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Non-smooth bifurcations in a double-scroll
circuit with periodic excitation∗
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The fast-slow effect can be observed in a typical non-smooth electric circuit with order gap between the natural

frequency and the excitation frequency. Numerical simulations are employed to show complicated behaviours, especially

different types of busting phenomena. The bifurcation mechanism for the bursting solutions is analysed by assuming

the forms of the solutions and introducing the generalized Jacobian matrix at the non-smooth boundaries, which can

also be used to account for the evolution of the complicated structures of the phase portraits with the variation of

the parameter. Period-adding bifurcation has been explored through the computation of the eigenvalues related to

the solutions. At the non-smooth boundaries the so-called ‘single crossing bifurcation’ can occur, corresponding to

the case where the eigenvalues jump only once across the imaginary axis, which leads the periodic burster to have a

quasi-periodic oscillation.
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1. Introduction

Non-smooth factors may cause complicated be-
haviours in many dynamic systems, which attracts
a lot of researchers to investigate the mechanism for
the evolution to complexity.[1] Different types of non-
conventional bifurcations, which are the combinations
of several forms of conventional bifurcations, may oc-
cur when the phase trajectories pass across the non-
smooth boundaries, leading to a variety of special dy-
namical characteristics.[2] Because of its easy imple-
mentation in real experiment, non-smooth electrical
circuits are widely used to explore these nonlinear phe-
nomena in non-smooth systems.[3] As a well-known
non-smooth circuit, the Matsumoto’s circuit, which
can also be called Chua’s circuit, has been studied
by many researchers.[4] Several bifurcations have been
reported in the simple Matsumoto’s circuit with a
piecewise-linear resistor or in the slightly modified ver-
sions of the circuit.[5,6] The phenomena such as period-
doubling bifurcations to chaos, intermittence can be
observed with the variation of parameters.[7] Further-
more, a well-known attractor in the literature, called
the double-scroll attractor, can be found when the
Matsumoto’s electronic circuit is in a chaotic regime.[4]

The double-scroll circuit has been studied for its
electronic simplicity and variety of non-smooth phe-

nomena. The driven versions of this circuit have been
extensively investigated by many authors who have
found many bifurcation phenomena not to be observed
in the non-perturbed circuit. These research activities
resulted in a lot of publications on phenomena that
such systems exhibit.[8,9]

Recently, many reports have focused on a special
type of nonlinear system with two time scales, which
often behaves in a periodic state characterized by a
combination of relatively large amplitude and nearly
harmonic small amplitude oscillation, conventionally
called mixed-mode oscillation.[10,11] The fast–slow ef-
fect can be observed in many practical systems, such
as artificial neural networks,[12] chemical reactions.[13]

The interaction between two time scales may
cause the system to alternately reside between the qui-
escent state (QS) and the spiking state (SP), thereby
forming different types of bursters. Two important bi-
furcations occur for the alternation in a burster, i.e.,
the bifurcation from the QS to SP and the bifurcation
from SP to QS. The details for the bursters of the
vector field with low dimension have been well sum-
marized by Izhikevich.[14]

In many real electrical circuits, the fast–slow ef-
fect can also be observed when the vector fields are
related to two time scales, which may lead to compli-
cated behaviours, especially various kinds of bursters.
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Furthermore, most of the work related to electrical

circuits is restricted to the autonomous cases. Here

we focus our attention on the investigations of non-

smooth circuit driven by periodic excitation and the

dynamics when there exists order gap between the nat-

ural frequency and the excitation frequency in order

to reveal the bursting phenomena as well as the asso-

ciated bifurcation mechanism.

2. Double-scroll circuit with peri-

odic excitation

The double-scroll circuit illustrated in Fig. 1(a)
without w, which is established by Matsumoto and
Chua,[4] is composed of two capacitors (C1 and C2 ),
one inductor (L), a liner resistor represented by its
admittance (g = 1/R), and a nonlinear resistor (RN),
whose characteristic curve is presented in Fig. 1(b).

Fig. 1. (a) Schematic diagram of the double-scroll circuit and (b) characteristic curve of the nonlinear resistance RN.

Now we introduce a periodically changed electri-
cal source w into the circuit, which is represented by

w = Is cos(Ωt), (1)

where Is and Ω represent the excitation amplitude and
the excitation angular frequency, respectively.

From Fig. 1.(a), by applying Kirchoff’s laws, the
dynamics of the double-scroll circuit with periodic ex-
citation can then be described by the following differ-
ential equations:

dVC1

dt
=

VC2 − VC1

RC1
− iRN(VC1)

C1
+

w

C1
,

dVC2

dt
=

VC1 − VC2

RC2
+

iL
C2

,

diL
dt

= −VC2

L
, (2)

where VC1 and VC2 are the voltages across the capac-
itors C1 and C2, iL and iRN are the electric currents
passing through inductor L and RN, respectively. Fur-
thermore, the current across the nonlinear resistance
RN can be presented by

iRN(VC1) = m0VC1 +
1
2
(m1 −m0)

× (|VC1 + BP| − |VC1 −BP|), (3)

where m0, m1, and BP are indicated in Fig. 1(b).
By introducing variables x = VC1/BP, y =

VC2/BP, z = iL/gBP, and τ = gt/C2, Eq. (2) can
be written in the dimensionless form as

dx

dτ
= α[y − x− k(x)] + w0,

dy

dτ
= x− y + z,

dz

dτ
= −βy (4)

with

k(x) = bx +
1
2
(a− b)(|x + 1| − |x− 1|), (5)

w0 = I cos(ωτ), (6)

where the new parameters are α = C2/C1, β =
C2/Lg2, a = m1/g, b = m0/g, I = C2Is/gBPC1 =
αIs/gBP and ω = C2Ω/g.
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3. Numerical simulations

Here we use the dimensionless parameters rather than their original physical quantities, for clarity, to
investigate the behaviour of system (4). For the parameters fixed at I = 0.2, ω = 0.05, α = 1.0, a = −8.0/7.0,
b = −5.0/7.0, the dynamical evolution of Eq. (4) with the variation of β is plotted in Fig. 2.

Fig. 2. Bifurcation diagram of system (4) with variation of β.

Periodic oscillations can be observed for relatively large values of β. For example, when β = 2.0, periodic
movement with mixed mode oscillation can be found (shown in Fig. 3). The combination of large-amplitude
oscillation associated with the excitation frequency and the small-amplitude oscillation corresponding to the
natural frequency forms the LS oscillation in the circuit, where L and S are corresponding to the multiples of
the large-amplitude and the small-amplitude oscillation during one period respectively.[15]

Fig. 3. Phase portraits and time variation of system (4) for β = 2.0.

Note that the period of the motion is the same
as that of the excitation. Furthermore, during each
period, small-amplitude oscillations around two sym-
metric sets can be observed, while large-amplitude os-
cillations occur when the trajectory moves between
the oscillations near the two sets.

A sequence of period-adding bifurcations associ-
ated with the natural frequency occurs with the de-
crease of β, though the period of the movement is al-

most the same, which implies that S increases quickly
for the LS solution (see Fig. 4).

The periodic LS mixed mode oscillation loses the
stability at β = 0.96, leading to a quasi-periodic os-
cillation (see Fig. 5). Both the amplitude and the
time needed for the small-amplitude oscillation in-
crease quickly to cover the whole time variation of the
attractor, though there still exists a great difference
between the two frequencies involving in the solution.
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Fig. 4. Phase portraits and time variations of system (4) with different values of β : β = 1.5 (a), 1.1 (b), and 0.97 (c).

Fig. 5. Phase portrait and time variation of system (4) for β = 0.96.

010504-4



Chin. Phys. B Vol. 20, No. 1 (2011) 010504

Because there exists an order gap between the ex-
citation frequency and the natural frequency of the
system, dynamics may exhibit the fast–slow effect,
which often behaves in a periodic state characterized
by mixed mode oscillations. The type of oscillation,
which has been observed in the numerical simulation
for the circuit, can also be referred to as bursting
phenomenon.[14] To reveal the mechanism of the move-
ments is very important for understanding the compli-
cated phenomena of the vector field. In the following,
we will investigate the bifurcation details in the evo-
lution of the dynamics.

4. Bifurcation mechanism

For the autonomous case with I = 0, Eq. (4) can
be written in the following forms:

dx

dτ
= α[y − x− k(x)],

dy

dτ
= x− y + z,

dz

dτ
= −βy, (7)

where k(x) = bx + 1
2 (a − b)(|x + 1| −

|x − 1|), which has two switching bound-
aries:

∑
1 = {(x, y, z) ∈ R3|x = 1} and∑

2 = {(x, y, z) ∈ R3|x = −1}. The system has three
equilibrium points expressed as

P0 : {x = 0, y = 0, z = 0} for −1.0 < x < 1.0,

P+ : {x = −(a−b)/(1+b), y = 0, z = (a−b)/(1+
b)} for x > 1.0,

P− : {x = (a−b)/(1+b), y = 0, z = −(a−b)/(1+
b)} for x < −1.0.

The equilibrium points as well as their properties
depend on the special values of the parameters. For
example, for the parameters fixed above, the details
of the equilibriums can be computed as P0(x = 0, y =
0, z = 0) for −1.0 < x < 1.0, P+(x = 1.5, y = 0, z =
−1.5) for x > 1.0 and P−(x = −1.5, y = 0, z = 1.5)
for x < −1.0. When β = 2.0, the stabilities of P0

and P± can be determined by the Jacobian matrix J0

with eigenvalues λ0
1,2,3 and J± with eigenvalues λ±1,2,3,

respectively, where

J0 =




0.1429 1 0

1 −1 1

0 −2.0 0


 , λ0

1 = 0.2515, λ0
2,3 = −0.5543± 0.9103i,

J± =



−0.2857 1 0

1 −1 1

0 −2.0 0


 , λ±1 = −0.6549, λ±2,3 = −0.3154± 0.8793i.

Obviously, P± are asymptotically stable focal points, and P0 is a saddle point. In order to explore the
properties of the equilibrium points with the variation of parameter β, Table 1 gives the details of the eigenvalues
associated with P0 and P± with a few special values of β.

Table 1. Eigenvalues of linearized matrix associated with the equilibria.

−1.0 < x < 1.0 x > 1.0 or x < −1.0

β = 1.5 λ0
1 = 0.3026, λ0

2,3 = −0.5799± 0.6098i λ±1 = −0.9355, λ±2,3 = −0.1751± 0.6538i

β = 1.1 λ0
1 = 0.3749, λ0

2,3 = −0.6160± 0.1990i λ±1 = −1.1841, λ±2,3 = −0.0508± 0.5127i

β = 0.97 λ0
1 = 0.4065, λ0

2 = −0.8734, λ0
3 = −0.3903 λ±1 = −1.2576, λ±2,3 = −0.0141± 0.4692i

β = 0.96 λ0
1 = 0.4091, λ0

2 = −0.8894, λ0
3 = −0.3769 λ±1 = −1.2631, λ±2,3 = −0.0113± 0.4659i

Because the vector field is non-smooth but still continuous, we can use the generalized differential of Clarke
to set up a generalized Jacobian matrix.[16] The generalised Jacobian matrix at the equilibrium points P0 and
P± for β = 2.0, expressed by the set-valued matrix J(±1) = {Jq, q ∈ [0, 1]} with Jq = qJ0 + (1− q)J±, at the
bifurcation point is of the closed convex hull of the Jacobians on each side of the switching boundary.
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Here we still take the case for β = 2.0 as an
example to analyse the bifurcation mechanism. The
three eigenvalues of J(±1) form three one-dimensional
paths in the complex plane parameterised by the aux-
iliary variable q, denoted by λi = {λqi, q ∈ [0, 1]},
for i = 1, 2, 3, where λqi are the eigenvalues of Jq.
The paths of eigenvalues of the generalised Jacobian
at x = ±1.0 are depicted in Fig. 6. One of eigen-
values of Jq is real number which crosses the imagi-
nary axis at the origin for q = 0.6667 and the other
two eigenvalues are a pair of conjugate complex num-
bers. The paths of the eigenvalues of J(±1) show that
the discontinuous bifurcation point is a single crossing
bifurcation,[17] in the sense that the eigenvalues cross
the imaginary axis only once during their jump.

Fig. 6. Path of eigenvalues of generalised Jacobian.

We now turn to the non-autonomous case with
I 6= 0, which implies that the dynamics of the circuit
will be influenced by the external excitation. The ex-
citation may cause the disappearance of the equilibria
described above and drive the system to oscillate peri-
odically according to the frequency of the excitation.

In order to conveniently describe the bifurcation
mechanism, we introduce the transformation ωτ = θ,
and regard the dimensionless time τ as a variable pa-
rameter, which leads the vector field to be in the gen-
eralized ‘autonomous’ form and to be expressed as

dx

dτ
= α[y − x− k(x)] + I cos θ,

dy

dτ
= x− y + z,

dz

dτ
= −βy, (8)

where k(x) = bx + 1
2 (a− b)(|x + 1| − |x− 1|).

Because of the linear structure of the circuit,
though it is non-smooth, we can still assume the ap-
proximate solution to be in the following form:

x = A1 cos θ + B1 sin θ + C1,

y = A2 cos θ + B2 sin θ + C2,

z = A3 cos θ + B3 sin θ + C3. (9)

Substituting Eq. (9) into Eq. (8) yields the expres-
sions of the coefficients in the approximate solution,
the details of which are described as follows:

(1) for x > 1.0,

A1 = αV (−2bβω2 + bω2 + bω4 + bβ2 + β2 − 2βω2 + ω4)/H±,

B1 = V ω(−2βω2 + ω2 + ω4 + β2 − βα + αω2)/H±, C1 = (−a + b)/(b + 1),

A2 = ω2V (β − ω2 + αb)/H±, B2 = V (ω2 − βα + αω2 − βαb + bαω2)ω/H±,

C2 = 0, A3 = βV (ω2 − βα + αω2 − βαb + bαω2)/H±, B3 = −ωβV (β − ω2 + αb)/H±,

C3 = −(−a + b)/(b + 1);

(2) for −1.0 < x < 1.0,

A1 = αV (−2aβω2 + aω2 + aω4 + aβ2 + β2 − 2βω2 + ω4)/H0,

B1 = V ω(−2βω2 + ω2 + ω4 + β2 − βα + αω2)/H0, C1 = 0,

A2 = ω2V (β − ω2 + αa)/H0, B2 = V ω(ω2 − βα + αω2 − βαa + aαω2)/H0, C2 = 0,

A3 = βV (ω2 − βα + αω2 − βαa + aαω2)/H0, B3 = −ωβV (β − ω2 + αa)/H0, C3 = 0;

(3) for x < −1.0,

A1 = αV (−2bβω2 + bω2 + bω4 + bβ2 + β2 − 2βω2 + ω4)/H±,

B1 = V ω(−2βω2 + ω2 + ω4 + β2 − βα + αω2)/H±, C1 = −(b− a)/(b + 1),
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A2 = ω2V (β − ω2 + αb)/H±, B2 = V ω(ω2 − βα + αω2 − βαb + bαω2)/H±, C2 = 0,

A3 = βV (ω2 − βα + αω2 − βαb + bαω2)/H±, B3 = −ωβV (β − ω2 + αb)/H±,

C3 = (b− a)/(b + 1),

where

H0 = −2ω4β + ω2β2 + ω4 + α2β2 + 2ω4α + ω4α2 + ω6 + 2aα2β2 + 2aα2ω4 − 2ω2βα

− 2βα2ω2 + a2α2ω2 + a2α2ω4 + a2α2β2 − 4aα2βω2 − 2a2α2βω2,

H± = −2ω4β + ω2β2 + 2bα2β2 + 2bα2ω4 − 2ω2βα− 2βα2ω2 + ω4 + α2β2 + 2ω4α

+ ω4α2 + ω6 − 4bα2βω2 + b2α2ω2 + b2α2ω4 + b2α2β2 − 2b2α2βω2.

Note that the ‘solution’, which is a periodically
function of τ with period T = 2π/ω, is not the real
solution of the system. However, the type of the ‘solu-
tion’ can help us to understand the special behaviours
of the system, the details of which are further dis-
cussed in the following.

The ‘solution’ in Eq. (9) can be regarded as a
generalized equilibrium state, the stability of which
can be determined by the eigenvalues associated with
the linearized matrix of the vector field. Further
computation reveals that these eigenvalues related to
the ‘solution’ can be expressed in the same forms as
those eigenvalues of the equilibrium points for the au-
tonomous case because of the piecewise linear struc-
ture of the system. For example, when β = 2.0, while
other parameters are still fixed at those values in Sec-
tion 3, the ‘solution’ is a stable focus for |x| > 1.0
while a saddle point for |x| < 1.0.

Now we explain the mechanism of the periodic
motion for the case β = 2.0 as an example. The ‘solu-
tion’ as well as the real solution is presented in Fig. 7.
We set A1 as the starting point, which is located at the
switching boundary Σ1(Σ1= {(x, y, z) ∈ R3|x = 1}).
Because of the clockwise direction of the trajectory,
which can be demonstrated by the time variation of y

plotted in Fig. 3, the trajectory will tend to the stable
focus with the natural angular frequency 0.8793 deter-
mined by the imaginary part of the complex eigenvalue
for |x| > 1.0. The passage is relatively fast, called
spiking (SP1). When the trajectory meets the ‘solu-
tion’ at B1, it may move exactly along the ‘solution’
with the excitation angular frequency f = ω = 0.05
until it meets the switching boundary Σ1. Note that
the passage remaining on the ‘solution’ is relatively
slow, which can be named quiescent state (QS1).

Fig. 7. (a) Real solution, (b) ‘solution’, where parts (1) and (3) denote the stable ‘solutions’ while part (2) denotes the

unstable ‘solutions’, and (c) overlap of the ‘solution’ and the real solution.

Non-smooth bifurcation, i.e., the single crossing
bifurcation, occurs when the trajectory crosses the
switching boundary Σ1 at the point C1. Clearly,
the behaviour of a single crossing bifurcation is
present in the bifurcation scenario observed in

Fig. 6.[16,17] Here the single crossing bifurcation leads
to the instability of QS1, resulting in another fast
passage, i.e., spiking (SP2). Because the ‘solu-
tion’ between the two switching boundary Σ1 and
Σ2(Σ2= {(x, y, z) ∈ R3|x = −1}) is a saddle point

010504-7



Chin. Phys. B Vol. 20, No. 1 (2011) 010504

with one relatively large positive real eigenvalue, the
trajectory will quickly move from the point C1 to the
switching Σ2 boundary at A2. Note that no bifur-
cation takes place at A2. Because of the symmetric
property of the ‘solution’, the behaviour of the trajec-
tory from A2 through B2 to C2 is similar to that of
the trajectory from A1 to C1 described above. At the
point C2 on the switching boundary Σ2, non-smooth
bifurcation can be found, which changes the quiescent
state (QS2) into another repetitive spiking (SP2), until
the trajectory reaches the point A1 and begins another
period.

Now we turn to the complicated evolution of the
dynamics with β value decreasing from 1.5 to 0.97.
From the eigenvalues for some special values of β,
presented in Table 1, one may find that the imagi-
nary parts of the complex eigenvalues decrease slowly
with the decrease of β, while the absolute values of
real part of the complex eigenvalues decrease quickly,
resulting in the rapid increase of the oscillating time
in the spiking.

The periodic bursting bifurcates to quasi-periodic
motion as β decreases to 0.9621. The behaviours of
the quasi-periodic motion are strongly associated with

the eigenvalues of the generalized Jacobian matrix.
For example, when β = 0.96, computation reveals that
one of the two frequencies of the quasi-periodic solu-
tion is the same as the frequency of the excitation, i.e.,
0.05, while the other is near to the imaginary part of
the complex eigenvalues, approximately at 0.4659.

5. Conclusions

For the double-scroll circuit with an order gap
between the natural frequency and the excitation fre-
quency, the fast–slow effect behaving in bursters can
be observed. Non-smooth bifurcations at the switch
boundaries connect the slow passage (quiescent states)
and the fast passage (spiking states). By employing
the generalized differential of Clarke in the linear form
of solutions, it can be found that all the discontinuous
bifurcations are related to the single cross of the imag-
inary axis. Further investigation reveals that both the
imaginary parts and the real parts of the eigenvalues of
the generalized matrix at the switch boundaries influ-
ence the structures of the phase portraits, and there-
fore affect the interaction process between the slow
and fast passages.
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