top surfaces with a source-to-receiver
distance of 15 mm are presented in Figs. 6(a) and 6(b). Comparison of the waveforms in the purely elastic
adhesive layer (dashed lines) with those in the viscoelastic adhesive layer (solid lines) shows that the amplitudes
of both modes decrease gradually with increasing values of m, this indicates that the attenuation of Lamb waves
is related to the viscoelasticity of the adhesive layer. Moreover, it is shown that the sensitivity of all the modes
in the laser-generated Lamb waves is different from each other. As shown in Fig. 6, the amplitude of the A0

mode is much more sensitive than that of the S0 mode. In addition, comparison of the various frequency signals
(t = 17.18, 19.44, 22.24, 27.72 µs) of the A0 mode shows the amplitude of the higher frequency signals varies
much more than that of the lower frequency ones with increasing values of m. This phenomenon is clearly
presented in Fig. 7. This suggests that even for the A0 mode itself the sensitivity is different with respect to
the frequency, where the higher frequency signals vary much more than the lower frequency ones. It is because
the attention in higher modes is in general higher than that in the lower modes.

Fig. 6. Sensitivity of the signal to the variation of the viscoelastic rate m of the adhesive layer in a three-layer

plate with Al/Ad/Al configuration.

Fig. 7. Normalised amplitudes of various frequency sig-

nals versus the material viscoelastic rate m.

We also calculated the normal surface displace-
ments with variations in the elastic moduli of the ad-
hesive layer. In this case, the complex moduli of the
adhesive layer are set to be C∗ij = nC ′ij + iC ′′ij , and
the elastic rate n is varied from 0.8 to 1.2. The re-
sponses with a source-to-receiver distance of 15 mm
are shown in Figs. 8(a) and 8(b), where the solid lines
represent the variations (n = 0.8, 1.2) and the dashed
lines represent the original values (n = 1). It clearly
shows that the velocities of both modes increase grad-
ually with the increase of the elastic rate n. Such
a phenomenon results from the fact that the veloc-
ity of Lamb waves is related to the elastic modulus
of the adhesive layer. The greater the elastic mod-
ulus is, the faster the wave velocity is. It can also
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be observed from Fig. 8 that the velocity of the A0

mode is much more sensitive than the S0 mode. In
addition, comparison of the same frequency signals of
the A0 mode in Fig. 8 clearly presents that the veloc-

ity of the higher frequency components increases more
quickly than that of the lower frequency ones with in-
creasing values of n, which is also shown in Fig. 9.

Fig. 8. Sensitivity of the signal to the variation of the elastic rate n of the adhesive layer in a three-layer plate

with Al/Ad/Al configuration.

Fig. 9. Velocities of various frequency signals versus the

material elastic rate n.

To investigate the influences of the adhesive layer
thickness on the laser-generated Lamb waves, the nor-
mal surface displacements are calculated in the three-
layer plates with an adhesive layer thickness h of 10,
20, and 30 µm, respectively, where the thickness of
the top and bottom aluminum plates corresponds to
45, 40, and 35 µm, for ensuring that the total thick-
nesses of the layered plates are the same. The tran-
sient responses with a source-to-receiver distance of

10 mm are shown in Figs. 10(a) and 10(b). It can
be seen that the velocities of the S0 and A0 modes
decrease gradually with the increase of the adhesive
layer thickness h. This is because the velocity of Lamb
waves is getting close to that in a signal adhesive plate
with increasing values of h. We can also see the phe-
nomenon that the velocities of the higher frequency
signals of the A0 mode vary much more sensitively
than the lower frequency signals of the A0 model and
the S0 mode. In addition, comparison of the various
frequency signals (t = 12.57, 13.76, 15.92, 21.63 µs) of
the A0 mode (h = 20 µm) and the S0 mode in Fig. 10
clearly shows that the amplitudes of the higher fre-
quency components decrease with the increase of h,
while the amplitudes of the lower frequency ones and
the S0 mode increase gradually. It indicates that the
energy of the higher frequency signals is converted to
the lower frequency ones and the S0 mode gradually
decreases with the increase of h. Moreover, it clearly
presents that the amplitude of the higher frequency
signals (t = 12.57, 15.92 µs) varies much more than
that of the lower frequency ones (t = 13.76, 21.63 µs).
This phenomenon is also shown in Fig. 11. So, the
higher frequency signals of the A0 mode can be used
to extract the thickness of the adhesive layer in an
effective way.
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Fig. 10. Sensitivity of the signal to the variation of the thickness h of the adhesive layer in a three-layer plate

with Al/Ad/Al configuration.

Fig. 11. Relative amplitudes of various frequency signals

versus the adhesive layer thickness h.

Next, the normal surface displacements for the
case of a two-layer plate with a source-to-receiver dis-
tance of 10 mm are also calculated. For a two-layer
plate, calculations have been made for the following
configuration: adhesive/aluminum. Again the thick-
ness of the surface adhesive layer h is set to be 10, 20,
and 30 µm, respectively, while the aluminum plate 90,
80, and 70 µm correspondingly for obtaining the same
total thicknesses of the systems as those in Fig. 10.
The time domain traces are presented in Fig. 12. Nu-
merical results clearly show that the characteristics of
the lower frequency signals of the A0 mode vary much
more sensitively than those in the three-layer bonded
systems (Fig. 10) with the increase of h, which leads
support to the conclusion that the lower frequency
modes are primarily sensitive to the properties of the

top layer.

Fig. 12. Sensitivity of the signal to the variation of the

thickness h of the adhesive layer in a two-layer plate with

adhesive/aluminum configuration.

4. Conclusions

The generation of ultrasound in a thin bonded
plate subjected to laser illumination has been stud-
ied quantitatively, taking account of the material vis-
coelasticity. The normal surface displacements of the
bonded plate have been calculated in the frequency
domain by using the FE method, and the time do-
main response has been reconstructed by applying an
inverse FFT. Several numerical results are calculated
giving normal displacement in the following configura-
tions: a single aluminum plate, a three-layer bonded
plate and a two-layer plate. The characteristics of
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the laser-generated transient responses for these cases
have been studied. In addition, the sensitivity of the
transient responses to variations of material proper-
ties (C ′′ij , C ′ij , and h) of the adhesive layer has been
investigated in detail. The numerical analyses indicate
that the FE model can decide the modes, which are
generated by a laser source in a layered system with

a viscoelastic bonding layer, and it can also be used

to determine the sensitivity that the generated modes

cause changes in elastic modulus, viscoelastic modulus

and thickness of the bonding layer. The further inves-

tigation to determine the properties of the bonding

layers by using an inverse method is in progress.
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