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It is widely accepted that the heart current source can be reduced into a current multipole. By adopting three linear
inverse methods, the cardiac magnetic imaging is achieved in this article based on the current multipole model expanded
to the first order terms. This magnetic imaging is realized in a reconstruction plane in the centre of human heart, where
the current dipole array is employed to represent realistic cardiac current distribution. The current multipole as testing
source generates magnetic fields in the measuring plane, serving as inputs of cardiac magnetic inverse problem. In
the heart-torso model constructed by boundary element method, the current multipole magnetic field distribution is
compared with that in the homogeneous infinite space, and also with the single current dipole magnetic field distribution.
Then the minimum-norm least-squares (MNLS) method, the optimal weighted pseudoinverse method (OWPIM), and
the optimal constrained linear inverse method (OCLIM) are selected as the algorithms for inverse computation based
on current multipole model innovatively, and the imaging effects of these three inverse methods are compared. Besides,
two reconstructing parameters, residual and mean residual, are also discussed, and their trends under MNLS, OWPIM

and OCLIM each as a function of SNR are obtained and compared.
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1. Introduction

Magnetocardiography (MCG) is a non-invasive,
non-contact imaging modality based on external mea-
surements of cardiac magnetic fields produced by bio-
electric currents within the heart. By utilizing super-
conductivity quantum interference device (SQUID),
the weak cardiac magnetic signals are recorded and
used to form MCG maps.!'=3] Although the mag-
netic imaging using MCG has a lower resolution than
transmission tomography (CT) and magnetic reso-
nance imaging (MRI), it can provide functional images
which are helpful for diagnosing many diseases, such
as Wolff-Parkinson-White (WPW) syndrome, infarc-
tion, atrial and ventricular overload, etc.

Unfortunately, the cardiac current source estima-
tion is a severely ill-posed inverse problem. Most
approaches used to solve this inverse problem can
be classified into two kinds: imaging and parametric
methods. The first method needs to tessellate current
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source area into many small parts, assign an elemental
current source to each area element, relate source el-
ements to measuring elements by geometrical matrix
and then solve matrix-formed inverse problem without
iteration.[*® The second method is to adopt a func-
tional model and use several parameters to represent
bioelectric sources. The most typical and classic car-
diac functional model is the equivalent current dipole
(ECD) modell! and multiple current dipole model.[”]
While their localization errors may increase with the
source extension and the use of multipole expansion
can help deal with this problem, so there comes the
current multipole model.!®% The current multipole ex-
pression can be obtained by using current multipole
expansions (CME) and magnetic multipole expansion
(MME) in spherical or Cartesian coordinate system.
As to the first source estimating method, re-
searchers usually suppose that each elemental current
source, which is usually chosen to be a current dipole,
has a definite position but an undefined magnitude
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and orientation, so in this case the magnetic field is a
linear function of the current distribution. Some lin-
ear methods are suitable for solving this inverse prob-
lem, such as maximum-likelihood (ML) method, "]
minimum-norm least-squares (MNLS) method, opti-
mal weighted pseudo-inverse method (OWPIM),M!]
minimum mean-square error (MMSE) method,"? op-
timal constrained linear inverse method (OCLIM),*3]
etc. When it comes to the parametric methods, func-
tional current sources’ position, magnitude and ori-
entation are all indefinite, while these unknown pa-
rameters can be found by a least-square fit to the ob-

(14 The simulated annealing al-

served measurements.
gorithm, genetic algorithm, Nelder-Mead algorithm,
etc. are usually used to fit calculated data to realis-
tic observed data. However, because this is a nonlin-
ear inverse problem and iterative solution is required,
these algorithms are computationally expensive.

In this article, the current multipole expanded to
the first order terms is chosen as a testing cardiac
source aiming at exciting simulated magnetic fields
in the measuring plane. Depending on these mag-
netic data, current dipole array reconstruction is re-
alized by MNLS (or Moore-Penrose), OWPIM and
OCLIM inverse computations of the forward matrix
and how random noises have an influence on current

dipole imaging effect is also discussed.

2. Methods

For a bounded conductor G divided into homo-
geneous subregions G; by surfaces S;, j =1,2,...,n,
the representation for magnetic field B in terms of bio-
electric current J? and the values of electric potential
V on S; can be given as: 1]

B(r) = Z—Za —of)

/V | 7 xn;dS;, (1)
where

Ho il r—r ’
Borz—/er)xidv 2
=tz [T e )
is the magnetic induction generated by J? in a homo-
geneous unbounded space, ¢, and o’/

J J
ties on the inner and the outer sides of Sj, and n; is

are conductivi-

the outer unit normal of the surface 5.

By(r) can be expanded using multipole expan-
sion of the dyadic Green’s function about the cen-
troid of bioelectric currents 7 in Cartesian coordinate
system!® as follows:

By(r)
ez X7 e, XT ey xXr
= ZO Ao + Ann——5— + Bu—3
T r T
z(ez X T) 3(zex +zeE,) X T
A A
A0 25 T 2r5
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+ Ay ( ?5J y) + By (y . y)
r r
3zr — rle, 3zr — e,
+ a0 = + a1 =
7/-0 T“J
3yr — e
+ ﬁu% +...], (3)

where e;, ey, e, are the unit vectors along the axes
z, y and z. The first three terms denote the cur-
rent dipole, dipole moment p = (A;1, B11, A1g), and
the last three terms before the ellipsis are associated
with the magnetic dipole, magnetic dipole moment
m = (a11,011,@10), and the five terms in the mid-
dle result from the current quadrupole, five elements
of current quadrupole tensor (Asg, A1, Bo1, Aag, Bas).
For simplicity, 7 — 7 is replaced by 7 in Eq. (3).
Current multipole has been deemed as a kind of
cardiac functional model, especially in QRS and ST-T
complex during one cardiac cycle. The current mul-
tipole, as an alternative model of equivalent current
dipole (ECD), is suitable for simulating sources with
significant spatial extent and arbitrary activation pat-
terns. Although the higher order terms of current mul-
tipole expansion can provide a more accurate modifi-
cation to cardiac current source, the current multipole
expanded to the first order terms is enough for char-
actering electrophysiological activities of human heart
generally. As shown in Eq. (3), this cardiac source
model is composed of three parts: the current dipole,
the magnetic dipole, and the current quadrupole. If
the magnetic signals are detected along the z axis,
some parameters in Eq. (3) will disappear and By ,

can be expressed as

BO,Z
Ho Yy — T — T
= — A _— _—
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Since the second term on the right-hand side of

Eq. (1), which arises from surface current —(o’ —

o)V (r")n;(r'), can change the distribution of rrfag—
netic field By, the boundary effect of piecewise con-
ductor should be considered, so we use the boundary
element method (BEM) to solve that. The BEM based
on the ideas of Barr et al.l'”) is a kind of node-to-node
tessellating method in which surfaces are divided into
many small triangles and each node of these trian-
gles is connected by geometrical matrix. As a result,
the electric potentials on each surface and the mag-
netic fields outside the conductor can be calculated
from electric potentials in an unbounded homogeneous
space. This method is suited for settling forward prob-
lems of cardiac magnetic fields and electric potentials.

The output of a magnetometer or magnetic-
gradiometer Bj at observation point 7 is linearly
related to the bioelectric current distribution, thus
there will exist a vector field L ('), called lead field,

satisfying:[18]

Bkz/Lk(r’)-Ji(r’)dv’, k=1,2,....,M, (5)
G

where Lg(r') is concerned only with the geometries
of current sources and the distributions of magnetic
observation points.

At the same time, assume that BEM tessellates
surface S into Ngp triangles, thus By can be expressed
in the form of linear combination of electric potentials
(in unbounded space) on the centroids of each triangle
on S as follows:

Nsp
Bk:BO,k+Z Z A%mSVOS,mS7 k:1727-..7M7
S mg=1

(6)
where the first summation of the second term on the
Matrix A°
(M x Ngp) consists of geometrical factors and is com-

right-hand side runs over all surfaces.

puted only once.
Comparing Eq. (5) with Eq. (6), we obtain

Nsp

Li(r') = Lox(r') + > > AR LG s (), (7)

S ms

where ,
B @(rk —7') X ey

Lowlr) = 47 T

|ry — 7
and - o
E / ms
Lo,ms(T )= Ino \Tms ~ r’|3
are the lead field and the electric lead field without
consideration of boundary effect, pg is the permeabil-
ity in vacuum, o represents the conductivity in homo-
geneous infinite space, and 7,,4 is the msth observa-
tion point of electric potential on surface S.

We suppose that the cardiac current source can
be simplified into a set of current dipoles distributed
evenly in the thin source plane in the centre of heart,
forming a current dipole array and this simplified car-
diac source model has been used*®! to realize the
magnetic imaging of bioelectric currents. The source
plane that is assumed to be coincident with the imag-
ing plane is divided into grids, and in the middle of
each grid element there lies a current dipole with an
undefined magnitude and orientation. Our aim is to
reconstruct these current dipoles in the imaging plane
based on the simulated cardiac magnetic data.

However, why can the cardiac current source be
reduced into a current dipole array? If the source
plane S’ with thickness & is tessellated into N (N =
nxn) grid and r;" denotes the position of the jth cur-
rent dipole in the centre of the jth cell ASY, Eq. (5)
can be rewritten as

N
Bp =Y _ Li(r) - J(r;")hAS], (8)
j=1

where J(r%)hAS’ in dimension of A -m could be re-
garded as a current dipole Q; = (Qj.z, Qj.y, Qiz)T, s0
in this sense the current dipole array is an appropriate
equivalent current source model of heart.

As to all the magnetic fields B detected at M
measuring grid nodes and all the current dipoles, i.e.,
B = (Bl, BQ, ey B]V[)T and Q = (Ql, QQ, ey C?N)T7
according to Eq. (8), they are connected by lead field
matrix L (M x N) and satisfy:

B=LQ. (9)

In Eq. (9) the influences from various kinds of
noises are not taken into consideration. For realistic

case, noises should not be ignored, so we have
B=LQ+W, (10)

where W is the noise vector and its convariance ma-
trix is X = EW W', Though noises are not limited
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to random noises, some other kinds of noises are hard
to simulate. So only random noises are to be consid-
ered here.

Equations (9) and (10) are typical ill-posed sys-
tems and their exact solutions @ do not exist; nev-
ertheless their optimal pseudo-solutions still can be
obtained to replace the real solutions and expressed
as

Q=L"B, (11)

where LT is the pseudo-inverse matrix of L, and there
are many inverse algorithms to calculate L™, among
which the Moore-Penrose inverse or the minimum-
norm least-square (MNLS) method is the most ba-
sic approach. The optimal truncated pseudoinverse
method (OTPIM), optimal weighted pseudoinverse
method (OWPIM), optimal constrained linear inverse
method (OCLIM), etc.l''13:200 are also suitable for
this inverse problem.

In the next section, we will adopt MNLS, OW-
PIM and OCLIM inverse methods to reconstruct the
current dipole array based on the magnetic fields gen-
erated by current multipole model with considering
boundaries of sub-conductors with different conduc-
tivities. The imaging effect and the noise-resistance
of these three methods will be compared.

3. Simulation results

As shown in Fig. 1, a concentric ellipsoid heart-
torso model is constructed by BEM to handle the in-
fluence of boundaries on magnetic field distribution.
This model is composed of two concentric homoge-
neous parts: heart area (heart muscle) with conductiv-
ity o1 and the area between torso and epicardial sur-
face (inner torso tissue) with conductivity o9, and si-
multaneously neglects other tissue effect. We adopt o
and o5 to be 0.10 S/m and 0.04 S/m respectively.[!]
The dot lines along the longitude and the latitude of
the torso surface show how the surface is tessellated
into small triangles. In this paper, the torso and the
heart are both divided into 1104 triangles, accompa-
nied with 554 nodes. The observation plane is placed
in front of the torso (0.12 m away from the zoy plane)
and the magnetic measurements are carried out at
each node in this plane. There are 6x6 measuring
points in all, and the nearest distance between two
points is 0.04 m. Located inside the heart is the recon-
struction plane (imaging plane), which is coincident

with the zoy plane. There will be 14x14 reconstruct-
ing current dipoles scattered evenly on the reconstruc-
tion plane and the distance between the nearest recon-
structed dipoles is set to be 0.005 m.

Ay

torso

v

% reconstruction plane

/ observation plane
z

Fig. 1. Heart-torso model constructed by BEM. Dot lines
along the longitude and the latitude of torso surface show
how this model is tessellated. The observation plane is
placed in front of the model. The reconstruction plane
sits in the centre of heart model.

First, we discuss the simulated magnetic field
The
parameters of current multipole are chosen ac-

distribution induced by the current multipole.

cording to inverse calculation depending on re-
alistic measurements, these being dipole moment
p =
m =

(1,1, )pA -m, magnetic dipole moment
(0.1,0.1,0.1) A - m?,
of quadrupole tensor (Aag, As1,Bai, Az, Baa) =
(0.1,0.1,0.1,0.1,0.1)pA - m?.  In view of these mul-
tipole parameters, the simulated MCG map in the

and five elements

measuring plane without and with considering bound-
aries are given in Fig. 2 respectively. After comparing
Fig. 2(a) which shows the By map, with Fig. 2(b) sig-
nifying B map, it is obvious that the influence from
the surface currents due to the sudden change of con-
ductivities in the interface does not change the shape
of MCG map’s contour but does change the magnetic
field magnitudes, which are the same as what hap-
pen to the condition when the single current dipole is
selected to be the cardiac functional current source.
However, the degree to which B is counteracted is
different. In single current dipole condition, the mag-
nitude of B is about 1/3 that of By at the same mea-
suring point according to our previous study, while as
to current multipole, B is much less offset by mag-
netic fields due to surface currents. Signs ‘+’ and ‘~’
denote areas of positive and negative magnetic fields
respectively.
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Fig. 2. MCG map without and with considering boundary effects: By (a) and B (b). Sign ‘+’ denotes the area of
positive magnetic fields, and ‘' represents the area of negative magnetic fields.

Then Fig. 3 shows the current dipole array reconstruction with using magnetic data given by Fig. 2(a).
Figure 3(a) shows the two-dimensional (2D) dipole reconstructing pattern, where the distribution of current
dipoles is roughly consistent with the magnetic field distribution in Fig. 2(a). Figure 3(b) indicates the three-
dimensional (3D) current dipole array image. In reality, in the process of this image, some random noises have
been added to simulated magnetic data. However, because the magnitudes of these noises is quite low, where
the signal-to-noise ratio (SNR) is 172.54dB, there is little influence on imaging effect.
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Fig. 3. Current dipole array 2D (a) and 3D (b) reconstructions.

Next, we consider the effects of three parts of current multipole expansion terms on magnetic field distri-
bution separately, and the current dipole array imaging based on magnetic fields of the three parts in bounded
space. Current multipole parameters remain the same and the SNR for magnetic imaging is also 172.54 dB.
Figure 4(a) is for the leading term—current dipole MCG map, taken as inputs of current dipole array recon-
struction shown in Fig. 4(b). Figures 4(c) and 4(d) show the magnetic dipole MCG map and its corresponding
current dipole array reconstruction. Current dipoles shown in Fig. 4(f) are reconstructed by using magnetic
data obtained from the current quadrupole model whose magnetic field distribution is given in Fig. 4(e). Signs
‘+” and ‘~’ denote areas of positive and negative magnetic fields respectively.

In the procedure of measurements, detecting noises from external environments, measuring errors, and self-
change of detected samples, or from any other possible sources, are inevitable and should be considered carefully
to guarantee effective measurements and obtain valuable physiological activity information. Although there are
many kinds of noises, some of which are difficult to simulate by computer, only the most common noise—random
noise is to be discussed here. A random noise vector with mean zero is added to our program. The dipole array
imaging effect as the function of SNR changes is inspected under different inverse methods (MNLS, OWPIM
and OCLIM). Furthermore, two imaging parameters: the residual x? (x*> = (B — LQ)TEWWT(B — LQ))
and its mean value Ex?2, are given. The former parameter shows how closely the reconstructed field values
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match the measured signals, and the latter parameter indicated how closely the reconstruction and the given

measurements match on average.

0.04

(b), .
L N T T T T A 2
S e e s h e SN NN g e e
- - -~ ’ 4 ”~ - - - -~ - -~ -~ -
0'02 - - . A r NN N
- - ’ ' e ' b -~ -~ -~ ’ 1 \ ~
- - P D A - - I B SN
- - P T IR B NN
§ of I Il lIIIIllz
- - 1 - [ - -\ 1 1 - - -
—0.02 b T O T R Y B Al
° L AR T e T T T T T U N G
L A N N A T T B
VLo P
—0.04 ; )
—0.04 —0.02 0 0.02 0.04
X/m
0.04
(d)\ [ I A N
[N Vv vy s L, s
-~ - L -~
0.02 | i -
I A A T TS Ty e =
Al T U U N NS
E At S N e A e
D T O e e
: 0 A N T Tt i
A S N e B
A T T S e
Ve R
—0.02 } [N : ,’ ,. \ 2N R W NP
L T T T U SRR N -
P S T U T N,
—0.10 —0.04 *
—0.10 —0.05 0 0.05 0.10 —0.04 —0.02 0 0.02 0.04
X /m X/m
0.10 0.04
G
Lol T T Y B A
L T T T AR e
- . N A P U N,
0.05 0.02 | P Y I L L L 2 B SN
- . P T D S I S B SN
P A B TR
- . P A A B W N
g 0 8 or _ . e e e e e e NN~ -
~ >~4 ’
>~4 - - L L T A
bl A S N I A A e e e
_ Ll = 7 ¢ 4 4 ¢ ¢ 4 1 0N S Sy
—0.05 0.02 L A T e I
A T U T A A A RS
L R A
010 —0.04 - : -
2010 —0.05 0 0.05  0.10 —0.04  —0.02 0 0.02 0.04
X /m X/m

Fig. 4. Magnetic distributions and the current dipole array reconstructions based on current multipole expanded to the first
order terms. Panels (a), (¢) and (e) illustrate MCG map caused by current dipole, magnetic dipole and current quadrupole
respectively, and based on these three kinds of magnetic fields, there are obtained panels (b), (d) and (f) expressing the

()

corresponding reconstructed current dipole arrays. Sign ‘4’ denotes the area of positive magnetic fields, and sign
represents the area of negative magnetic fields.

Figure 5 displays the reconstructed current dipole array maps with diverse SNRs using MNLS inverse
method: —26.64 dB (a), —6.35 dB (b), 13.67 dB (c), 33.78 dB (d), 54.05 dB (e), 73.63 dB (f), 92.95 dB (g),
and 113.42 dB (h). By examining the change of reconstructing effect with the increase of SNR, it is found
that when SNR is more than about 55dB, the imaging effect becomes relatively ideal and this SNR, threshold
is approximately consistent with that in the condition studied before where the single current dipole served as

a testing source.
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Fig. 5. Current dipole array reconstructions based on MNLS with different SNRs: —26.64 dB (a), —6.35 dB (b), 13.67 dB
(c), 33.78 dB (d), 54.05 dB (e), 73.66 dB (f), 92.95 dB (g), and 113.42 dB (h).

Next, the reconstructing effects using MNLS, OWPIM and OCLIM inverse approaches are to be considered.
After comparing the magnetic images from these three approaches, we realize that the OCLIM gives the best
reconstructed current dipole array map and MNLS provides a better map than OWPIM at the same SNR,
which can be clearly seen in Fig. 6. Figures 6(a), 6(b) and 6(c) represent current dipole array reconstructions
adopting MNLS, OWPIM and OCLIM at SNR = 54 dB, respectively. Moreover, this advantage of OCLIM also
exists when SNR > 54 dB. To some degree, this feature illustrates that the current dipole array reconstruction
with employing OCLIM can resist random noises most powerfully.
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Fig. 6. Comparison among current dipole array reconstructions obtained from three inverse methods at the same SNR =

54 dB. Panels (a), (b) and (c) are based on MNLS, OWPIM and OCLIM, respectively.

To reflect imaging errors under diverse SNRs
quantitatively, two reconstruction parameters are in-
troduced: x? and Ex?. Figure 7 signifies the curves
for reconstruction residual y? versus SNR. Lines with

70 ‘(07 and ‘A’ illustrate residual tendencies from

MNLS, OWPIM and OCLIM inverse methods. Note
that lgx? serves as the scale of y axis. From this
figure, the ‘%’ line related to MNLS method possesses
smaller x? when SNR is lower and it increases approx-

imately linearly after about 20 dB, before which x2s

010702-7



Chin. Phys. B Vol. 20, No. 1 (2011) 010702

are roughly the same. As to ‘() and ‘A’ lines, which
are concerned with OWPIM and OCLIM, they de-
cline before about 40 dB and 60 dB respectively, and
then both ascend. The tendencies of x? demonstrate
that the degree to which the measured and the recon-
structed fields match does not change monotonically
with SNR.

Figure 8 shows the mean reconstruction residual
Ex? as a function of SNR. Lines with “*’, ‘)’ and ‘A’
correspond to MNLS, OWPIM and OCLIM inverse
methods. Figure 8(a) shows that the tendencies of
Ex? under three conditions are roughly the same, that
is, 1g Ex? decreases linearly with the increase of SNR
after SNR = 0 dB, which indicates that the average
difference between the reconstructed magnetic fields
and the measured magnetic fields decreases gradu-
ally with SNR increasing. To examine Fig. 8(a) more

O -
~ —BF
=
S
o0
= —10f

715 C L 1 L 1 L 1 L 1 L
—40 0 40 80 120 160

SNR/dB

clearly, it is magnified as shown in Fig. 8(b). From
Fig. 8(b) it follows that the Ex? from the OCLIM
is slightly less than those from the other two inverse

methods.

lgx?2

—-15

—20

—25
—40

SNR/dB

Fig. 7. Curves for reconstruction residual x2? versus SNR.
Lines with ‘*’, ‘{0’ and ‘A’ illustrate residual tendencies
based on MNLS, OWPIM and OCLIM inverse methods.
lg x2 serves as the scale of y axis.

—5.4250
—5.4254
N
=
S
80 —5.4258
—5.4262
55.474 55.478 55.482
SNR/dB

Fig. 8. Curves for mean reconstruction residual Ex? versus SNR. Lines with ‘«’, 0’ and ‘A’ illustrate mean residual
tendencies based on MNLS, OWPIM and OCLIM inverse methods. Panel (b) shows the magnified parts of panel (a).

lg Ex? serves as the scale of y axis.

On account of the low values of x? and Ex?2, the
inverse computations depending on MNLS, OWPIM
and OCLIM inverse methods are all reliable.

By balancing the reconstructing effects of the cur-
rent dipole array maps at the same SNR and the
imaging parameters, OCLIM is an optimal option for
magnetic source imaging based on current multipole
model, nevertheless its advantages are not obvious
compared with those of MNLS and OWPIM.

4. Conclusion

Making use of magnetic fields generated by cur-
rent multipole expanded to the first order term as a
testing source, in this article the cardiac functional
current source (current dipole array) reconstruction

is realized. Before the current source imaging, con-
sidering the boundary effect, the magnetic field dis-
tributions excited by three parts of first order expan-
sion of multipole: current dipole, magnetic dipole and
current quadrupole, are inspected and it is clear that
the current multipole induced magnetic fields are not
so greatly influenced by surface currents as the cur-
rent dipole induced magnetic fields. Then, based on
magnetic fields caused by current multipole, the cor-
responding current dipole array images are achieved
by MNLS, OWPIM and OCLIM inverse methods sep-
arately. The distribution of current dipoles is consis-
tent with magnetic field distribution.

As for measurement noises, random noises are
added to simulated magnetic signals. Imaging ef-
fects based on MNLS inverse method under different
SNRs are compared, and the result displays recon-
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struction with SNR more than about 55 dB, leading
to relatively ideal images. Three linear reconstruction
approaches—MNLS, OWPIM and OCLIM are em-
ployed to find an optimal method for current dipole
array magnetic imaging. When random noises with
the same SNR (SNR ~ 54 dB) are added, recon-
structions from different imaging methods embrace
different imaging effects although this difference is
not obvious. By comparison, the reconstruction using
OCLIM gives the best current dipole array map and
MNLS’s map is slightly better than OWPIM’s map
at SNR~54dB, and these characteristics exist even
though SNR is at a higher level.

Two imaging parameters (residual y? and mean

residual Ex?) each as a function of SNR are also dis-
cussed in this article. As to residual, the x? of MNLS
is smallest when SNR is lower, and the tendencies
of 1g x¥? based on OWPIM and OCLIM are both not
monotonic since they ascend from about 40 dB and
60 dB respectively, before which Ig x? descends. But
for the mean residual, the trends of Ex? from the three
inverse methods are roughly the same, which means
that the lg Ex? decreases linearly after about 0 dB. Al-
though the magnetic reconstructions based on MNLS,
OWPIM and OCLIM have discrepant imaging effects
and their residuals and mean residuals hold different
trends, in light of the low values of x? and Ex?, these
inverse computations are reliable.
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