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Wave propagation in parallel-plate waveguides
filled with nonlinear left-handed material∗
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A theoretical investigation of field components for transverse electric mode in the parallel-plate waveguides has been

studied. In this analysis two different types of waveguide structures have been discussed, i.e., (a) normal good/perfect

conducting parallel-plate waveguide filled with nonlinear left-handed material and (b) high-temperature-superconducting

parallel-plate waveguide filled with nonlinear left-handed material. The dispersion relations of transverse electric mode

have also been discussed for these two types of waveguide structures.
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1. Introduction

The study of parallel-plate waveguides has been
the subject of investigation for many researchers in
the past several years. Work has been done by vari-
ous authors in this direction, see for example the work
of Ghosh and Pal[1] and Prasad et al.[2] and references
therein. In recent years, the topics of left-handed ma-
terials (LHMs) have increasingly received renewed at-
tention due to artificial complex materials in a cer-
tain range of frequency.[3−5] Linear LHMs have been
used in parallel-plate waveguide structures in different
geometrical applications. For example, super energy
flows has been studied by Cheng and Cui[6,7] and Yu
and Cui[8] in a parallel-plate waveguide structure filled
with two parallel layers of air and LHM. Recently non-
linear LHMs have been investigated by Shadrivov et
al.[9] and Hamada et al.[10] to study the surface waves
at an interface between two different media.

In the above mentioned waveguide structures,
metallic or good-conducting parallel-plates have been
used. It is believed that the high-temperature-
superconductors (HTSs) are different from good-
conductors[11] and therefore, boundary conditions ob-
tained for normal good/perfect conducting struc-
tures cannot be applied directly to the high-
temperature-superconducting structures.[12] Thus, for
the boundary-value problems consisting of HTSs, new
boundary-conditions must be employed.[11]

In the present paper, wave propagation proper-

ties of transverse electric (TE) mode in parallel-plate
waveguides filled with nonlinear LHM are discussed.
In this connection two types of structures are consid-
ered i.e. (a) normal good/perfect conducting parallel-
plate waveguide structure and (b) high-temperature-
superconducting parallel-plate waveguide structure.
The schematic representation of these waveguide
structures is shown in Fig.1.

Fig. 1. A good-conducting or HTS parallel-plate waveg-

uide structure filled with nonlinear LHM.

2. Mathematical formulation

The proposed geometry of the parallel-plate
waveguide structure filled with nonlinear LHM with
thickness ‘a’ is shown in Fig. 1. The plates are ex-
tended infinitely in the y-direction, whereas propaga-
tion is studied the in the z-direction.

The Maxwell’s field equations for the nonlinear
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LHM are

∇×H = iωε0 εNL(ω) E, (1)

∇× E = −iωµ0 µ(ω) H, (2)

where dielectric function εNL(ω) has Kerr-type non-
linearity and is given by

εNL(ω) = εl(ω) + α |E|2 , (3)

εl(ω) = 1 − ω2
p/ω2 and µ(ω) = 1 − Fω2/(ω2 − ω2

r )
are the linear parts of dielectric function and rela-
tive permeability of the LHM (where losses have been
neglected), whereas α, ωp, ωr and F are the nonlin-
ear coefficient, the plasma frequency, the resonance
frequency, and the filling factor respectively.[9,10] It
is considered that all the field components are inde-
pendent of y and are proportional to e i(ωt−kz). For
the case of TE-mode, i.e., TE(Ey,Hx,Hz), the wave
equation can be written by using Eqs. (1)–(3) for the
y-component of the electric field as follows:

∂2Ey

∂x2
− k′2Ey + k2

0µ(ω)αE3
y = 0, (4)

where k′ =
(
k2 − k2

0ε
l(ω) µ(ω)

)1/2 and k2
0 = ω2/c2.

The solution of the above nonlinear equation is ob-
tained as[9]

Ey =
k′

k0

√
2

α µ (ω)
sech [k′ (x− x0)] , (5)

where x0 is the constant which may be determined
from the boundary conditions. Using Eq. (2) the mag-
netic field components Hx and Hz are given by

Hx =
−k

ω µ0 µ (ω)
Ey, (6)

Hz =
−ik′

ω µ0 µ (ω)
tanh [k′ (x− x0)] Ey, (7)

where the field components Hx and Hz are the normal
and the transverse components of magnetic field.

2.1.Case of good-conducting parallel

plates

To discuss the case of good-conducting parallel-
plate waveguide filled with nonlinear LHM, the bound-
ary condition, i.e. Ey = 0 for good-conducting plates
at x = 0 and x = a is used in Eq. (5). Thus the results
can be expressed as follows:

k′ x0 = [(2n)!]1/2n
, (8)

k′ (a− x0) = [(2n)!]1/2n
, (9)

where n = 1, 2, 3, . . . . By eliminating x0 from the
above equations and using the value of k′ defined in
Eq. (4), the dispersion relation for the case of good-
conducting parallel-plate waveguide filled with nonlin-
ear LHM can be written as

k2 = ω2ε0 εl(ω) µ0 µ (ω) +
4 [(2n)!]1/n

a2
. (10)

By substituting Eqs. (8) and (9) into Eqs. (5) and (7),
the following expressions for the field vectors at x = 0
and x = a are obtained as:

Ey(0) = Ey(a) =
2 [(2n)!]1/2n

k0a

√
2

α µ (ω)
u, (11)

Hx(0) = Hx(a) =
−k

ω µ0 µ (ω)

[
2 [(2n)!]1/2n

k0a

√
2

α µ (ω)
u

]
, (12)

Hz(0) = −Hz(a) =
4i

ω µ0 µ (ω)
[(2n)!]1/n

k0a2

√
2

α µ (ω)

[
u

(
1− u2

)1/2
]
, (13)

where u = sech
[
[(2n)!]1/2n

]
. The value of k can be ob-

tained from the dispersion relation given by Eq. (10).

As the field vector Ey given by expression (11) is zero

at the boundaries, therefore it is clear that the Hx

is also zero in expression (12). Thus Hz is the only

non-zero field vector at x = 0 and x = a in expres-

sion (13). These results for the field components are

similar at the boundaries to those in the case of a

good-conducting parallel-plate waveguide filled with
some linear dielectric material.[13]

2.2.Case of high-temperature-supercon-

ducting parallel plates

Now to discuss the case of high-temperature-
superconducting parallel-plate waveguide filled with
nonlinear LHM, the Meissner effect is coupled to the
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boundary conditions. If there is a magnetic field par-
allel to the surface of superconducting plate, then the
transverse component of magnetic field decreases ex-
ponentially according to Ht = H0 exp (−d/λL),[11]

where H0 is the magnetic field on the surface of HTS,
d can be taken to be the distance from the surface to
the HTS along the x-direction, and λL is the London
penetration depth which is very small as compared
with the size of the waveguide, i.e., λ̄L = λL/a << 1.

If there is a magnetic field on the interface between the

HTS and the nonlinear LHM, then Ht must be contin-
uous. Thus Meissner boundary condition[11,14,15] for
HTS is given by

dHt

dx
+

1
λL

Ht = 0 (14)

in terms of transverse component of magnetic field,
i.e., Hz, given by Eq. (7). Equation (14) for x = 0
and x = a can be written respectively as

A sech [k′ x0]
{

k′
{
sech2 [k′ x0]− tanh2 [k′ x0]

}
+

1
λL

tanh [k′ x0]
}

= 0, (15)

A sech [k′ (a− x0)]
{

k′
{
sech2 [k′ (a− x0)]− tanh2 [k′ (a− x0)]

}
+

1
λL

tanh [k′ (a− x0)]
}

= 0, (16)

where

A =
−i

ω µ0 µ (ω)
k′2

k0

√
2

α µ (ω)
.

For the wave motion the values of A and
sech [k′ (x− x0)] for x = 0 and x = a cannot be zero,
thus Eqs. (15) and (16) yield quadratic equations in
‘tanh’ which ultimately give the following expressions
for x = 0 and x = a :

tanh [k′ (x0)] = −k′a λ̄L, (16a)

tanh [k′ (x0)] =
1

2k′a λ̄L
, (16b)

tanh [k′ (a− x0)] = −k′a λ̄L, (17a)

tanh [k′ (a− x0)] =
1

2k′a λ̄L
, (17b)

since −1 ≤ tanh [k′ (x0)] ≤ 1, −1 ≤
tanh [k′ (a− x0)] ≤ 1 and therefore Eqs. (16b) and
(17b) are not considered for λ̄L << 1. Thus Eqs. (16a)
and (17a) are combined to give the following relation:

tanh [k′a/2] = −k′a λ̄L. (18)

Using tanh [(k′a/2) + nπ i] = tanh [k′a/2] in the
above relation and skipping the details of some al-
gebra, the following expression can be obtained:

k′a = 2nπ i
(
2λ̄L − 1

)
, (19)

where the terms containing the higher powers of λ̄L

have been neglected. Now using the value of k′ de-
fined in Eq. (4), Eq. (19) reduces to the following
dispersion relation for the case of high-temperature-
superconducting parallel-plate waveguide filled with

nonlinear LHM:

k2 = ω2ε0 εl(ω) µ0 µ (ω) +
4 (nπ)2

a2

(
1− 4λ̄L

)
. (20)

Substituting Eqs. (16a), (17a) and (19) into Eqs. (5)
and (7), the following expressions for the field vectors
at x = 0 and x = a are obtained:

Ey(0) = Ey(a)

=
−2nπ i

k0a

√
2

α µ (ω)
(
1 + 2λ̄L

)
, (21)

Hx(0) = Hx(a)

=
k

ω µ0 µ (ω)
2nπ i
k0a

√
2

α µ (ω)
(
1 + 2λ̄L

)
, (22)

Hz(0) = −Hz(a)

=
8n3π3

ω µ0 µ (ω)k0a2

√
2

α µ (ω)
(
λ̄L

)
. (23)

Equation (20) can be used to calculate the value
of k. Expressions (21)–(23) show that the field vectors
Ey and Hx are non-zero at the boundaries whereas
Hz approaches to zero, which is much different from
the case of good-conducting parallel-plate waveguide
filled with nonlinear LHM as discussed in Subsec-
tion 2.1. Ma[11] has investigated high-temperature-
superconducting parallel plate waveguide filled with
some linear dielectric material and also shown that
field vectors Ey and Hx are non-zero at the bound-
aries. But the present investigations show some dif-
ferences from his work. For example, there are no un-
known coefficients involved in expressions (21)–(23).
Secondly, field vectors Ey and Hx have the same val-
ues at the boundaries at x = 0 and x = a, that is,
Ey(0) = Ey(a) and Hx(0) = Hx(a) respectively.
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3. Results and discussion

In this paper, good-conducting and high-
temperature-superconducting parallel-plate waveg-
uides are investigated for the TE-mode. It is found
that the field vector Hz is non-zero at the boundaries
in the case of good-conducting parallel-plate waveg-
uide filled with nonlinear LHM, which is a similar re-
sult to that for the case of a good-conducting parallel-
plate waveguide filled with linear dielectric material[13]

where only the transverse component of magnetic field
is non-zero at the boundaries.

When the case of high-temperature-super-
conducting parallel-plate waveguide filled with nonlin-
ear LHM is investigated, it is seen that the transverse
component of magnetic field vector approaches to
zero at the boundaries, which is similar to the case
of high-temperature-superconducting parallel-plate
waveguide filled with linear dielectric material.[11]

In order to study the dispersion characteristics
of the TE-mode for these two types of waveguide
structures, the dispersion relations (10) and (20) have
been computed numerically. In the numerical analy-
sis, the following values of the parameters appearing
in εl(ω) = 1− ω2

p/ω2 and µ(ω) = 1− Fω2/
(
ω2 − ω2

r

)

are chosen to fit the experimental data:[9,16,17] ωr =
4 GHz, ωp = 10 GHz, and F = 0.56. For these pa-
rameter values, the frequency region in which permit-
tivity εl(ω) and permeability µ(ω) are simultaneously
negative extends from 4 GHz to 6 GHz. Firstly, the
case of good-conducting parallel-plate waveguide filled
with nonlinear LHM is numerically investigated. In-
stead of the usual plot of ω versus k, it is more useful
to give a plot of v2

ϕ/c2 versus ω, where vϕ = ω/k is
the phase velocity. For this purpose the dispersion
relation (10) is written in the following form:

v2
ϕ

c2
=

[
εl(ω) µ (ω) +

c2

ω2

4 [(2n)!]1/n

a2

]−1

. (24)

Thus for the case of good-conducting plates,
Figs. 2(a), 2(b) and 2(c) show the dependences of
v2

ϕ/c2 on propagation frequency ω for different val-
ues of thickness, that is, a = 10−3 m, a = 10−4 m
and a = 10−5 m, respectively. These figures show the
plots of TE-modes with n = 1, 2, 3. These plots show
that in the whole range of frequency, i.e., from 4 GHz
to 6 GHz, there always exists a region of propaga-
tion. Moreover, it is also clear that these structures
are more flexible to the waveguide thickness. Thus
these types may have some applications in the design

of structures with less restriction on the waveguide
thickness.

Fig. 2. The plots of v2
ϕ/c2 versus ω, for the case of good-

conducting plates filled with nonlinear LHM having dif-

ferent values of thickness: a = 10−3 m (a), 10−4 m (b),

and 10−5 m (c). Each figure shows TE-modes with n = 1

(. . . ), n = 2 (—) and n = 3 (– –).

Now the dispersion relation (20) written in the fol-
lowing form, is investigated numerically for the case
of high-temperature-superconducting parallel plates:

v2
ϕ

c2
=

[
εl(ω) µ (ω) +

c2

ω2

4 (nπ)2

a2

(
1− 4λ̄L

)
]−1

. (25)

For this purpose, a typical value of London pene-
tration depth, i.e., λL = 0.4× 10−6 m, has been used
for YBCO superconductor.[12,18] It is observed that
from 4 GHz to 6 GHz, there is always a region of non-
propagation for all values of waveguide thickness and
TE-modes (with n = 1, 2, 3). For the sake of com-
pleteness a plot of v2

ϕ/c2 versus ω, for a single value
of thickness a = 10−3 m with n = 1, 2, 3, is shown in
Fig. 3.
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Fig. 3. Plots of v2
ϕ/c2 versus ω for the case of high-

temperature-superconducting plates filled with nonlinear

LHM having thickness a = 10−3 m, where n = 1 (. . . ),

n = 2 (—) and n = 3 (– –) show different TE-modes.

Some special cases are also discussed in the
present section. In these cases, the details of a rather
similar messy algebra (as discussed in Section 2) and
numerical analysis have been dropped and only the
results are presented here.

If linear LHM is used between these good-
conducting and high-temperature-superconducting
parallel-plate waveguides, then the dispersion rela-
tions for these two types of structures may be ob-

tained as v2
ϕ/c2 =

[
εl(ω) µ (ω)− (cnπ/aω)2

]−1

and

v2
ϕ/c2 =

[
εl(ω) µ (ω)− (cnπ/aω)2

(
1− 4λ̄L

)]−1

re-
spectively. For the frequency range of simultaneous
negative values of permittivity and permeability, both
of these dispersion relations do not show the region of
propagation for different values of waveguide thickness
and values of n.

In another special case, if a nonlinear dielectric
material with µ and εNL = εl + α |E|2 is used inside
these two types of waveguide structures, then similar
dispersion relations to expressions (24) and (25) can
be obtained. In these cases there will be no restric-
tion on the frequency range as discussed for the LHMs,
and thus a broader range of frequency can be chosen.
Therefore it is observed that in the microwave range
from 109 Hz to 1012 Hz with µ = 1 and εl = 1 → 16,
there is always a region of propagation for the case of
good-conducting parallel plates. Whereas for the case
of high-temperature-superconducting parallel plates,
there is a region of propagation and non-propagation
occurs only for larger values of waveguide thickness
(i.e. on the order of 10−3 m) with µ = 1, εl = 4 →

16, n = 1, etc.

4. Conclusion

The dispersion characteristics and the analysis of
field components for TE-mode in two different types
of waveguide structures have been investigated theo-
retically. It is found that only the transverse com-
ponent of magnetic field is non-zero at the bound-
aries in the case of good-conducting parallel-plate
waveguide filled with nonlinear LHM. Whereas for the
case of high-temperature-superconducting parallel-
plate waveguide filled with nonlinear LHM, the trans-
verse component of magnetic field vector approaches
to zero at the boundaries. In the frequency range
when permittivity and permeability are simultane-
ously negative, the dispersion relations obtained for
these two types of waveguide structures show that
there are always regions of propagation in one case and
regions of non-propagation in the other case respec-
tively. Moreover, the first type of waveguide structure
has also shown more flexibility to the waveguide thick-
ness.

In a special case, if a linear LHM is used be-
tween these two types of parallel plates, then there
are always regions of non-propagation for these waveg-
uide structures. In the other special case, if a
nonlinear dielectric material is used (instead of a
nonlinear LHM) between these two types of par-
allel plates, then in one type of waveguide struc-
ture with good-conducting plates there are always
regions of propagation (in the microwave frequency
range). In the other type of waveguide with high-
temperature-superconducting plates, there are both
regions of propagation and non-propagation. Thus,
the behaviour of a high-temperature-superconducting
parallel-plate waveguide structure filled with some
nonlinear dielectric material is much different from a
waveguide structure filled with nonlinear LHM.
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