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This paper concernes analysis for the global exponential stability of a class of recurrent neural networks with mixed

discrete and distributed delays. It first proves the existence and uniqueness of the balance point, then by employing the

Lyapunov—Krasovskii functional and Young inequality, it gives the sufficient condition of global exponential stability of

cellular neural network with mixed discrete and distributed delays, in addition, the example is provided to illustrate

the applicability of the result.
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1. Introduction

Cellular neural network (CNN) has become a new
discipline branch since the Chua and Yang of Califor-
nia University proposed the CNN in 1988. In 1992,
Chua and Roska introduced with a delayed CNN.
So far, the delayed CNN has been applied in many
fields, such as moving target detection, classification
and identification, further in recent years, along with
the rapid development of biological information in cell
simulation, image analysis has been widely used. The
main function of CNN is to change an input image into
a corresponding output image, in order to accomplish
this feature, we must first concern the stability of sys-
tem. The various generalisations of neural networks
have attracted attention of the scientific community
due to their promising potential for tasks of classifi-
cation, associative memory, parallel computation and
the ability of difficult optimisation.' =5 Such applica-
tions rely on the existence of equilibrium points and
the qualitative properties of neural networks. The
time delay is commonly existed in various engineer-
ing systems such as chemical processes, hydraulic and
rolling mill systems, etc. These effects are unavoidably
existed in the implementation of neural networks, and
may cause undesirable dynamic network behaviours
such as oscillation and instability. Therefore, it is im-
portant to investigate the stability of delayed neural
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networks. The stability analysis of neural networks
plays an important role in the designs and applica-
tions. A large number of the criteria on the stability
of neural networks have been derived in the literatures.

The global asymptotic stability results of differ-
ent classes of delayed neural networks were proposed
in Refs. [6]-[10]. However, these results are only con-
cerned with the asymptotic stability of networks with-
out providing any conditions for exponential stabil-
ity and any information about the decay rates of the
delayed neural networks. Therefore it is particularly
important, when the exponential convergence rate is
used to determine the speed of neural computations.
Thus, it is important both theoretically and practi-
cally to determine the exponential stability and to es-
timate the exponential convergence rate for delayed
neural networks. Considering this, the correspond-
ing research results of many researchers have been re-
ported in the literatures.[*1=15]

Neural network usually has a spatial nature due
to the presence of various parallel pathways with a
variety of axon sizes and lengths, so it is desirable to
model them by introducing unbounded delays. Thus,
there will be a distribution of conduction velocities
along these pathways and a distribution of propaga-
tion delays. In these circumstances the signal prop-
agation is not instantaneous and cannot be modeled
with discrete delays and a more appropriate way is to
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incorporate continuously distributively delayed CNN
models. In recent years there has been a growing re-
search interest in study of neural networks with dis-
tributed delays. In fact, both discrete and distributed
delays should be taken into account when modeling a
realistic neural network.[16—25]

Based on the above discussions, we consider a
class of mixed discrete and distributively delayed CNN
described by a neutral integro-differential equation.
The main purpose of this paper is to study the global
exponential stability for neutral-type delayed neural
The

structure of the neutral-type neural networks with dis-

networks with unbounded distributed delays.

tributed delays under consideration is more general
than the other papers existed in the literature. To the
best of our knowledge, there were no global stabil-

ity results for neutral-type neural networks with un-
bounded distributed delays. This paper is an attempt
to this goal.

The paper is organised as follows: in Section 2,
system description and preliminaries are stated and
some definitions and lemmas are listed. Based on the
Lyapunov stability theory and Young inequality, the-
orems and corollary about global exponential stability
of CNN are given in Section 3. In Section 4, we give an
example. Section 5 gives the conclusion of this paper.

2. Problem formulations

Consider the following multi-delayed and dis-
tributively delayed CNN model:

(1) = ~dias (1) + 32 ausfya,(O)+ 3 bigay oyt = (1)

+ Z Cij fioo Kij(t — s)hj(a:j(s))ds—l—li, 1=1,2,...,n,
j=1

2i(0) = ¢i(0), p=max(r;;(t)), —p <0 <0,

where ¢; () is bounded and continuous in the sub
[0,00), n is the number of the neurons in the neural
network, the constants a;j,b;; and ¢;; denote, respec-
tively, the connection weights, the discretely delayed
connection weights and the distributively delayed con-
nection weighted, of the jth neuron on the I neuron,
x;(t) denotes the state of the ith neural neuron at time
t, f; (z;(t)), gj(x;(t)) and hj(z;(t)) are the activation
functions of the jth neuron at time ¢, I; is the external
bias on the ith neuron, d; denotes the rate with which
the ith neuron will reset its potential to the resting
state in isolation when disconnected from the network
and external inputs, 7;; > 0 is a bounded time-varying
delay, kernel coefficient K;;: [0, 00) — [0, 00) is contin-
uous in the sub[0,00), and satisfies [~ K;;(s)ds = 1,
,j=1,2,...,n.

In this paper, we make the following assumptions
for the neuron activation functions.

Definition 1 The equilibrium point zf (i =
1,2,...,n) of Eq. (1) associated with a given I; (i =
1,2,...,n) is said to be globally exponentially stable,
if there are positive constants £ > 0 and p > 0 such
that every solution z} (i =1,2,...,n) of Eq. (1) sat-
isfies

ji(t) —a7| < pe™™ sup |¢i(6) —ai], V> 0.

7
—p<6<0

\
Definition 2 For Vp(0) € C([—p,0], R"), we
define

o] = max{{[(0)] : 0 € [=p,0]},

then we can obtain

lp —a™[l; = sup

—00<0<0

n
D lei0) =il r>1
i=1

Assumption 1 (A1) For i = 1,2,...,n, the
neuron activation functions in Eq. (1) satisfy

[fi(s1) = fi(s2)| < af[s1 = s2], V1 # s2,
195 (s1) — gj(s2)| < B} [s1 — 52|, V51 # s,
|hj(s1) = hj(s2)| < 2 |s1 —sal,  Vs1 # s2,

where a;“ ,

Assumption 2 (A2) The neuron activation

functions f;(z;(t)), g;(z;(t)), hj(z;(t)) j=1,2,...,n
are bounded.

ﬁ;-r, 'yj+ are constants.

Remark 1 The constants aj, ﬁ;.r, ’y}' in Al are
allowed to be positive or zero. Thus, the resulting ac-
tivation functions could be non-monotonic and more
general than the usual sigmoid functions.

Lemma 1126 (Rogers-Hélder inequality). If p >

1,1/p+1/g=1,and ar >0, b, >0 (k=1,2,...,n),
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then Then H : R™ — R" is a homeomorphism at R™.

Zakbk (Zn: )Up(znjbg)l/q.

- " 3. Main results and proofs

Lemma 227 (Young inequality). If e > 0,

h>0,P>1,1/P+1/qg=1, then we can obtain

) 3.1. The existence and uniqueness of

1 1 p _p_
eh < ;673 + ghq = Eep + he=t. equilibrium point
Lemma 32/ A continuous vector functions Theorm 1 If f;, g;, h; are Lipschitz continuous
H(z) € C” satisfy the following conditions: and satisfying (A1), (A2), there are constants A # 0
. (i) H(z) is an injective function at R™; (i) ;4 parameters p > 1, and the following inequality is
HmHlE}-lﬁ—oo IH (@)l — +oo. established

-1
{ pds +Z[ — D)]ai, |5 [of [T + Jayg | “F of |55 + (p — 1)lbyy | 56| 5 |6

A= 1)7)

)p [ - —P QA-Vp 1)P A= 1):D
2 B35 4 Dl T D+ e 2222 ] <o, ®

then, there is a unique equilibrium point of mixedly discrete and distributively delayed cellular neural network

T*.

Proof We shift the equilibrium point z* = (2%, z3,...,2%)T of Eq. (1) to the equation

u(t) = z(t) — a* = [ur(t), ua(t),. .. ,un(t)]T.

Thus we can obtain
u;(t) = —dyui(t) + Z aij f (u;(t)+ Z bijg; (u;(t —7:5(1))) + Z Cij / Kij(t — s)h5(uj(s))ds, (3)
j=1 =1

where

I5(ui(t) = fi(ui(t) +25) — fi(2F), g5 (u;(t) = gj(u;(t) +x5) — gj (),
5 (uj(t) = hj(u;(t) + x7) — hy(2}). (4)

Consider multi-delayed and distributively delayed CNNs associated with the problem of nonlinear equations
dx; = Zaijfj(xf)—FZbijgj —0—2613 / K;;(t — s)h;(x})ds+1,
j=1 j=1
the definition of mapping M :R™ — R"
n n n +
Ml((E) = —d,L(L'Z+Za”f]($j)+2b”g]($j)+ZCZJ/ K”(t—S)hj(.’L'])dS—i-I“ 7 = 1,27,71
j=1 j=1 j=1 e

where M (x) = [Mi(z), Ma(z), ..., M,(z)]T.

If M(z) is a homeomorphism at R™and there is a unique equilibrium point z*, M (z*) = 0, then z* is a
unique equilibrium point of system (1), therefore, we only need to prove M (z) is a homeomorphism at R™.

Proof M (x) is an injective function at R™.
If there are xz,y € R", M(x) = M (y), then

Zd\xzfyl Zd|x77y,|p |25 — il
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n

= Zd |xl yz|p lblgl’l {Zau f] 33] fj(yj)] + Zbij[gj(xj) _gj(yj)]

. ; cu || Kt - byl .

By (A1) and (A2)

n

n n n
> dilws —yil? <Y dilw — il sign (@ — yi){ > lasllegf ey — il + > 10185 e — vy
=1 =1

Jj=1 Jj=1

n t
+ 3 lewlhflles - vl [ m—;—(t—s)ds}
= —00
< 3" dias — il sigm Gz {mea ey ]

i=1
+Z \b”||,3+||xj — vyl + Z |CZJ||'V] lzj — yj|}
Jj=1
By the Young inequality, we can obtain

1 1 et 1
(laig |77 lof |77 |z — wil ) (Jags Mo P oy — yy)0) >

NE

n
> laijllaf s — yilP "y — g5l =

j=1 j=1
" p—1 6N Q-bp
—_— 2 p p
<> [ |ai; 500 [ | 367D |2 — yil? + ~ag; 7 |lz; — yj|p]7
—~ | p p
J
n n 1 1 et 1
— —_ _ A — — EX
> il s — wilP Mg — il =Y (bag |71 18 [T s — wil ) T (1bi BTN =yl
j=1 j=1
— P P
<> [|bw<p—1> 18 175 | — yl? + \bm PG ey ym],
=t P
and
n n 1

- 1
Z|Clj||'7j llz; — yil” 1|xj —yjl = Z |esj| 7= 1‘7+"’ Tl — il ) (‘CZJ|)\ 1|'Yj fon 1|a?] _yJ| )
j=1

.
Il
-

n
-1 1
< | el b T s - + oy b
PR p
So we can obtain
- & (Al) (Al) 1
— P P
D dile—uil” < ZZ[ [T o (5T a5 | 55 o Ly 5 g
=1 =1 j=1 p
1 Q=bp oy O=Dp p—l P L2 (A=1)p »
+—1bs 18| |cij | 3D |y [ 3e=D + = Icml IVJ | lzi — yil?,
b p
thus
n n n 1
(A=1)p - P R R
1 ZMZZ{ g | T [T g 452 | 25 4 Py 5 |
=1 j=1 p p
1 (=1) Q=vp —1 -1 Q=1p
Dl 519155 4 2L [ T 4 T 5155 | - i 20,

and by inequality (2)

n

{ Zpd +ZZ[ — 1)y |5FT o [FET + fagg] ST aF | S5 + (p — 1) by | 75T |G| 76D
i=1 j=1
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A= 1)10 —1

(@ ) P P (A—1) (A—1)
b 2T 2T 4 (p— Dl T T [y 52 7 Ap}}<o.

Then, we can obtain xz; = y;, M (x) is an injective function at R™.

If | Hlim | M(x)||, = +o0, then we can let I;=0, which is the need for the proof.
z||p—+00

> |wi|P~  sign (2:) M ()
i=1
n n n n t
= Z |$,L-|P—1Sign ((ﬁl){—dlitz + Z aijfj (LU])—F Z bijgj (.’IJ]) + Z cij / Kij (t - S)hj (mj)ds}
i=1 j=1 j=1 j=1 —oo

n n n n +O‘O
<Y P sign () {—dila] + Y Jagj|laf || + Z |bij‘|5g‘+”xj|+z i1y [1] ; Kz‘j(S)dS}
=1 j=1 j=1 i=1

n
= Z{ d'%"’+Zl%|\a+||xz|p 1|%|+Z|bwllﬂ+l\xﬂ’ 1|xj\+2|cw|w [P~ w}
=1
<> {-a +z[ L [t [ - L 052 0502 m}
p
i=1
- 1 (-1 O-up
P P
+Z [pb | XD ‘ﬁ+|>\(p D+ = by 81| }
j=1 p p

n
—1 _p _p
+Z |:p . ‘Cij|*<pp*1> |’Y;|M”pfl) n plcu‘(x 1)p| +|(/\ 1)p:| }|xi|p

< —;ZW” (5)

where
"=1212n{pdi—2[ o T [T o S5 52— (1) 5
2 551555~ = Dl T T+ e 5 ””‘ ©)

By inequalities (5) and (6) and by the Ref. [28], we can obtain

P <P
Z\wzl” < *flgn i ZII [P~ M (a ZW” M ()],

n 1/q 1/p
p - p —
BN AT |sn[2|rilp<p ) [Smsre] = E[Steres] o,
i=1

i=1 i=1 i=1
1/p 1/p?
then [l > 2 (32 falr ) = 2l where 8 = | 8 a0
By the knowledge of functional analysis, lim HM (x)||p = +o0, therefore, M(x) is a homeomorphism

ll Hp
at R™, thus there is a unique equilibrium point x* of system (1).

3.2. Global exponential stability of multi-delayed and distributively delayed cellular
neural network
Theorm 2 If f;, g;, h; are Lipschitz continuous and 7;;(t) < 0 and there are constants 7, w;, ¢ij, Nij,
hija jijv lij7 DPijy Qjis Nji, hjiv jjiv ljia Pji e R (l = 1,2,...,n), w; > O, r>1 (When r = ]., we must let

Gij = i = hij = Jij = lij = Pij = Qi = i = hji = Jji = ljo = pji = 1),

n s s n n A —
—w;rd; + (r —1) Zwﬂaz‘j\%\aﬂ% + > wilag| "o " 4 (r = 1) Zwi\bm%lﬁj =t
j=1 j=1 j=1
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n
+(r—1) sz|cw| = |’Yj | = +Zw,|c] pij"'zwiwijh

j=1
then, the equilibrium point of multi-delayed and distributively delayed cellular neural network z* is global

ij ij

Ji <0,

b7

exponential stability.
Proof Just prove that the system trivial solution v = 0 is globally exponentially stable.
From Eq. (1), we can always find a suitable & > 0,

n r—dij n r—nj n N T ing n r—hij + T—Jij

wie —wird; + (r — 1) Zwi\aiﬂ T af |+ Zwilau “ilaf ™+ (r — l)zwi|bij| SR A
J=1 Jj=1 Jj=1
(r—1) sz|cz1| i h/j | = +sz|cw i 7] P +sz|bu v 6+ Y < 0.

Jj=1 j=1
We design the Lyapunov functional as follows:

n

Vi, )= 3w O e+ 3

i=1 j=1

hi]‘

t
5; Jij/t “ |uj(s)|ree(5+”f(t))ds],

By Eq. (3), we calculate the Dini upper right derivative of the solution V' (u,t),

n

D*V(u, t) sz{e [EW )"+ rlus ()" sign (ui(t)) +Z|b 1149185179 |y (£)] T )

=1
3 by [P B 7)1 w»} }
j=1

By 7;;(t) <0, therefore we can obtain

DtV (u, t)
< Zwi{est [s|ui(t)|T + 7w (8" Psign (ui ()1, () + Z ;5| |ﬁ;—r|j” | (t)|"eTis ()
=1 j=1
_Z|bij|h""|5j+|j”|uj(t—Tij)r]}
j=1
< estzwi{fwi(tﬂr+7"|“i(t)|r_1Sign(“z() [ diui(t +Zauf uj(t Z 1795 (u (t = 755(1)))
+Zcu / Kot ff(uJ(s))ds] n [Db A s e bl 8 s~ 7 ]}
j=1 j=1
< o wz«{<e s S gl O s (] + > g 182 s (= (¢ — 75 (8)
i=1 =1 j=1
1 +eo
3 leal hae (O (1) 0 Kij<s>ds]
j=1
{Zlb s | 5 ()] e Zib s g o w(t—nﬁl’ﬂ
< eftzwz{ s+ 3 Jasglloct | fueI g ()] + 3 igl183 s us (¢ — 735 (6)]
j=1 =1
3 leal Tha (Ot ] [Zb |8 5 g (1) Zw b o uj<tm>r]}. @

j=1

The discussion is divided into two following kinds.
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(i) When r > 1, by Young inequality

n n
> agjllaf us @) g (0] = > llai | 7 lof 770 a7 (a9 o) ™9 ug (£)[71"
j=1 j=1
n
<3 fag | 7 o T Jus (0171 a1 ot |79 |y (8)[7]7
j=1
n n
< (=1 llay | = 1o 17 @]+ Y llas o 1" [y (9)]7), (8)
j=1 j=1
n n
— r—1 i jii
> i85 s (0" g (8 = 735(8))| = Zﬂbzﬂ = |ﬂ+| = s ()] [1bis1"3 1857174 [y (¢ = 725 (£)) ']/
j=1 j=1

(o3| = I5+| = fui(t)]7) T b "9 18517 (¢ = 75 ()1

- 1

Jj=1
i r—hij r—dij r
< (r=1)> Ibi | 7518 17 us ()]
j=1
£ 37 157 B s ¢ — s ()1, (9)

Pij r—1 . .
P (177 lleig 9 1y 175 s ()17

[|CU| = |’7

N <
NgERT
I

n
e el s (OF Huy ()] = 7
j=1

<
Il
—

n
o=t ij ij r r
s Z[lcul" = I | s (O] e 1 1P g ()71
Jj=1
- r=lij T . . ”
< (r=1)D eyl 71 I 1 Z [leij | 1y 1P |uy (8)] 7). (10)
Jj=1 =1
By inequalities (7)—(10) we can obtain
DTV (u,t)
< Etzwz{E—rd (O] = 1) Y Jagg| 71 [af |71 T ui(t IT+Z|% 3 o ™ Juy ()]
j=1
- TR i T = T
Hr=D)D by | B T ()] D (b "B 1 g (= 7 (£)))]
Jj=1 j=1
+(r=1) Y el T I Jus(b)]”
j=1
+Z|Cw|l”|7] [P fu (£)]" +Z|b 14318571 g (8)[ 7T O = by M9 B2y (8 — )"
j=1 j=1

IN

n
) r—q;; T—nij .
ect Zwi {(5 —rd;)|u;(A)|"+ (r—1) Z |aij|7r—1j |a;’>|7r—17 Jui ()]
+Zlag|q”|a+|””\u @ +(r-1) Z|bm|
n
7«_1 Z‘c’ﬂ = ‘ +‘ = |Uz ‘T+Z|Cj|lu‘ +|p”|uj )|r+z|bij|hij|ﬁ;_r|ﬁj‘uj(t)|reanj(t)

=1
n )
eEtZ [wi(g—rd T—l Zwl|a”| — 1 |Oé+‘ = 1J
=1

T— 1

(@)

IN
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9ij | oy

n r—hs r—j
+sz|au S+ (7“—1)Z:wz‘|bij|Tfﬁﬁ}r i

+(r—1) sz|cw| =T |7j | = +Zwl|0] 7 p”+zwz|bw

Jj=1 Jj=1

ij ij

ﬂ+

260 o) <o,

then V(u,t) < V(u,0), and by 1r<n_i£1 wi > |ui ()" < D0 wilui(t)]” < M(e)||pi — z*||he™ct, and by the Ref. [28],
<i<n i i=1

we obtain

hij

0
Jij / u;(s)|"e(5FTis (0))d8]

—Tij

V(u, 0)

o7

n
o+ 3y
i=1 j=1

e &

max wz{l—k —Z\bij h
1<i<n g < 1
J:

i } ]

n
Y lzi(t) —al” < M(e)|pi — 2" [l7e™"

ij

IA

By

jij}nm s

hij

By

max wz{l +— Z |bij
0<i<n
> 1, thus we can obtain

where M (e) = l
min
0<i<n Wi

Then, when r > 1, the equilibrium point of multi-delayed and distributively delayed CNN z* is global

exponential stability.
(ii) When r=1, we let

By inequality (5)

DYV (u,t) < e Zwi{(f —rd)|us(O)+ Y lagllaf [Jug (8)] + D [bigl18] [y (t — 735(1))]

Jj=1 J=1

el s } [Dbmww Yot Zlbmllﬂﬂl%(t—m)l]}

|
=1
G“Z%{@Td it HZ‘%II&*H% |+Z|cu||v (¢ |+Z|bq|lﬂ+llug()Ie”””]

i=1 j=1

A
n
M:

e r + 3 lalla 1+ D lest 1+ 3 s 1600 o
i=1 j=1 j=1 j=1
We can learn that r = 1, the conclusions we have obtained are valid.
When the activation function
el —e! +_

1
fj:gj:§(|x+1|—|x—l|), hj:tanh(t):76t+eit, o —ﬁ;-FZ’Yj =1,

we can obtain the following corollary.
Corollary 1 If 7;;(t) < 0, there are constants r, w;, ¢, hij, Lij, @i, ji, s ER (1=1,2,...,n), w; >0,r > 1
(When r = 1, we must let Qij = hij = lij = jS = hji = lji = 1),

—wird; + (r —1) szlau\ =t +sz|au\q” +(r—1) szlbzﬂ T

j=1 j=1

T_ll .. ..
+(r—=1) sz’|Cz‘j|ﬁ] + Zwi\ciﬂl” + Zwi|bij|h” <0,
j=1 j=1 j=1
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then, the equilibrium point of multi-delayed and distributively delayed cellular neural network z* is global
exponential stability.
Reference [28] has a similar conclusion, interested readers may compare it with the result of this paper.
Theorm 3 If f;, g;, h; are Lipschitz continuous and 7;;(t) < 0 and there are constants 7, w;, ¢;j, nij,
hijs Jijy iy Dijs Qiis Mjis Njis Jjis Ui, pjs € R (1 =1,2,...,n), w; > 0, > 1 (when r = 1, we must let
Qij = Nij = hij = Jiz = lij = pij = @i = ngi = hji = jji = lji = pji = 1),
n n r—hgs r—j;
—wird; + (r—1) Zw,|a”\ =i \a+| = +Zwl|a” ;'"J —i—(r—l)z:wi|bij|Tfljmj‘-|r 1
j=1 j=1 j=1

',"_1 Zwl|clj| — 1 |fyj | — 1 +Zw’l|clj Pij +Zwl|bl] ﬁ"l‘ Jij +Zwl|clj
Jj=1 J=1 j=1

then, the equilibrium point of multi-delayed and distributively delayed cellular neural network z* is global

qij

ij ij ij Pij

BiIm <0,

% %

exponential stability.
We design the following Lyapunov functional:

n

Vi, ) = Ywfluore + 3 b

i=1 j=1

n
+Z|Cz‘j
+Z|0w

j=1

hij

by

t
i / g (5)|" o=+ D) g
t—Tij

lij

t
1 [ et Oag

—Tij

5+‘T/ luj(s —7i;)|"e Esds}

By Eq. (3), we calculate the Dini upper right derivative of the solution V(u,t),

ij Dij

i

n

DTV(u, t) = Zwi{egt[dui(t)r + 7| ()| tsign (g (t)) (t)]

i=1

+eft |:Z |bij ij ﬂ-‘r Jii |y |r eTij (t Z |b hij ﬁj"" Jij u]'(t _ Tij)|r(1 . 'f'ij(t)):|
j=1

+eot |:Z |Cij lij 7]‘}‘ Dij gj(uj(t))|reenj(t) _ Z ‘Cij lij 7;‘ Pij gj(uj(t _ Tij))r(l . %ij(t)):|
j=1 jfl

+Z‘C’J i ’Y] Pij 5+|r Huj(t — 7i5)|" +ZZ|ua —Tij) T”(t)}

=1 j—1
By 75(t) <0,
DYV (u, t)
< sz{ el 1" + ()" sign (o (1) (1)
e[ 19 1 a0 750 = 3 1519 s ¢ =)
=1 j=1
# 3 sl P16 e e — i)
j=1
6 S g P s D70 = 3 sl o Pl e - m))@
j=1 j=1

< > wileelui(®)]" + rlui ()" sign (ui () (—diu(t +Zauf u;(t
i=1
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# Dbt (t= ro(0) + Y | Kot hsus(s)ds)
et |:Z |b” |r eTii(t) _ Z |b

+e [Z i 1y [P g (uy (1)o7 ) — Z |cij

j=1 j=1

n
+> leij ﬂf|re”uj(t7ij)|r}
j=1

< e wi{(s —rd)ui(®)]" Y laigllaf |us (0 g (O] Y lbigl 18 owi (8)]7 oy (8 = 735(2)]
i=1

Jj=1 Jj=1

+o0 n
+7”Z|Cu|\ s ()] Juy (8)] ; Kij(s)ds + Y [bi|" |6
j=1

ij Ju hij; Jij

6+

A

uj(t—ﬂ'j)lr]

lij Pij Lij Pij

o

g5 (u;(t — Tij))@

lij Dij

v

hij Jij

uy (O] e 0

n
=3 A B R T+ D e g (D)0
jfl j=1
n
—Z|c] I P lastuste = m)l + 3 e g 1137 Tlase = )|

Jj=1

< e Zwi{(é —rd)|ui ()] + 7Y lallaf a0 g (0] + 7> 10185 [ ()] fuy (8 = 735(8)]
i=1 j=1

Jj=1

> esllv s 0] ug (8] 4+ b "9 185 17 Ju (£)] 755D = " by |9 |8 1759 [ (t — 73)]"

Jj=1 Jj=1 Jj=1

n n
3 e g P 1y (g (8)) 7€ 0 = > e |1 [y [P g (= 7))
j=1

Jj=1

n
S el P 1 m>|’”}.
j=1

(i) When r > 1, by inequalities (8)—(10) we can obtain

D+V(u,t)
< eEtsz (e —rd;)|u;(B)|"+(r — 1 Z|a” =i \a s |u |T+Z|a” s | ot |9 g (¢)]"

n

7“—1 Z = ‘/3+ T 1 |u )|T+Z|bij|h”|ﬁ;r|m|uj(t—Tij(t))|r
j=1 j=1
n s n

TTPij

DY el P T s+ e P s O + 3 b5 8755 s ()7

J=1 Jj=1 j=1

n
—ZIbij\'“"lﬁflj”luj(t—m)l" +Z e 19 1791 (o ()P — Z e 19 | 177 g (g ()]
+Z |C%J|l”|'7 791 g; (uy(t Z |CJ‘ZU|7 P9 1g; (u;(t — 75))|" + Z ‘Cij|l”|7 |p”|5+| |uj (t = 7i)|" }
j=1

n
< estzwl{ di)ui ()] +(r — 1) Z|%| = o | (O + D lai | 9 uy (1)
j=1

j=1

+(r—1) Z\bul |6 T gt I’“+Z|bu|h”|ﬁ+|fw|u]<t—n]<t>>|

Jj=1
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n ol
KN]
Fr=1)) fey| 7 \% T (¢ +Z|CJ P g (8)] +Z|b” P | B g (8)[" e
i=1 i=1
n n
=3 1bis "B [ (¢ — 7)) +Z leag |9 1 1P g (g (D)7 + Y e |9 17 1P | (g ()]
j=1 j=1 j=1
n n
=3 lei 9 1P g (g (8= 7)) |7+ D lesl ' |y P 5f|r|uj(t—7z'j)|r}
j=1 j=1
n n r—a;; r—nyj
VR )
< e wz‘{(ETdi)|Ui(t)|T+(T1)Z|aij| o | T fua(t |T+Z|am 93 |acF | g (1))
i=1 j=1
- T R 17] , = Tl T , I .
+<r71>2\bﬁ| BT i (#)] +<r—1>2|cij| =1 ()] +Z|cij 9 [Py (8)]

JFZ |bw & 5+ . u;(t)|"e”” JFZ |CU & ’Y] P 5+| | (t = 735)|" JFZ |Cw & ’Y] Pi|g;(u;(t))["e*”
J=1 Jj=1 j=1
n
+ X le b P (O = fus(e = )l }
j=1
n n n
T i Y .. ..
<e'> i{(a —rdy)[ui () +(r = 1)) ag| 7 o |7 ()7 + Y g |79 o |79 (£)]
i=1 j=1 j=1

lij

T 7pij T =
+(r—1 Z\b | \ﬂ*l T (D) + (r— 1 ZI% i |7 = (O] + ) e

j=1 j=1

+Z|b”\h”|ﬁ+|fw|ug (t)"e 8P+Z|cm\l~|~y+|p~w+| uj(t)"e 5P+Z\c”|lw| TP s |uj<t>|r}

j=1 Jj=1

V1P g (£)]”

r—q; TN n B s n —Jij
e&tzwi{@—rdnw—1>Z|aij|ﬁ |75 S Jag oo 1 4 (r = 1) 3 [y 7|8

Jj=1 Jj=1 Jj=1

7'_ 1 Z‘CU| T— 1 ‘fyj | T— 1 +Z|c”|lu|7j |pz7 +Z|bzg‘h”|ﬁ+|jueap+Z|Cz3‘l”|7+|p”|ﬁ+|r Ep

j=1 Jj=1

IN

+3 el P18} I HusOl <.
=1

(ii) When r = 1, we must let

Qi; = N = hij = Jij = lij = pij = q; '—ngz:hji:jji:lji:pjizl (i, =1,2,...,n),

D V() <Y w, [(a Crd) 3 lagllo 1+ feu b+ 3 lewl I8
i=1 j=1 j=1 j=1

'y |bij||ﬁj|e”~<t>] (1)) < 0.

j=1

Thus, we can learn that when r = 1, the conclusions are valid.

Theorm 4 If f;, g;, h; are Lipschitz continuous and 7;;(t) < 0, and there are constants 7, w;, Gij, Nij,
hijs Jijy Lijy Dijs Qi> Mjis Njas Jjis Ui, pjs € R (1 =1,2,...,n), w; > 0, > 1 (when r = 1, we must let
Gij = nij = hij = jij = lij = pij = @i = nji = hji = Jji = Lji = pji = 1),

n T—q;j + TN n 1 4imgs n r—hij + T—Jij
—wird; + (r = 1) Y wilag| T o [T 4 wilaig |99 a M 4+ (r = 1) Y wilby| |8

i=1 i=1 i=1

n Ly r—pi; n
Hr—1) > wiley| 7y 1T 4> D wilel g P + sz\bu|h”|ﬁ+\]” + Zw FIPe s <o,
i=1 =1
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then, the equilibrium point of multi-delayed and distributively delayed cellular neural network z* is global
exponential stability.
Proof If we design the Lyapunov functional as follows:

n

V(u, t) = Zwi{ui(t)ﬁeat +Z|b¢j|h”\ﬁf
=

i=1
n
£ [
j=1 ¢

this proof is similar to the proof of Theorem 3, we can easily derive the result. Its proof is straightforward and

t
i / iy ()]s D) g
t

—Tij

t

n t
195 (u (€))7 Ddg + 3 |yt | B |7 / Juj (s — >d}
j=1

—rs
hence omitted.

4. An example

Consider the following CNN model

dzq (1) 2 2 t
dt = 75$1(t) + El aljfj(l’j(t))+ 21 bljgj(fﬂj(t — Tl](t))) —+ 01 ffoo (&7 (t S) tanh(xl(s))ds
-0.3 fioo 2¢~(=%) tanh(zy(s))ds + 2,
dxo(t) 2 2 t i
dt = —6$Q(t) + Z:lagjfj(l‘j(t))+ Zl bgjgj(xj(t — Tij(t))) —0.1 fioo 2e (t=s) tanh(xl(s))ds
J= J=
+0.5 fioo e~ (%) tanh(z5(s))ds + 3,

where K = {k;j|ci;}ax2, fooo eMK;;(t)dt =k;; < oo, A is exponential convergence rate estimate.

1.01 0.81 —2.31 1.72
A= , B= .
0 —-1.2 1.12 0

The activation function is f;(x;(t)) = g;(x;(t)) = 3(|Jz + 1| —|z — 1), (j = 1,2), 50 [a] | = |3 | = |»]| = 1.
If we let

Wi=@qij =Nij =hij =Jij =lij =Dij =qji =Nji = hji = Jju =lji=pj =1, =2,

we can easily obtain

n n n n n n
—wird;i+ Y wilaijllaf |+ wilagllof [+ wilbi 1B 1+ wileil vy |+ wileil v 1+ wilbis 18] < 0.
j=1 j=1 j=1 j=1 j=1

j=1

5. Conclusions

A new sufficient condition is derived to guarantee the global exponential stability of the equilibrium point for
multi-delayed and distributively delayed CNN. Comparing with traditional methods, we find that our approach

is effective.
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