
Chin. Phys. B Vol. 20, No. 1 (2011) 010311

Dynamics of Bose Einstein condensate in a harmonic
potential and a Gaussian energy barrier∗
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We have studied the dynamics of Bose–Einstein condensate by solving numerically the Gross-Pitaevskii (GP) equa-

tion. We examined the periodic behaviour of the condensate in a shifted harmonic potential, and further demonstrated

the tunneling effect of a condensate through a Gaussian energy barrier, which is inserted after the condensate has been

excited by shifting the harmonic trapping potential to a side. Moreover, it is shown that the initial condensate evolves

dynamically into two separate moving condensates after the tunneling time under certain conditions.
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The creation of Bose–Einstein condensate (BEC)
provides a platform for investigating many impor-
tant phenomena in atomic physics.[1] Recently dy-
namics of Bose–Einstein condensate has received in-
tense attention and many new and important research
results have been reported. These results concern
the macroscopic quantum interference,[2−4] coherent
quantum atomic tunneling effect,[5,6] the soliton in
condensate,[7,8] and the nonlinear effects and chaotic
behaviour in BEC.[9,10] However in probing the prop-
erty of this new state of matter, how to properly
solve the Gross–Pitaevskii (GP) equation numerically
is essential.[11−13]

In this paper, we solve the one-dimensional (1D)
time-dependent GP equation numerically by a sym-
plectic method and carry out some numerical inves-
tigation about the dynamics of BEC in a harmonic
trapping potential. First we excite the condensate by
shifting the harmonic trapping potential to a side, and
study the behaviour of the condensate. Secondly we
remove the trapping potential suddenly, followed by
inserting a Gaussian energy barrier, and then study
the tunneling phenomena between the condensate and
the barrier. It is shown that two separately moving
condensates can be obtained in this tunneling process
under certain conditions. This phenomenon is inter-
esting because it provides a method of obtaining two
separatedly running condensates which can be em-
ployed in studying interference effect. Interference,
along with the tunneling effect, is one of the basic
tools in studying quantum phenomenon. Usually, in-

terference in BEC is studied through two condensates
released from two traps. Therefore our finding pro-
vides a way to study interference effect between two
separatedly running condensates and thus is of prac-
tical relevance.

The 1D time-dependent GP equation for neutral
atoms trapped in a harmonic potential near zero tem-
perature can be written as[2,3]
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Here U0 = 4π~2as/ma2 is the strength of interatomic
interaction, with as denoting the s-wave scattering
length of the atom; m denoting the mass of a sin-
gle atom; a ≡

√
~/2mω is the size of the harmonic

trapping potential, ω is the oscillation frequency of
the trapping potential, and N is the number of atoms
in the condensate. The wavefunction of the conden-
sate is normalised to unity. With ξ = x/a, τ = ωt,
and Φ (ξ, τ) = ψ(x, t)

√
a, Eq. (1) can be rescaled into

a dimensionless form
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where α = 8πNas/a is the nonlinear coeffi-
cient. Our computation is performed for 133Cs
with m = 133 amu, as = 3.45 nm, ω =
2π × 10 Hz. For about N = 500, α = 8π.
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The normalisation condition of the wavefunction is∫∞
−∞ |ψ(x, t)|2 dx =

∫∞
−∞ |Φ(ξ, τ)|2 dξ = 1. Here

Φ (ξ, τ) = Φ(ξ) exp(− iβτ), β = µ/~ω, and µ is the
chemical potential. Since the wavefunction vanishes
at boundaries, we adopt the zero boundary condition

Φ (−∞, τ) = 0, Φ (∞, τ) = 0. (3)

We choose the initial condition to be

Φ (ξ, 0) = (2π)−1/4 exp(−ξ2/4). (4)

Equation (2) can be discretized into a finite-
dimension nonlinear Hamiltonian canonical equation,
thus we can apply the symplectic method to solve
it.[14] We obtain the ground state wavefunctions and
the corresponding eigenvalues by symplectic Euler-
centre scheme through a procedure suggested in
Ref. [15]. The stability of the wavefunctions is tested
by dynamic evolution.[16] Figure 1 shows the trajec-
tory in phase space (R, dR/dτ), where

R =< ξ2 >=
∫ ∞

−∞
ξ2 |Φ (ξ, τ)|2 dξ (5)

is the root mean square (rms) radius of the wavefunc-
tion, and dR/dτ is the derivative of R with respect to
time τ . The breathing mode oscillation is simulated
by suddenly multiplying the harmonic oscillator term
by a factor of 2 or 0.5.[11] The 106 iterations with time
step ∆τ = 0.001 have been computed. It can be seen
from Fig. 1 that the trajectories are clean circles sug-
gesting exactly periodic motions of the condensate. It
is assured that our method is reliable.

Fig. 1. Phase trajectories in phase space (R, dR/dτ) of

the condensate with α = 8π, initiated at τ = 0 by sud-

denly (a) increasing or (b) decreasing the harmonic oscil-

lator term by a factor of 2.

First we simulate the motion of BEC in the har-
monic trapping potential. We choose the wavefunc-
tion of α = 8π, and the eigenvalue is calculated to

be about 4.51(~ω). At time τ = 0 we shift the trap
in the ξ direction by a distance of ∆ξ, in coordinate
it is equivalent to displace the condensate along ξ by
−∆ξ. The latter is used in our representation for con-
venience of expression. After the displacement, the
condensate is away from the centre of the trap and
therefore is expected to perform oscillations about the
minimum of the harmonic trap.[17] We present the
contour plot of the case of displacing the condensate
by ∆ξ = −25 in Fig. 2. It can be seen that the con-
densate presents periodic motion about ξ = 0 with an
amplitude 25a = 48 µm, and period T = 6.319(ω−1).
When α > 0, the interaction between atoms is re-
pulsive, then this period is larger than 2π. It is a
harmonic oscillator. The force on the condensate is
F = −mω2ξ.

Fig. 2. Contour plot of the probability density of the con-

densate versus ξ and τ . When the condensate of α=8π is

formed at time τ = 0, displace the condensate from the

centre of the trap in ξ direction by a distance of ∆ξ = −25.

Length in unit of a, time in unit of ω−1, density in unit

of a−1.

Second, we study the tunneling effect of a con-
densate on a Gaussian barrier.[18] After the conden-
sate has been excited from the centre of the trap by a
displacement of ∆ξ at τ = 0, we hold the trap for a
time τhold to keep the condensate moving. Then if we
remove suddenly the trap at τ = τhold, the condensate
will expand ballistically and move with an initial mo-
mentum simultaneously. However, if we remove the
trap at τ = τhold followed by inserting a Gaussian
energy barrier centred at ξ = 0 at the same time, tun-
neling effect may happen when the condensate reaches
the barrier region. The reduced form of the potential
barrier we used is[18,19]

V (ξ) = be−cξ2
. (6)

We choose the height of the barrier b = 25 (~ω), and
c = 1 (a−2) which controls the width of the barrier.
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Different displacement ∆ξ and holding time τhold will
result in different phenomenon. The results are in-
teresting and we present the time evolution of the
probability density of the condensate in Figs. 3(a)–
3(d) for fixed ∆ξ = −25 and different τhold. At the
time of τhold = 16T/32, as shown in Fig. 3(a), the
condensate reaches its maximum displacement. After
being released from the trap, the condensate just ex-
pands ballistically along ξ axis. Figure 3 (b) is for
τhold = 17T/32, at this release time the condensate
gains some kinetic energy, and it moves towards ξ = 0
during expanding. But its kinetic energy is small com-

pared with the Gaussian energy barrier, the conden-
sate cannot tunnel through the barrier but reflected
back to interfere with the incident wavefunction. Fig-
ure 3(c) is for τhold = 18T/32. At this time the con-
densate gains more kinetic energy, and it is shown that
part of the condensate tunnels through the barrier. In-
terference can be seen between the reflected wavefunc-
tion and the incident wavefunction. We notice that
the interference pattern dies down after the tunneling
time and a small wave forms, and this phenomenon is
more evident in Fig. 3(d) for τhold = 19T/32.

Fig. 3. Evolution of the probability density of the condensate with reduced time. At time τ = 0, the initial

wavefunction of α = 8π is displaced from the centre of the trap in ξ direction by ∆ξ = −25. The trap potential is held

for a time τhold. At τ = τhold the trap is removed and a Gaussian barrier V (ξ) = 25e−ξ2
centred at ξ = 0 is inserted.

The period T = 6.319. (a) τhold = 16T/32 = 3.159, (b) τhold = 17T/32 = 3.357, (c) τhold = 18T/32 = 3.554, (d)

τhold = 19T/32 = 3.752. Length in unit of a, time in unit of ω−1, density in unit of a−1.

Noticing that a small wave forms after the tunneling time in Figs. 3(c) and 3(d), we may obtain two
running separated condensates by this method. We choose a time in-between (c) and (d), τhold = 3.653, and
the probability density of the condensate at different time during evolution is shown in Fig. 4. When τ = 3.653
(dot–dashed line), the condensate has just been released from the harmonic trap. It maintains the shape of
the initial wavefunction of α = 8π but with an momentum towards ξ = 0. At τ = 6 (dotted line), part of the
condensate tunnels the barrier and interference phenomenon is prominent. At τ = 7 (solid line), the interference
is weak and two smaller condensates show their initial appearance. At τ = 8 (dashed line), two completely
separated condensates can be identified, and they go apart from each other. However, these two condensates
obtained are flat. If two ‘peaked’ condensates are wanted, we can insert a higher Gaussian barrier at τ = τhold

without removing the harmonic trap, then the initial condensate will not expand ballistically during evolution.
By modulating the evolution time properly, it is expected that the two condensates coming towards each other
can be obtained. Such phenomenon may have important applications in studying the phase coherence or the
interaction between the condensates, in addition to providing insights into the nature of quantum tunneling.
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Fig. 4. Probability density of the condensate at different

time during evolution, τhold = 3.653. The other parame-

ters are identical to those for Fig. 3. Dot-dashed line is for

τ = 3.653, dotted line for τ = 6, solid line for τ = 7 and

dashed line for τ = 8. Length in unit of a, time in unit of

ω−1, density in unit of a−1.

In conclusion, we have studied the dynamics of

Bose–Einstein condensate by solving the 1D time-

dependent GP equation with harmonic trapping po-

tential. The stability of the ground state wavefunction

obtained is tested by the breathing mode oscillator

simulation. It is shown that the condensate behaves

like a harmonic oscillator when the trapping potential

is shifted to a side. Tunneling effect is demonstrated

when we remove the shifted trapping potential fol-

lowed by insearting a Gaussian energy barrier. It is

shown that two moving separated condensates can be

obtained after the tunneling time under certain con-

ditions.

References

[1] Dalfovo F, Giorgini S, Pitaevskii L P and Stringari S 1999

Rev. Mod. Phys. 71 463

[2] Hoston W and You L 1996 Phys. Rev. A 53 4254

[3] Zhang S M and Ye F 1999 Acta. Phys. Sin. 48 977 (in

Chinese)

[4] Zhou X J, Li W D, Chen X Z and Wang Y Q 2002 Chin.

Phys. Lett. 19 1581

[5] Smerzi A, Fantoni S, Giovanazzi S and Shenoy S R 1997

Phys. Rev. Lett. 79 4950

[6] Zhang S and Wang F 2001 Phys. Lett. A 279 231

[7] Zhou Z, Yu H Y and Yan J R 2010 Chin. Phys. B 19

010304

[8] Xi Y D, Wang D L, He Z M and Ding J W 2009 Chin.

Phys. B 18 939

[9] Xu J, Hai W H and Li H 2007 Chin. Phys. 16 2244

[10] Wang Z X, Zhang X H and Shen K 2008 Chin. Phys. B

17 3270

[11] Adhikari S K and Muruganandam P 2002 J. Phys. B 35

2831

[12] Wang Y Y and Zhang J F 2009 Chin. Phys. B 18 1168

[13] Dion C M and Cancès E 2007 Comput. Phys. Commun.

177 787

[14] Liu X S, Qi Y Y, He J F and Ding P Z 2007 Commun.

Comput. Phys. 2 1

[15] Ruprecht P A, Holland M J and Burnett K 1995 Phys.

Rev. A 51 4704

[16] Hua W, Liu X S and Ding P Z 2006 Chinese J. Comput.

Phys 23 483

[17] Zhang R, Sapiro R E, Mhaskar R R and Raithel G 2008

Phys. Rev. A 78 053607

[18] Salasnich L, Parola A and Reatto L 2002 Phys. Rev. A 65

043614

[19] Coullet P and Vandenberghe N 2002 J. Phys. B: At. Mol.

Opt. Phys. 35 1593

010311-4


