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In this paper we present a synchronization method for chaotic Lur’e systems by constructing a new piecewise

Lyapunov function. Using a delayed feedback control scheme, a delay-dependent stability criterion is derived for the

synchronization of chaotic systems that are represented by Lur’e systems with deadzone nonlinearity. Based on the

Lyapunov–Krasovskii functional and by using some properties of the nonlinearity, a new delay-dependent stabiliza-

tion condition for synchronization is obtained via linear matrix inequality (LMI) formulation. The criterion is less

conservative than existing ones, and it will be verified through a numerical example.
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1. Introduction

The chaotic synchronization has received much
attention in various areas, including secure com-
munication, modeling brain activity and informa-
tion processing.[1,2] Recently, many researches of the
chaotic synchronization of Lur’e systems were pre-
sented, because various chaotic systems such as Chua’s
circuit, n-scroll attractors and hyperchaotic attractors
could be modeled as Lur’e systems.[3−7] The Lur’e sys-
tem which has a feedback connection with a linear
dynamical system and a sector bounded nonlinear el-
ement has been extensively studied since as early as
the 1940s when Lur’e and Postnikov first proposed the
concept of absolute stability and it has been addressed
in the nonlinear systems and control literature.[8−10]

Various stability analysis and design methods have
been proposed for the problem of an linear system
with saturation/deadzone using the Lur’e type Lya-
punov functional.[11−13]

Since the pioneer work of Pecora and Carroll,[14]

practical issues of the synchronization between two
chaotic systems with propagation delay, noise or
model uncertainty have been considered.[15−22] Espe-
cially, many research efforts have focused on the effect
of the propagation delay for the chaotic synchroniza-

tion, since Yalcin et al.[15] firstly presented stability
conditions for chaotic synchronization of Lur’e system
with a given time-delay feedback controller.

Since Liao and Chen[16] proposed a time-delay
feedback controller design method for chaos synchro-
nization scheme of identical Lur’e systems, various
synchronization conditions have been derived in the
form of special Lyapunov functions.[17−20] In this
field, an important index for checking the conser-
vatism of stability criteria is the obtaining of the max-
imum allowable bounds of time delays for guarantee-
ing the stability of an error system. Thus, there are
more concerns of derivation of delay-dependent stabil-
ity conditions,[17−20] because delay-dependent stabil-
ity conditions are often less conservative than delay-
independent ones when delays are small. Cao et al.[17]

presented less conservative delay-dependent stability
conditions by using extended Laypunov–Krasovskii
functionals. Han[18] proposed a delay-dependent syn-
chronization criterion based on a more general Lur’e–
Postnikov Lyapunov functional. In our previous
result,[20] an improved criterion was obtained by using
the new Lyapunov–Krasovskii function and the sec-
tor condition of nonlinearity. However, nonlinearities
subject to both sector and slope constraints have not
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been considered for synchronization in chaotic Lur’e
systems.

Motivated by the above discussion, we propose
a new design method of delayed feedback controller
for the synchronizing of a class of Lur’e systems by
using sector and slope conditions. The proposed
method provides a solution for the synchronization
with a larger range of time-delay than those of ex-
isting methods. The proposed approach is to formu-
late the synchronization condition in the following two
procedures: one is to model the original system as the
transformed system with the deadzone nonlinearity,
and the other is to derive a synchronization condi-
tion for the transformed system using an augmented
Lyapunov function. The proposed Lyapunov function
consists of the state and the nonlinear function. Since
the synchronization criteria are derived from the slope
property of the nonlinearities as well as the sector con-
dition, our result is less conservative than the exist-
ing ones obtained from the general Lur’e–Postinikov
type function. The synthesis condition is expressed
in terms of linear matrix inequality (LMI), so that
the effectiveness of the proposed method can be eas-
ily verified by numerical algorithms.[23] Finally, the
maximum allowable delay for the synchronization of
chaotic Lur’e systems is found using the proposed cri-
terion and is compared with the previous ones through
a numerical example.

Notations Rn denotes the n-dimensional Eu-
clidean space. Rn×m is the set of all n×m real matri-
ces. For a real matrix X, X > 0 (X < 0) means that
X is a positive (negative) definite symmetric matrix.
I is an identity matrix with an appropriate dimension
and 0 is a null matrix with an appropriate dimen-
sion. ‖ · ‖ refers to the Euclidean vector norm and
the induced matrix norm. For symmetric matrices X

and Y , the notation X > Y (X ≥ Y ) means that
the matrix X − Y is positive definite (nonnegative).
diag{. . . } denotes the block diagonal matrix.

2. Problem formulation

Consider the following master–slave synchroniza-
tion scheme of chaotic Lur’e systems with a master
system M, a slave system S and time delayed output
feedback C:

M :





ẋ(t) = Ax(t) + Bf(Cx(t)),

zm(t) = Hx(t),

S :





ẏ(t) = Ay(t) + Bf(Cy(t)) + u(t),

zs(t) = Hy(t),

C : u(t) = L(zm(t− τ)− zs(t− τ)),

(1)

where x(t),y(t) ∈ Rn and zm(t), zs(t) ∈ Rl are state
vectors and the output vectors of the Lur’e systems
respectively, τ > 0 is the time delay, A ∈ Rn×n,
B ∈ Rn×p, C ∈ Rp×n, H ∈ Rl×n are constant ma-
trices, L ∈ Rn×l is the controller gain matrix. The
nonlinearity of the Lur’e system f(·) : Rm → Rp is a
memoryless vector valued function with certain sector
and slope conditions such as the deadzone nonlinearity

0 ≤ fi(σi(t))
σi(t)

≤ ki, (2)

dfi(σi(t))
dσi(t)

=





0, |σi(t)| < σmax
i ,

k̄i, |σi(t)| > σmax
i ,

(3)

where fi(·) is ith element of f(·), ki is sector upper
bound, k̄i is a slope bound, and σmax

i is a positive
deadzone level.

The synchronization scheme (1) achieves the syn-
chronization of states between two systems by utiliz-
ing a time delayed output feedback as an input to the
slave system S.

Defining an error of synchronization as

e(t) = x(t)− y(t) , (4)

then the following error dynamics of the synchroniza-
tion can be obtained:

ė(t) = Ae(t) + Me(t− τ) + B(f(Cx(t))

− f(Cy(t))),

e(θ) = ψ(θ), ∀ θ ∈ [−τ, 0], (5)

where M = −LH and ψ(·) is a continuous vector
valued function for initial values.

Define φ(ν(t)) = f(Cx(t)) − f(Cy(t)) and de-
note φi(νi(t)) as ith element of φ(ν(t)) and νi(t) =
cie(t), where ci is ith row vector of matrix C. By
the mean value theorem, there exists a constant δ ∈
(cix(t), ciy(t)) such that

φi(νi(t)) = fi(cix(t))− fi(ciy(t))

=
dfi(δ)
dνi(t)

(cix(t)− ciy(t)). (6)

Consequently, we have

0 ≤ fi(cix(t))− fi(ciy(t)) ≤ k̄iνi(t), (7)
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and error dynamic system (5) can be rewritten as

ė(t) = Ae(t) + Me(t− τ) + Bφ(ν(t)), (8)

where φi(νi(t)) belongs to the sector [0, k̄i] with the
slope constraints i.e.,

0 ≤ φi(νi(t))
νi(t)

≤ k̄i, (9)

dφi(νi(t)))
dνi(t)

=





0, |νi(t)| < νmax
i ,

k̄i, |νi(t)| > νmax
i ,

(10)

where k̄i is a slope bound of φi and νmax
i is a positive

deadzone level.
Note that dφi(νi(t)))/dνi(t) may not exist where

νi(t) = ±νmax
i . Thus we can find the following prop-

erties from the sector and the slope conditions:

(k̄i − φ′i(νi(t)))φi(νi(t)) = 0, (11)

(k̄i − φ′i(νi(t)))φ′i(νi(t)) = 0, (12)

where φ′i(νi(t)) = dφi(νi(t)))/dνi(t).
Since φ̇i(νi(t)) = φ′i(νi(t))ν̇i, we can obtain the

following conditions:

(ν̇ik̄i − φ̇i(νi(t)))φi(νi(t)) = 0, (13)

(ν̇ik̄i − φ̇i(νi(t)))φ̇i(νi(t)) = 0. (14)

The purpose of this paper is to find the maximum
allowable delay bound such that the error dynamics,
Eq. (5), of the synchronization is absolutely stable,
which means that the system described by Eq. (1) is
synchronized.

The following lemma is useful for deriving the syn-
chronization criterion.

Lemma 1[18] For arbitrary constant matrix W ∈
Rn×n > 0, a scalar τ > 0 and a vector function
e(t) : R → Rn such that the following integral is well
determined:

−τ

∫ 0

−τ

ėT(t + ξ)Wė(t + ξ)dξ

≤
[
e(t)T e(t− τ)T

]

−W W

W −W





 e(t)

e(t− τ)


 .(15)

3. Main results

In this section, we derive a synchronization crite-
rion for absolute stability of chaotic Lur’e system (5)
via the LMI formulation.

First of all, we define the augmented vectors for
simplicity,

ψ(t) = [ eT(t) φT(ν(t)) ]T,

ζ(t) = [ψT(t) ψT(t− τ/2) ψT(t− τ) ψ̇T(t)]T,

(16)

and the matrices

Π1 =


 0 0 0 0 0 0 I 0

0 0 0 0 0 0 0 I


 ,

Π2 =


 I 0 0 0 0 0 0 0

0 I 0 0 0 0 0 0


 ,

Π3 =




I 0 0 0 0 0 0 0

0 I 0 0 0 0 0 0

0 0 I 0 0 0 0 0

0 0 0 I 0 0 0 0




,

Π4 =




0 0 I 0 0 0 0 0

0 0 0 I 0 0 0 0

0 0 0 0 I 0 0 0

0 0 0 0 0 I 0 0




,

Π5 =


 0 0 0 0 0 0 I 0

0 0 0 0 0 0 0 I


 ,

Π6 =


 I 0 −I 0 0 0 0 0

0 I 0 −I 0 0 0 0


 ,

Π7 =


 I 0 0 0 −I 0 0 0

0 I 0 0 0 −I 0 0


 ,

Π8 =
[
0 I 0 0 0 0 0 0

]
,

K̄ = diag{k̄1, . . . , k̄m}. (17)

Theorem 1 The error system described in
Eq. (5) is absolutely stable for a given time delay τ

and a positive scalar δ, if there exist positive defi-

nite matrix P =


 X Y

Y T Z


 > 0, Q = [Qij ]4×4,

R = [Rij ]2×2, S = [Sij ]2×2, positive definite diago-
nal matrices Λi, i = 1, 2, and λ3 > 0 satisfying the
following LMI:

Σ(i,j) < 0, i, j = 1, . . . , 8, (18)

where

Σ(1,1) = Q11 −R11 − S11 + NA + ATNT,

Σ(1,2) = Q12 −R12 − S12 + NB + λ3C
TK̄T,

Σ(1,3) = Q13 + R11, Σ(1,4) = Q14 + R12,

Σ(1,5) = S11 −GH, Σ(1,6) = S12,
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Σ(1,7) = X + δATNT −N , Σ(1,8) = Y ,

Σ(2,2) = Q22 −R22 − S22 − 2λ3I,

Σ(2,3) = Q23 + RT
12,

Σ(2,4) = Q24 + R22, Σ(2,5) = ST
12,

Σ(2,6) = S22, Σ(2,7) = Y T + Λ1K̄C + δBTNT,

Σ(2,8) = Z −Λ1, Σ(3,3) = Q33 −Q11 −R11,

Σ(3,4) = Q34 −Q12 −R12, Σ(3,5) = −Q13,

Σ(3,6) = −Q14, Σ(3,7) = −δHTGT, Σ(3,8) = 0,

Σ(4,4) = Q44 −Q22 −R22, Σ(4,5) = −Q23,

Σ(4,6) = −Q24, Σ(4,7) = 0, Σ(4,8) = 0,

Σ(5,5) = −Q33 − S11, Σ(5,6) = −Q34 − S12,

Σ(5,7) = 0, Σ(5,8) = 0,

Σ(6,6) = −Q44 − S22, Σ(6,7) = 0, Σ(6,8) = 0,

Σ(7,7) = (τ/2)2R11 + τ2S11 − δ(N + NT),

Σ(7,8) = (τ/2)2R12 + τ2S12 + CTK̄TΛ2,

Σ(8,8) = (τ/2)2R22 + τ2S22 − 2Λ2.

Proof Consider the following Lyapunov–
Krasovskii functional:

V = V1 + V2 + V3, (19)

where

V1 = ψ(t)TPψ(t) ,

V2 =
∫ t

t−τ/2


 ψ(ξ)

ψ(ξ − τ/2)




T

Q


 ψ(ξ)

ψ(ξ − τ/2)


 dξ ,

V3 =
∫ t

t−τ/2

(τ

2
− t + ξ

)
ψ̇T(ξ)

(τ

2
R

)
ψ̇(ξ)dξ

+
∫ t

t−τ

(τ − t + ξ)ψ̇T(ξ)τSψ̇(ξ)dξ .

The time derivative of V1 with respect to time
along the trajectory of Eq. (5) is

V̇1 = ψ̇T(t)Pψ(t) + ψT(t)Pψ̇(t),

= ζT(t)Ω1ζ(t), (20)

where Ω1 = ΠT
2 PΠ1 + ΠT

1 PΠ2.
Similarly, time derivative of V2 is

V̇2 = ζT(t)ΠT
3 QΠ3ζ(t)− ζT(t)ΠT

4 QΠ4ζ(t),

= ζT(t)Ω2ζ(t),
(21)

where Ω2 = ΠT
3 QΠ3 −ΠT

4 QΠ4.
The following inequality for time derivative of V3

can be obtained by using Lemma 1:

V̇3

≤
(τ

2

)2

ψ̇T(t)Rψ̇(t) + τ2ψ̇T(t)Sψ̇(t)

+


 ψ(t)

ψ
(
t− τ

2

)



T 
−R R

R −R





 ψ(t)

ψ
(
t− τ

2

)



+


 ψ(t)

ψ(t− τ)




T 
−S S

S −S





 ψ(t)

ψ(t− τ)




= ζT(t)Ω3ζ(t), (22)

where Ω3 = ΠT
5 ((τ/2)2R + τ2S)Π5 − ΠT

6 RΠ6 −
ΠT

7 SΠ7.
The following equality is obtained from slope con-

straint (13) for diagonal matrices Λi > 0 (i = 1, 2) :

2ζT(t)ΛT[ 0 0 0 0 0 0 K̄C −I ]ζ(t) = 0, (23)

where Λ = [ 0 Λ1 0 0 0 0 0 Λ2 ]T.

Using S-procedure[23] with properties of the sec-
tor and slope in inequality (9) and Eq. (13), the fol-
lowing inequality is obtained:

0 > V̇ + 2(K̄ν̇(t)− φ̇(ν(t)))T(Λ1φ(ν(t))

+ Λ2φ̇(ν(t))) + 2λ3φ
T(ν(t))(K̄ν(t)− φ(ν(t)))

= ζT(t)Ωζ(t), (24)

where

Ω = Ω1 + Ω2 + Ω3 + ΛΞ1 + ΞT
1 ΛT

+ λ3(ΠT
8 Ξ2 + ΞT

2 Π8),

Ξ1 = [ 0 0 0 0 0 0 K̄C −I ],

Ξ2 = [ K̄C −I 0 0 0 0 0 0 ]. (25)

On the other hand, from system (5) and the
Leibniz–Newton formula, the following equation is sat-
isfied with any matrix N and a positive scalar δ:

2[ eT(t) ėT(t) ]


 N1

δN1




× [ A B 0 0 M 0 −I 0 ]ζ(t)

= ζT(t)N [ A B 0 0 M 0 −I 0 ]ζ(t)

= 0, (26)

where N = [ 0 NT 0 0 0 0 δNT 0 ].
Combining Eq. (24) with Eq. (26) yields a suffi-

cient condition for stability of error dynamics (5) with
a given time delay which guarantees

V̇ (t) ≤ ζT(t)Σζ(t) < 0 , ∀ ζ(t) 6= 0. (27)

This completes the proof. ¥
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Remark 1 Note that φ̇(ν(t)) does not exist
where ν(t) = ±νmax. Thus, V is generally not dif-
ferentiable so that we need to address the piecewise
Lyapunov function.[24] Since V is piecewise quadratic,
V̇ is well-defined for almost all x ∈ Rn. If V̇ ≤ γ(x)
for almost all x ∈ Rn and γ is continuous, then the
time derivative of the function V (x(t)), which is de-
fined for almost all t, is upper bounded by γ(x(t))
for almost all t.[25] Using a similar method,[22] we
have V (0) ≤ γ1||θ(s)||2, for some γ1 > 0, where
||θ(s)|| = sup−τ≤s≤0||x(s)||. Since φ(ν(t)) is bounded
by k||x|| for some k > 0, there exist α > 0 and β > 0
such that α||x|| ≤ V (x) ≤ β||x||. Therefore, the ori-
gin is absolutely stable, if there exists a negative def-
inite matrix Σ for almost all x.

4. Numerical example

In this section, Chua’s circuit is used as an exam-
ple to demonstrate the effectiveness of the proposed
synchronization criterion given in Theorem 1.

Consider the following Chua’s circuit:[15]

ẋ = a(y − h(x)) ,

ẏ = x− y + z ,

ż = −by (28)

with nonlinear characteristic

h(x) = m1x +
1
2
(m0 −m1)(|x + c| − |x− c|)

and parameters m0 = −1/7, m1 = 2/7, a = 9,
b = 14.28 and c = 1.

The system can be represented in Lur’e system
with

A =



−am0 a 0

1 −1 1

0 −b 0


 , B =




a(m0 −m1)

0

0


 ,

C = H =
[
1 0 0

]
(29)

and f(µ) = µ − (1/2)(|µ + c| − |µ − c|) belonging to
interval [0, 1] and the slope constraint K̄ = 1.

By applying Theorem 1 to system (5), one can
obtain the maximum delay bound τ̄ = 0.248 with
δ = 0.5 and the corresponding controller gain L =
[ 4.2307 0.3679 −4.1225 ]T. Table 1 shows the com-
parisons of maximum allowed delay τ̄ with δ = 0.5.
Moreover, error system (5) with the gain matrix L is
stabilizable until τ ≤ 0.33. Figure 1 shows the simu-
lation results of time-dependent errors with τ = 0.33.

Fig. 1. Responses of error system.

5. Conclusion

In this paper, a new synchronization criterion is
presented for the error dynamic system which is ex-
pressed as Lur’e model with deadzone nonlinearity.
Using the properties of both the sector conditions and
the slope conditions, a delay-dependent stabilization
condition is derived in terms of LMI. A less conserva-
tive condition is obtained by constructing a new piece-
wise Lyapunov–Krasovskii functional which is aug-
mented with the state and the nonlinear function. We
have demonstrated the effectiveness of the proposed
synchronization criterion via a numerical example.
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