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1. Introduction

Quantum information experiments usually adopt
external coherent field driving mode-locked single-
model laser or ultra short pulse laser to output
the ideal narrow-band monochromatic light and pro-
duce large squeezed quadrature component.[1−3] The
entanglement states of light field stem from their
squeezing. Up to now, the interest in continu-
ous variable entanglement has been aroused by suc-
cessful experiments on multi-channel quantum cryp-
tographic communication,[4] quantum holographic
teleportation,[5] quantum dense coding.[6,7] The more
important thing is that a high squeezing cannot
be expected to last for a long time with constant
pump.[8−15] Our works aim at improving the degree
of squeezing and entanglement, we have investigated
the nonlinear effects making influences on quantum
fluctuations characteristic of frequency degenerate op-
tical parametric amplifier (FDOPA), including time
dependent, phase mismatched, loss, pump depletion,
nonlinear driven.[16−19] We also find that single fre-
quency periodic pumping can achieve a high entangle-
ment for frequency non-degenerate optical parametric
amplifier (FNOPA).[20] Considering the actual pump
light has certain width, in this paper, we investigate

quantum fluctuations characteristic of time depen-
dent multi-frequency broadband pumping FNOPA, in
which broadband pumping is not generated by single
frequency modulation, but generated by optical source
itself. We find that a higher squeezing and entangle-
ment than periodic pumping can be achieved.

2. Hamiltonian and equations of

motion

The total Hamiltonian for FDOPA is given by[20]

H = H0 + V + W,

where H0 = ~ω0a
†
0a0 + ~ω1a

†
1a1 + ~ω2a

†
2a2

+i~(E e−iωLta†0 − E∗ e iωLta0) +
∑

j,i=1,2 ~ωjB
†
jiBji,

V = ~
∑

kj(Bj1a
†
1 + Bj2a

†
2)

+ ~
∑

k∗j (B†
j1a1 + B†

j2a2),

W =
i~
2

(2εa†1a
†
2 − 2ε∗a1a2), (1)

where a†0(a0), a†1(a1), a†2(a2) denote the creation and
annihilation operators at frequencies ω0, ω1, ω2 refer-
ring to the pump, signal and idler field, respectively.
We assume ~ω1 = ~ω2 = ~ω0/2, H0 describes the
Hamiltonian of pump, signal, idler light and heat bath,
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E is the amplitude of coherent driving field with fre-
quency ωL ≈ ω0, V indicates the interaction Hamilto-
nian of signal, idler field and heat bath, W represents
the interaction Hamiltonian between pump field (in-
cluded in gain factor ε = χα0) and signal, idler field.

Setting b1 = (a1 + a2)/
√

2, and b2 =
(a1 − a2)/

√
2, we can write the time dependent

Fokker–Planck equation for FDOPA as[20]
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Considering the broadband pumping effect, in the
positive P representation, substituting the operators
b1 and b2 by the c numbers α1 and α2, we find that
the interactions between three cavity modes α0, α1,
α2 obey the following equations:[6,20]

dα1

dτ
= −α1 +

χ

γ1
α0α

∗
2,

dα2

dτ
= −α2 − χ

γ1
α0α

∗
1,

dα0

dτ
= −γrα0 +

ε̄′

γ1
− χ

2γ1
(α2

1 − α2
2), (3)

where τ is the time, χ is the coupling constant,
γ0 and γ1 are the damping rates, γr = γ0/γ1

is the decay ratio, ε̄′/γ1 = ε̄/γ1 × F , ε̄/γ1 =
µ
√

γr/2η, µ is pump factor, η = χ2/2γ1γ0,[19,20]

F = {cos[ω0τ ] exp[−(∆ω(f − 3)/2)2]}2 is Gaussian
pump factor, ω0 is the central frequency for a
broadband light beam, ∆ω is the spectrum width,
f = Mod[τ, 6] depends on the pulse spacing and
pulse number. In fact, the rubidium glass broad-
band laser source includes many different frequen-
cies, each frequency component can be expressed by
cos[(ω0 + δω)τ ] exp[−(δω/∆ω)2]dδω/(2

√
π∆ω), and

attenuation of amplitude is in the form of Gaussian
distribution exp[−(δω/∆ω)2]dδω/(2

√
π∆ω), δω inte-

grates from −∞ to ∞, the spectral distribution of
rubidium glass broadband laser source can be approx-
imated to Gaussian distribution, the actual spectral
width is 100–200 Å (1 Å = 0.1 nm), wave length is
10000 Å, the influence of broadband is faint. In the
following calculation, we increase the spectral width,
take ω0 = 0, ∆ω = 2.

3. Squeezing characteristic for

FDOPA

Assuming α0 is real and writing the complex
parameters α1, α2 in the real and imaginary parts
α1 → α1 + iα̃1, α2 → α2 + iα̃2, integrating Eq. (3)
numerically, we obtain α̃1(τ),[17−20] and can write the
variances of the quantum fluctuation of FDOPA as

〈
(∆y1)2

〉
=

1
4

+ (Ã1(τ)− Ã10α̃
2
1(τ)), (4)

where Ã1(τ) = α̃2
1(τ)(Ã10 + 1/4) − 1/4

+α̃2
1(τ)k/2

∫ τ

τ−τ0
α̃−2

1 (t)dt, Ã10 = µ/4(1 + µ). The
squeezing calculation is shown in Fig. 1. Here
η = 1/1000, γr = 10, τ0 = 2, µ = 2.

Fig. 1. Squeezing 4
〈
(∆y1)2

〉
versus τ .

Comparing it with periodic pumping,[20] we find
that the broadband pumping results in platform
broadening, namely, squeezing can last for a longer
time. The maximum squeezing is close to the linear
theory 1/(1 + µ).

4. Entanglement characteristic of

FNOPA

In this section, we will study frequency non-
degenerate case, we have ω1 = ω0/2+∆ω, ω2 = ω0/2−
∆ω, where ∆ω is frequency detuning. The variance
V̄1A for the FNOPA is[20−22]

V̄1A =
V1

1− sin2[2ϕ]
〈∆X1∆Y2〉2
〈(∆X1)2〉2

, (5)

where ϕ = ∆ωt denotes phase mismatched,
〈
(∆X1)2

〉
,〈

(∆Y2)2
〉
, 〈∆X1∆Y2〉2 are the quantum fluctuations

for the FDOPA, and we have
〈
(∆X1)2

〉
=

〈
(∆Y2)2

〉
,

the variance for the FDOPA is V1 =
〈
(∆X1)2

〉 −
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〈∆X1∆Y2〉2/
〈
(∆Y2)2

〉
,[20] where we can see that the

variance V̄1A is always greater than the variance V1.
In the following, we investigate phase mismatched

effect making an influence on entanglement: (a) µ =
0.5 for below threshold; (b) µ = 1 for at threshold;
(c) µ = 2 for above threshold; (d) µ = 4 for far above
threshold.

Figure 2 depicts the minimum variances V̄1A as a

function of time τ without phase mismatched effect,

with the increase of pump µ, the minimum variances

V̄1A decrease from 0.958, 0.87, 0.66 to 0.40, the peak

values increase from 1.02 to 1.60, the general feature

of curves is unchanged.

Fig. 2. Minimum variances V̄1A versus time τ with ϕ = 0: (a) µ = 0.5; (b) µ = 1; (c) µ = 2; (d) µ = 4.

In the presence of phase mismatched effect, comparing Fig. 3 with Fig. 2, with the increase of pump µ,
we find that the minimum values decrease from 0.99, 0.995, 0.998 to 0.80, the peak values increase from 1.064
to 3.120, entanglement disappears. The shapes of curves change a lot. Comparing Figs. 2 and 3 with periodic
pumping,[20] we find that the broadband pumping results in platform broadening and pulse numbers reduce per
unit time, namely, entanglement can last for a longer time when small ϕ is adopted.
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Fig. 3. Minimum variance V̄1A versus time τ with ϕ = 0.4: (a) µ = 0.5; (b) µ = 1; (c) µ = 2; (d) µ = 4.

5. Conclusions

We investigate the quantum fluctuation charac-
teristic of time-dependent Gaussian pumping FNOPA
for below and above the threshold regions. By analyt-
ical and numerical calculations, we find that both the
squeezing and entanglement depend on spectral width
∆ω, pump µ, phase-mismatched factor ϕ and loss γr.

The maximum squeezing 4
〈
(∆y1)2

〉
approaches the

result 1/(1+µ) from the linear theory, due to accumu-

lation effect of the quantum fluctuations, the envelope

of V̄1A curve decreases with the increase of pump µ,

the minimum variance attains to 0.40. The broadband

pumping can achieve a high squeezing and entangle-

ment.
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