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This paper studies the existence of Holder continuity of bidirectionally coupled generalised synchronisation (GS).

Based on the slaving principle of synergetics and the modified system approach, it classifies the GS into several types.

The existences of two main types of Holder continuous bidirectionally coupled GS inertial manifolds are theoretically

analysed and proved by using the Schauder fixed point theorem. Numerical simulations illustrate the theoretical results.
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1. Introduction

Chaos synchronisation has become an active re-
search subject in nonlinear and complexity sciences
and has attracted much attention in many fields.['—5!
Different schemes of chaos synchronisation6—1% have
been studied, which include complete synchronisation,
lag synchronisation, projective synchronisation, gen-
eralised synchronisation, etc. Among them, gener-
alised synchronisation (GS), which is an ubiquitous
phenomenon in nature, may have much more com-
plexities and mysteries. In 1995, Nikolai et al. first de-
scribed the GS phenomenon. ] There are some meth-
ods to detect GS in experimental work, such as the
idea of mutual false nearest neighbours! and the
auxiliary system method"?3! in unidirectionally cou-
pled systems. The GS manifold is smooth or Holder
continuous.'¥ And there exists multi-valued map-
pings in GS manifold.'®='") Furthermore, Ref. [17]
presented the transitions from partial to complete GS
in bidirectionally coupled chaotic systems.

In recent years, the Santa Fe institute put for-
ward that emergence and unpredictability are hall-
marks of complex systems. Emergence is in essence
the acknowledgement that systems because of their
diversity cannot be characterised by the behaviour of
their individual components, but only by the higher
level organisations that grow out of them. One con-
sequence is that such systems will be hard to control
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microscopically by using rules of simple deduction or
linear reasoning. Complexity research tries to identify
general principles of emerging organisations common
to such systems across diverse areas, to understand
the organisational structure of these systems in a co-
herent, possibly compact and rigorous way, and ul-
timately to simulate and optimise their behaviours.
The GS could be achieved, i.e., an emergence of some
functional relation between the dynamical variables
of bi-coupled drive and response. From the viewpoint
of system science,['?) due to complex dynamical be-
haviour of determinate and stochastic interaction be-
tween a great quantity of elementary units, emergence
pattern appears. It is meaningful to research into GS
for finding the mechanism of emergence pattern in the
future.

Many problems related to GS remain open, es-
pecially, the physical or mathematical mechanism for
the occurrence of GS is still unclear. Theoretical re-
sults about the existence of GS between two unidirec-
tional coupled chaotic systems have been presented
in Ref. [20]-[22]. In this paper, we will further theo-
retically prove the Hoélder continuity of bidirectionally
coupled GS manifold by using Schauder fixed point
theorem in Hoélder continuous Banach space. Based
on the slaving principle of synergetics and modified
approach,?3 we classify GS to several types and give
the existence of Holder continuity of bidirectionally
coupled GS, when the modified driving systems is
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chaotic, while the response system collapses to asymp-
totically stable equilibrium or asymptotically stable
limit cycles.

The rest of this paper is organised as follows. In
Section 2, we present the bi-coupled system model and
introduce some necessary definitions. The existences
of Holder continuous inertial manifold of GS are the-
oretically proved. In Section 3 we give illustrative ex-
amples on the chaotic Lorenz—Rossler system to show
two main kinds of GS manifolds. Conclusion and dis-

cussion are given in Section 4.

2. Holder continuity of GS mani-
fold

Given a class of bidirectionally coupled chaotic
oscillators:

y=A1y+9(y) + Ki(x—vy),
d::A2m+f(m)+K2(y*$), (1)

where y € Ry, € R} are state vectors, g and
f are smooth maps. The A; and K;(i = 1,2) de-
note n X n real matrixes. Based on the slaving prin-
ciple of synergetics, we find that the slow variables
always slave fast variables. Without loss of general-
ity, suppose dynamical systems X are fast variables
and Y are slow variables, if there exists a manifold
S={(X,Y),X = ¢(Y)}, which has at least one com-
pact attractor, then X and Y carry out GS, the GS
map ¢(-) may be smooth or fractal. For two bi-coupled
different chaotic systems X and Y here, if there exists
GS manifold X = ¢(Y), Y is considered as the drive
system and X as the response system. Generally, sup-
pose that the function f(x) has a order Holder expo-
nential property, i.e., there exists constants L(L > 0),
a(0 < a < 1) such that |f(z1) — f(z2)] < L]z —xa|®.

The modified approach is put forward to explain
GS arising.!??] The dynamics of Eq. (1) may be consid-
ered as the autonomous dynamics of modified system,

¥ = Ay +9(y) - Ky, (2)
&= Asx + f(x) — Koz, (3)

under the external forces K and Koy, respectively.
According to the dynamical property of the modified
X, Y, system, we can distinguish slow variables from
fast variables and classify GS to several types. In the
following, the Holder continuity of two main kinds
therein are theoretically proved, when the modified

Y system is chaotic(slow variables), and the modi-
fied X, system collapses to an asymptotically stable
equilibrium or periodic orbit (fast variables).

2.1. The first kind of GS manifold

Suppose that the modified X, system (3) has
the asymptotically stable equilibrium point 2o = 0 (if
xg # 0, we linearly transform the Eq. (3) such that 0
is its equilibrium point.) and the modified Y}, system
(2) is chaotic, then the system (3) can be rewritten as

T = Asx — Koz + f/(0)x + f(x) — f(0)x
= Bz + F(x), (4)

where B = Ay — Ky + f/(0), F(x) = f(x) — f/(0).

Obviously, all the eigenvalues of matrix B have
the negative real part. Now the bicoupled drive and
response systems are denoted as follows:

¥=Ay+9(y) + Ki(z—y), (5)
& = Bx + F(x) + Kay. (6)

Suppose that ¢g(y) in the system (5) satisfies Lips-
chitz condition, i.e., |g(y1) —g(y2)| < Lly1 —y2|, where
L is a positive constant. Let || - || denotes matrix
operator norm, then | e(A1=KVt|| < Mjett, where
¢>0,t>0,M >0 Whent < 7,y(r = n), there
exists the solution y(t) = y(¢;7,n,2()) on (—oo,7]
for any continuous function x : (—oo,7] — U C R,
and for any 7,7, x, z':

ly(t;m,m, () —y' (&m0, 2'(+)]
< M GC(T_t)|77 — ']

+M1/ {Lly — | + | K1| - |z — 2| }ds. (7)
t

The proof of inequality (7) is reported in Ap-
pendix 1. Inequality (7) describes the variation degree
of slow variables in Eq. (2).

Theorem 1 mathematically presents the result
about the Hoélder continuity of first kind of GS mani-
fold.

Theorem 1 In systems (5) and (6), all the
eigenvalues of matrix B have the negative real parts,
g : Ry — Ry is sufficiently smooth function. Suppose

the following conditions are satisfied:

|F(z) + Kyy — F(a') — K|

< Mlz—2'[+ |y — ¢/]]

< MMyl —2' |+ ly -y, 0<a<l, (8)
|F(x) + Kay| < N, 9)
|eB < Me P, (10)
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and there exists the solution y(t) = y(¢; 7, 1) of Eq. (5)
on (—oo, 7), for any 7,7, inequality (7) is satisfied and

MN
|213‘ SDa7 SDa

UM, AMM(1+ A) (MK, /)
5 T B apnLt K2 =0
AM M, (14 A){ M}~ <A (12)

B— ¢ —a[M(L+||K:][A)] =

where A\, M, My, N,(3,(,D, A are non-negative con-
stant, then there exists a Holder continuous GS man-
ifold

S ={(@.y)le=o(y).~co <t <00,y €R}} (13)

in systems (5) and (6) satisfying |o(y)| < D, |o(y) —
a(y) < Aly —y'|*/%.

Proof Suppose that o is Holder continuous, de-
note that o € Fp_a, if and only if

lo(y)| < D,lo(y) —o(y) < Aly—y'|*  (14)

holds for any y,y’. Define the distance |o3 —

o2l = supyenyloi(y) — oa(y)] and norm o] =

Supyepno(y) on the Fp A, it is easy to ver-
Y

ify that Fp a is a Banach space. Define an-

ly — 9|

IN

IA

IA

IA

briefly,

other Holder continuous space C%%, whose dis-
— supyenlo1(y) — oa(y)] +
supy 2y (lo1(y) — o2(y) = [o1(y') — o2")]1)/ 1y — ¥
and its norm is | o] supyerpo(y) +
supyy (lo(y) —o(y')])/ly — y'|*. For any o € Fp,a,
llollo,e < A+ Dje., Fp a is a close ball in the space
coe,
We give the operator G:

tance is [|o1 — 02]0,a

0, =

G(o)(7,m)
- / BT [F(o(y(s)) + Ky(s)]ds, (15)

where y(s) = y(s; 7,n). To make use of Schauder fixed
point theorem, we shall first prove the following three
results:

(a) The operator G maps Fp 4o on Fp a

In fact,

Gl [

—0Q0

, M
eB=s) MNds = =5 <D,

and suppose 0,0’ are two maps satisfying inequal-

ity (14), n,n" € Ry, Let y(t) = y(t;7,7), y'(t)
y(t;7,m'), then

My €T —of | +M1/ T Ly —y| + | Ki - |z — 2| }ds
t

My eSOy —of | 421, [ SOy o+ Kl o) — o0
t

My Oy |+ 08y [ Ol —y' |+ [Kalllo o'+ Ay~ 1}as
t

Mle“T_t)ln—n’HMﬂlKlll-IIU—O”IIe“T_t)/CJFMl/ {Lly — /| + | K1l|Aly —y'[}ds  (16)
t

Sy — /| < My|n— 1| + M| K| - |jo — cr’||/C+M1/ {Lly —y'| + | K.l Aly — y'[}ds. (17)
t

Due to Lemma 1,

Dy —y'| < {Miln — 1| + M| K| - [lo — o]} /¢} M EHIFIDIT=0,
ly — o'l < {Miln— 0| + Mi| K| - o — o[ /¢} et IS0,
ly — /| < (Ml — 0| + Mi| K| - o — o' /¢} e PR EHIFILFAT=0, (18)

then

G(o)(mn) = G(o")(7,7')]

|
- ‘/T BT F(o(y(s)) + Ky(s) — F(o'(y(s)) — Ky'(s)]ds

010507-3



Chin. Phys. B Vol. 20, No. 1 (2011) 010507

IN

‘ / MAe 2T o (y(s)) — o' (5 ()] + [y(s) — o/ (s)|*]ds| M,

IN

MMM, / e PNl — o' + (1 + A)[y(s) — ¥/(5)|" }ds

IN

MM, / e PT=(lo — o' || + (1 + A){My|n 7|

+ M| Ky - o — o[ /¢ et M EFIEA T =Clm=0) 4
AM M, AM (1 + A)Mo{Mi|n — /| + My[|[ Kyl - |lo = o'|| /C}*
B B—C—alMi(L+||K|4)]
AM (1 + A)Mo{Mi|n —n'[}*
B — (¢ —alMi(L+ | K1]A)]
< Alp—n'|*. (19)

IN

|o —o'|| +

IN

Without loss of generality, suppose |0 — ¢’|| < 1, then || — ¢'|| < || — ¢’||% 0 < @ < 1. Then

G(o)(7,m) = G(o)(7,7)]

CAMMy L AM( A)M (Ml |+ MK o = o'/
=73 B~ C— DA (L + [ Ki[4)
= Allr = o'| (20)

Consequently,

|G(0)(y1) — G(o)(y2)|
ly1 — yo|*

1G()llo.a = supyery |G (o) (Y)] + supy, 2y, <D+ A4,

i.e., G maps Fp o on the Fip 4.
(b) The operator G is continuous

V€>O, 36:i>0, |O'1(y)*0'2(y)|<i ‘Ul(yl)ial(yQH <i |0—2(y1)70-2(y2)| < €

34 34° lyr — ya|® 34° ly1 — y2|® 34°
we have
[G(o1) — G(o2)ll0,a
G -G -G -G
= supyery |G(01)(y) — G(o2)(y)] + supy, 2y, [Glorsn) (UQ(yEy)l)_ 3522,01@2)) (72{y2))
< e.

(c) The operator G is compact, i.e., G maps bounded sets in C’O’O‘/QOFDA to compact sets in C’O’“/QHFD,A.

According to inequality (20), |G(o(y1)) — G(o(y2))| < Aly1 — y2|*/%. When |y, — 32| < § = (¢/A)?/, the
family of functions G(o(y)) is uniformly bounded, where y is parameter. There exists a convergent function
sequence G(o,) in G(o) on C%* N Fp 4 by using Arzela theorem. Denote gmn(y) = G(om(y)) — G(on(y)),

|gmn(y1) - gmn(y2)|
Y1 — y2|*/2

— { |G(om(y1)) — G(ou(y1)) — Glom(y2)) + Glon(y2))| }a/m
ly1 — yal*

X ‘gmn(yl) _gmn(y2)|1ia/2a' (21)

Since C%*NFp_ 4 is bounded, [|G(0:m(y1)) — G(on(y1)) — Glom(y2)) + G(on(y2))[]/(ly1 — y2|) is also bounded,
suppose that its upper bound is K, then

|gmn(y1) - gmn(y2)|
ly1 — Y2l
supye ry [gmn (Y)| + K15UPy, £y, [grmn (Y1) — G (y2)]

1/2
gmnllo + 2K || gl (22)

Hgmn”O,a/Q = SupyER{; gmn(y)| + SUPy, £y

IN

IN
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this means that if {G(0,)} is Cauchy function se-
quence in C%®, it is also Cauchy function sequence in
C%/2 then {G(c,)} is convergent in C%*/2N Fp A.

According to the above mentioned (a), (b) and (c)
and Schauder fixed point theorem, the operator G has
fixed point o in C%*/2 N Fp A, 0 = G(0), i.e., there
exists a Holder continuous GS manifold in systems (5)
and (6):

S={(z,y)|lx=0(y), —oo<t<ooyecRy}

satisfying [o(y)| < D, [o(y) —o(y')| < Aly —y/|*/>.

And the GS manifold S is invariant. In fact, sup-
pose the initial value (zg,y0) € S, zo = o(yo0), to
equation ¥ = g(y),y(to) = vo, let z(t) = o(y(t)),
there does exist the unique solution of Eq. (6):

and x(t) is bounded when ¢ — oo. This shows that
(z(t),y(t)) € S and the GS manifold S is invariant.(]
The detailed proof of Theorem 1 is intuitionistic

B [F(a(y(s))) + Ky(s)]ds,

physically. The boundedness of most chaotic system
guarantees the condition (9). The condition (10) will
be satisfied if the matrix B has all eigenvalues with
negative real parts. Due to mathematic conditions
(11) and (12), the convergence(to asymptotically sta-
ble equilibrium ) speed of fast variables X is superior
to expansion rate of slow variables Y, the first kind
of GS invariant manifold is obtained near the equilib-
rium of fast mode X by using Schauder fixed point
theorem.

2.2. The second kind of GS manifold

In this case, the modified X, system (3) has
asymptotically stable periodic solution (still be con-
sidered as fast variables system physically) z(t) =
z(t+T), where T > 0, while the modified Y}, system
(2) is chaotic. We transform the second case into the
first case by using the following mathematical tech-
nique.

Let e(t) = x(t) — &(t), then

¢ = Az + f(z) — Kz — [AZ + f(3) — K% + Ky
= Ae— Ke+ Df(z)e + f(z) — f(&) — Df(T)e
— A(Ye + F(2,z,¢) + Ky, (23)

where A(t) = A — K + Df(z), F(xz,&,e) = f(x) —
f(®) — Df(xz)e. By using Lemma 2 and e(t) =
Z71(t)w(t), Eq. (23) is transformed to

w=Bw+ZOF(Z'wt)+ Z(t)Ky.  (24)

The corresponding GS manifold x(t) = &(t) + o(y(t))
near Z(t) is transformed to e(t) = Z 1(tH)w(t) =
o(y(1)), w(t) = Z(He(y(®) = Sy(®)).

It is obvious that the existence of the first kind of

GS manifold in
y=A1+gy) + Ki(r—y) (25)

and
w=Bw+ Zt)F(Z'wt) + Zt)Ky (26)

means the existence of the second kind of GS manifold
in systems (1).

With Lemma 2 and Lemma 329 in Appendix, the
existence of Holder continuous periodic GS manifold
is similarly derived in Theorem 2.

Theorem 2 Suppose y € Ry, w € R, in systems
(25) and (26), all the eigenvalues of matrix B have the
negative real part, F': Ry, — R and g : Rj — Ry are
sufficiently smooth functions. If the following condi-
tions are satisfied:

|ZF(Z7'w) + ZKyy — ZF(Z 7 'w') — ZKoy/|

< Mlw—w'|+]y -]

< AMa[lw —w'| + |y — 4|7, (27)
|ZF(Z'w) + ZKoy| < N, (28)
Pt < Me™P, (29)

and when t < 7, y(7) = n € R}, there exists the solu-

tion y(t) = y(t;7,m) of Eq. (25) on (—o0, 7), and for
any 1,1,

ly(tmn) —y(tm,n)| < Mye ™ Dn—v/|,  (30)

MN
lo| <D, —— <D,

5
AMM,  AMM (1 + A){M; | K]/}
5 " Ac-abnLt K2 = 6Y
)\MMQ(I-‘FA){Ml}Oé < A (32)

B—C¢—a[Mi(L+|K:iA)] ~
where A\, M, My, M,,N,3,(,D,A are non-negative
constant, then there exists a Holder continuous GS
manifold in systems (25) and (26),

S ={(w,y)|lw=0(y),—00 <t <oo,y Ry} (33)

satisfying [o(y)| < D, |o(y) —o(y')] < Aly — y'|%,
i.e., there exists the 2nd type of Holder continuous
GS manifold (periodic GS) in systems (1).

Similarly, as the convergence(to asymptotically
stable limit cycle) speed of fast variables is superior
to expansion rate of slow variables, the second kind
of GS invariant manifold is obtained near the stable
limit cycles of fast mode.
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3. Numerical simulations

Chaotic Lorenz—R0ssler systems are chosen to illustrate the two types of GS manifold under different
coupling strength by using auxiliary system approach.? Owing to the slaving principle of synergetics, slow
variables drive fast variables. According to their characteristic timescale, Lorenz system is shown as the driving
system Y (slow mode), and Rossler system as the response system X (fast mode), which is described as

v1 =0y —y2) + kulzr — 1),
drive system Y : § o = ry; — yo — y1y3 + ka1 (z2 — y2), (34)
U3 = y1y2 — biys + +k31 (w3 — y3),
where o = 10, r = 28, b; = 8/3; when the coupling parameter k;; = 0(i = 1,2, 3), the system (34) is chaotic
(see Fig. 1(a)). And
&y = —wy — 23 + ki2(y1 — 21),
response system X : { iy = 11 + asxs + koo (y2 — 12), (35)

&3 = by + x3(x1 — c2) + ka2(ys — x3),

where ag = 0.15, by = 0.2, co = 10, when k;2 = 0(i = 1,2, 3), the system (35) is chaotic(see Fig. 1(b)).

40 40
20 30
0 20

z3

—20° 0 —20 —20

Fig. 1. (a) Attractor of the driving system (slow mode), (b) attractor of the response system (fast mode).

The modified systems of systems (34) and (35) are

Ui =0 —y3) — ki,
modified system Y, : ¢ 93 = ryf — vh — yivi — ko1y3, (36)

U3 = yiys — biys — ks1y3,

T} = —x5 — x5 — kio2],

modified system X, : ¢ @5 = 2% + axl — kooxh, (37)

5 = by + xh(x] — c2) — kazal,
We use the auxiliary system approach to detect GS between the systems (34) and (35), the auxiliary system
of the system (35) is
2 = —29 — 23 + k12(y1 — 21),
auxiliary system Z : ¢ Zy = 21 + as2a + koo (y2 — 22), (38)
Z3 = by + 23(21 — c2) + k32(ys — 23).

The first kind of GS: The system (37) collapses to an asymptotically stable equilibrium, the system (36) is
chaotic.
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Fix the coupling parameters ko; = 0.02 (j = 1,2), k3; = 0.3 (j = 1,2) and choose k1, = 0.3 (j =1,2). The
modified system (37) approaches asymptotically stable equilibrium (0.0030 —0.0205 0.0194), while the modified
system (36) is chaotic, which are shown in Fig. 2. The matrix B in Eq. (4) is

-03 -2 —2
B = 2 028 0 )
0.0194 0 —20.297

whose eigenvalues are —0.011041.9788i, —0.0110—1.9788i, —20.2951 with all negative real parts. The conditions
in Theorem 1 are roughly verified. The response system (35) and the auxiliary system (38) carry out complete

synchronisation (see Fig. 3). According to Theorem 1 and auxiliary system method, the bidirectionally coupled
systems (34) and (35) achieve the first kind of GS.

4 :
—
T3
S -
2 | .
* o N
=) L : _
: ?/\i/\ N
0 Lk
_9 . . .
0 20 40 60 80

Time/t

Fig. 2. (a) Graphical representation of modified driving system (36), (b) graphical representation of modified response
system (37).

0 20 40 60 80 100
Time/t

Fig. 3. Graphical representation of error D, = \/23:1(96@ —2;)2.

The second kind of GS: The system (37) collapses to an asymptotically stable period orbits, the system
(36) is chaotic.

Keep koj = 0.02(j = 1,2), k3; = 0.3(j = 1,2) and decrease ki; = 0.1(j = 1,2). The results are illustrated
in Figs. 4 and 5. The bicoupled systems (34) and (35) realise the second kind of GS.

In this simulation, we fix ko;(j = 1,2) and ks3;(j = 1, 2) and increase the values of k1;(j = 1,2). From Table
1, when the value of k1, increases, the convergence (to asymptotically stable limit cycle or equilibrium) speed
of fast variables increases. The first and second types of GS invariant manifold will be obtained near the stable
state of fast mode when k;; exceed some critical values. Note that Theorems 1 and 2 give the sufficient but not
necessary mathematical conditions of occurrence of Equilibrium GS and Periodic GS. The numerical simulation
results are better than theoretical conditions. This unknown relation between Lorenz and Rossler systems,
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which occurred with coupling parameters, can be considered as some ‘self-organisation’ or some appearing and

changing invariant manifold, i.e., one kind of simple emergent phenomenon.

v -1
- 0

60

20 ® .
Ys —20 0 3

Fig. 4. (a) Graphical representation of modified driving system (36), (b) graphical representation of modified response

system (37).

Fig. 5. Graphical representation of error D, = \/213:1(961 —z)2.

0 50 100 150
Time/t

2

Table 1.
k1j(7=1,2) GS modified system X, modified system Y,

0-0.034 not detected chaotic chaotic

0.035-0.040  not detected 2" (n > 1)-period chaotic

0.041-0.043 not detected 2-period chaotic

0.044-0.064 detected 2-period chaotic

0.065-0.120 detected 1-period chaotic

0.121-1.558 detected equilibrium point chaotic
\

4. Conclusion and discussion Appendix

Proof of (7) Suppose

We further investigate two bidirectionally coupled

chaotic systems in the present paper.

Holder continuous inertial manifold

The existence of y=A1y+g(y) + Ki(z—y), y(r) =n, (A1)

of GS is strictly . , , , ,
Y =Ay+g9¥y)+Ki(z-y), ¥y(r)=7n" (A2)

proved based on the modified system approach and
Haken'’s slaving principle of synergetics. Future work  subtracting Eq. (A2) from Eq. (A1) gives

regarding this topic includes, for instance, the exis- d(y —y)

tence of GS manifold in several coupled systems and dt

GS manifold in networks.

= (A1 -K)(y—y) +9(y) —9(y) + Ki(z — )
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y(r) —y'(r)=n—1 (A3)
The solution is

y—y= MGy

” /tT A= EKIE[(g(y) — g(y'))

+ Ki(x—x')]ds (A4)

then we obtain the inequality (7).00
Lemma 1 Suppose ¢(z), ¥(z), w(x) are de-
fined on [a,b], w(z) > 0, ¥(z) is monotonous non-
negative and non-decreasing function, if ¢(z) <
() + [T w(s)p(s)ds. then ¢(z) < P(x)eld “().
Schauder fixed point theorem/®’! Let M be
nonempty, closed, convex bounded subset of a Banach
space B, and suppose F': M — M is a compact oper-
ator, then F' has a fixed point.
Arzela theorem[®”!  Suppose that 2 is a
bounded region in R™, M is the subset of Cy(£2). If

(1) for any f € M, there exists a constant K such
that Supyen|f(z)] < K, (2) for any fixed ¢ > 0,
there exists 6 > 0, |z — y| < 0§, z,y € {2 such that
|f(x) — f(y)| < &,Yf € M, then there exists the func-
tion sequence {f,} in M C Cy(£2) converges to f.

Lemma 20 The & = A(t)x is linear peri-
odic differential equation, where A(t) is continuous
function, A(t +T) = A(t), T > 0, then there ex-
ists continuous function Z(t) with period 7', and un-
der w(t) = Z(t)x, ¢ = A(t)x can be transformed to
w = Bw, where B is a constant matrix.

(26]

Lemma 3 Suppose that the real parts

of eigenvalues of the matrix B in w = Bw are
51,82, ..., 0n, the eigenvalues of (1/2)(A(t) + A*(t))
are aq(t),as(t),...,a,(t). Then there exists uni-
tary matrix S(t) = (S;;(t)) such that 5, =
A/T) [y £741Si0) P (Ddt, i=1,2,....n.
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