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1. Introduction

The domain wall (DW) boundary condition of
statistical model on a finite square lattice was in-
troduced in Ref. [1] for the six-vertex model. The
partition function of the model (or the DW parti-
tion function) is the inner product of the pseudo-
vacuum and some Bethe state. It is well known
that in the framework of quantum inverse scattering
method (QISM)[2] Bethe states are obtained by ap-
plying pseudo-particle creation operators to pseudo-
vacuum. However, the apparently simple action of
creation operators is plagued with non-local effects
arising from polarisation clouds or compensating ex-
change terms on the level of local operators. This
makes the direct calculation of the partition function
(also norms of Bethe states) challenging. To avoid
the direct computation the author[1] derived some
recursive relation of the DW partition function in-
stead, which fully determines the partition function.
It was then found in Refs. [3] and [4] that the par-
tition function can be represented as a determinant.
Such an explicit expression of the partition function
has played an important role in constructing norms of
Bethe states, correction functions[2,5,6] and thermody-
namical properties of the six-vertex model,[7] and also
in the Toda theories.[8] Moreover, it has been proven
to be very uesful in solving some pure mathemati-
cal problems, such as the problem of alternating sign
matrices.[9,10] Recently, the approach in Ref. [1] has
been used to obtain the DW partition functions for
various models.[11−14]

On the other hand, Maillet and Sanchez de
Santos[15] showed how the creation and annihilation
operators of the six-vertex model can be simplified by
using the Drinfeld twists or factorising F -matrices.[16]

This leads to the so-called F -basis provided by the
F -matrix for the analysis of the model. In the F -
basis, the creation and annihilation operators take
completely symmetric forms and contain no compen-
sating exchange terms on the level of local operators
(i.e. polarisation free). As a result, the computation
of the DW partition function is simplified dramati-
cally and can be directly calculated.[6] Such a magic
F -matrix has been obtained for other models.[17−25]

In this paper, we shall use the the F -basis provided
by the F -matrix for the spatial optical soliton (SOS)
model associated with the eight-vertex model to com-
pute the partition function for the eight-vertex model
on an N×N square lattice with domain wall boundary
condition.

This paper is organised as follows. In Section 2,
we introduce our notation and some basic ingredients.
In Section 3, using the vertex-face correspondence re-
lation we express the DW partition function of the
eight-vertex model in terms of the matrix element of
the face type mondromy matrix. In Section 4, with
help of the F -basis provided by the F -matrix for the
SOS model associated with the eight-vertex model,
we obtain the explicit expression of the DW partition
function. In Section 5, we summarise our results and
give some discussions.
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2. The eight-vertex model

In this section, we briefly review the DW bound-
ary condition for the eight-vertex model on an N ×N

square lattice.[14]

2.1.The eight-vertex R-matrix

Let us fix τ such that Im(τ) > 0 and a generic
complex number η. Introduce the following elliptic
functions

θ


 a

b


 (u, τ)

=
∞∑

n=−∞
exp

{
iπ

[
(n + a)2τ + 2(n + a)(u + b)

]}
,(1)

θ(j)(u) = θ




1
2
− j

2
1
2


 (u, 2τ), j = 1, 2;

σ(u) = θ




1
2
1
2


 (u, τ). (2)

The σ-function1) satisfies the so-called Riemann iden-
tity:

σ(u + x)σ(u− x)σ(v + y)σ(v − y)

− σ(u + y)σ(u− y)σ(v + x)σ(v − x)

= σ(u + v)σ(u− v)σ(x + y)σ(x− y), (3)

which will be useful in the following.
Let V be a two-dimensional vector space C2 and

{εi|i = 1, 2} be the orthonormal basis of V such that
〈εi, εj〉 = δij . The well-known eight-vertex model R-
matrix R(u) ∈ End(V ⊗ V ) is given by

R̄(u) =




a(u) d(u)

b(u) c(u)

c(u) b(u)

d(u) a(u)




. (4)

The non-vanishing matrix elements are[27]

a(u) =
θ(1)(u)θ(0)(u + η) σ(η)
θ(1)(0)θ(0)(η)σ(u + η)

,

b(u) =
θ(0)(u) θ(1)(u + η) σ(η)
θ(1)(0) θ(0)(η)σ(u + η)

,

c(u) =
θ(1)(u) θ(1)(u + η) σ(η)
θ(1)(0) θ(1)(η) σ(u + η)

,

d(u) =
θ(0)(u) θ(0)(u + η) σ(η)
θ(1)(0)θ(1)(η) σ(u + η)

. (5)

Here u is the spectral parameter and η is the so-called
crossing parameter. The R-matrix satisfies the quan-
tum Yang–Baxter equation (QYBE)

R̄1,2(u1 − u2)R̄1,3(u1 − u3)R̄2,3(u2 − u3)

= R̄2,3(u2 − u3)R̄1,3(u1 − u3)R̄1,2(u1 − u2). (6)

Throughout we adopt the standard notation: for any
matrix A ∈ End(V ), Aj (or Aj)is an embedding op-
erator in the tensor space V ⊗ V ⊗ · · · , which acts
as A on the j-th space and as identity on the other
factor spaces; Ri,j(u) is an embedding operator of R-
matrix in the tensor space, which acts as identity on
the factor spaces except for the i-th and j-th ones.

2.2.The model

The partition function of a statistical model on a
two-dimensional lattice is defined by the following

Z =
∑

exp
{
− E

kT

}
,

where E is the energy of the system, k is the Bolz-
mann constant, T is the temperature of the system,
and the summation is taken over all possible configu-
rations under the particular boundary condition such
as the DW boundary condition. The model we con-
sider here has eight allowed local vertex configurations

1) Our σ-function is the ϑ-function ϑ1(u).[26] It has the following relation with the Weierstrassian σ-function σw(u):

σw(u) ∝ eη1u2
σ(u) with η1 = π2

(
1/6− 4

∑∞
n=1(nq2n0/(1− q2n)

)
and q = eiτ .
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Fig. 1. Vertex configurations and their associated Boltzmann weights.

where 1 and 2 respectively denote the spin up and
spin down states. Each of these eight configurations
is assigned a statistical weight (or Boltzmann weight)
wi. Then the partition function can be rewritten as

Z =
∑

w1
n1 w2

n2 w3
n3 w4

n4 w5
n5 w6

n6 w7
n7 w8

n8 ,

where the summation is over all possible vertex con-
figurations with ni being the number of the vertices
of type i. If the local Boltzmann weights have Z2-
symmetry, i.e.,

a ≡ w1 = w2, b ≡ w3 = w4,

c ≡ w5 = w6, d ≡ w7 = w8, (7)

and the variables a, b, c, d satisfy a function relation,
or equivalently, the local Boltzmann weights {wi} can
be parameterised by the matrix elements of the eight-
vertex R-matrix in expressions (4) and (5) as in Fig. 2,

Fig. 2. The Bolzmann weights and elements of the eight-

vertex R-matrix.

then the corresponding model is called the eight-
vertex model which can be exactly solved.[27] There-
fore the partition function of the eight-vertex model
is give by

Z =
∑

an1+n2 bn3+n4 cn5+n6 dn7+n8 .

In order to parameterise the local Boltzmann
weights in terms of the elements of the R-matrix,

one needs to assign spectral parameters u and ξ re-
spectively to the vertical line and horizontal line of
each vertex of the lattice, as shown in Fig. 2. In
an inhomogeneous model, the statistical weights are
site-dependent. Hence two sets of spectral parameters
{uα} and {ξi} are needed (see Fig. 3). The horizontal
lines are enumerated by indices 1, . . . , N with spec-
tral parameters {ξi}, while the vertical lines are enu-
merated by indices 1̄, . . . , N̄ with spectral parameters
{uα}. The DW boundary condition is specified by four
boundary states |Ω(1)(λ)〉, |Ω̄(1)(λ)〉, 〈Ω(2)(λ + ηN 2̂)|
and 〈Ω̄(2)(λ + ηN 2̂)| (the definitions of the boundary
states will be given later, see expressions (26)–(29) be-
low). These four states correspond to the particular
choices of spin states on the four boundaries of the lat-
tice. In contrast to the six-vertex case,[5] our bound-
ary states not only depend on the spectral parameters
(|Ω(1)(λ)〉 and 〈Ω(2)(λ + ηN 2̂)| depend on {ξi}, while
|Ω̄(1)(λ)〉 and 〈Ω̄(2)(λ + ηN 2̂)| depend on {uα}), but
also on two continuous parameters λ1 and λ2 (it is con-
venient to introduce a vector λ ∈ V associated with
these two parameters {λi}: λ =

∑2
i=1 λiεi). However,

Fig. 3. The eight-vertex model with DW boundary condi-

tion.

in the trigonometric limit (i.e., setting λ2 = τ/2 and
then taking τ → +i∞), the corresponding boundary
states |Ω(1)(λ)〉 and 〈Ω̄(1)(λ)| (or |Ω̄(2)(λ+ηN 2̂)〉 and
〈Ω(2)(λ + ηN 2̂)|) become the state of all spin up and
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its dual (or the state of all spin down and its dual)
up to some over-all scalar factors. Hence the partition
function in the limit reduces to that of the six-vertex
model.[1,3,4] Then, the partition function correspond-
ing to the boundary condition given in Fig. 3 has been
called the DW partition function of the eight-vertex
model.[14]

The partition function of the eight-vertex model

with DW boundary condition is a function of 2N + 2
variables {uα}, {ξi}, λ1, and λ2, which is denoted
by ZN ({uα}; {ξi};λ). Due to the fact that the lo-
cal Boltzmann weights of each vertex of the lattice
are given by the matrix elements of the eight-vertex
R-matrix (see Fig. 2), the partition function can be
expressed in terms of the product of the R-matrices
and the four boundary states

ZN ({uα}; {ξi};λ)

= 〈Ω(2)(λ + ηN 2̂)|〈Ω̄(1)(λ)| R̄1̄,N (u1 − ξN ) . . . R̄1̄,1(u1 − ξ1) . . .

× R̄N̄,N (uN − ξN ) . . . R̄N̄,1(uN − ξ1)|Ω̄(2)(λ + ηN 2̂)〉|Ω(1)(λ)〉. (8)

One can rearrange the product of the R-matrices in Eq. (8) in terms of a product of the row-to-row monodromy
matrices, namely,

ZN ({uα}; {ξi};λ) = 〈Ω(2)(λ + ηN 2̂)|〈Ω̄(1)(λ)|T1̄(u1) . . . TN̄ (uN ) |Ω̄(2)(ληN 2̂)〉|Ω(1)(λ)〉, (9)

where the monodromy matrix Tī(u) is given by

Tī(u) ≡ Tī(u; ξ1, . . . , ξN ) = R̄ī,N (u− ξN ) . . . R̄ī,1(u− ξ1). (10)

The QYBE (6) of the R-matrix gives rise to the so-called ‘RLL’ relation satisfied by the monodromy matrix
Tī(u),

R̄ī,j̄(ui − uj) Tī(ui) Tj̄(uj) = Tj̄(uj) Tī(ui) R̄ī,j̄(ui − uj). (11)

2.3.The boundary states

From the orthonormal basis {εi} of V , we define

î = εi − ε, ε =
1
2

2∑

k=1

εk,

i = 1, 2, then
2∑

k=1

k̂ = 0. (12)

Let h be the Cartan subalgebra of A1 and h∗ be its
dual. A finite dimensional diagonalisable h-module
is a complex finite dimensional vector space W with
a weight decomposition W = ⊕µ∈h∗W [µ], so that h

acts on W [µ] by x v = µ(x) v, (x ∈ h, v ∈ W [µ]). For
example, the non-zero weight spaces of the fundamen-
tal representation VΛ1 = C2 = V are

W [̂ı] = Cεi, i = 1, 2. (13)

For a generic m ∈ V , define

mi = 〈m, εi〉,
mij = mi −mj = 〈m, εi − εj〉, i, j = 1, 2. (14)

Let R(u;m) ∈ End(V ⊗ V ) be the R-matrix of the
SOS model associated with the eight-vertex model[27]

given by

R(u;m)

=
2∑

i=1

R(u;m)ii
iiEii ⊗ Eii +

2∑

i 6=j

{
R(u;m)ij

ijEii ⊗ Ejj

+ R(u;m)ji
ijEji ⊗ Eij

}
, (15)

where Eij is the matrix with elements (Eij)l
k = δjkδil.

The coefficient functions are

R(u;m)ii
ii = 1,

R(u;m)ij
ij =

σ(u)σ(mij − η)
σ(u + η)σ(mij)

, i 6= j, (16)

R(u;m)ji
ij =

σ(η)σ(u + mij)
σ(u + η)σ(mij)

, i 6= j, (17)

and mij is defined in Eq. (14). The R-matrix satis-
fies the dynamical (modified) quantum Yang–Baxter
equation (or the star-triangle relation)[27]

R1,2(u1 − u2;m− ηh(3))R1,3(u1 − u3;m)
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× R2,3(u2 − u3;m− ηh(1))

= R2,3(u2 − u3;m)R1,3(u1 − u3;m− ηh(2))

× R1,2(u1 − u2;m). (18)

Here we have adopted

R1,2(u,m− ηh(3)) v1 ⊗ v2 ⊗ v3

=(R(u,m− ηµ)⊗ id) v1 ⊗ v2 ⊗ v3, if v3 ∈ W [µ]. (19)

Moreover, one may check that the R-matrix satisfies
weight conservation condition,

[
h(1) + h(2), R1,2(u;m)

]
= 0 (20)

and unitary condition

R1,2(u;m)R2,1(−u;m) = id⊗ id. (21)

Let us introduce two intertwiners which are 2-
component column-vectors φm,m−ηĵ(u) labelled by
̂ = 1̂, 2̂. The k-th element of φm,m−ηĵ(u) is given
by

φ
(k)

m,m−ηĵ
(u) = θ(k)(u + 2mj). (22)

Explicitly,

φm,m−η1̂(u) =


 θ(1)(u + 2m1)

θ(2)(u + 2m1)


 ,

φm,m−η2̂(u) =


 θ(1)(u + 2m2)

θ(2)(u + 2m2)


 .

It is easy to check that these two intertwiner vec-
tors φm,m−ηî(u) are linearly independent for a generic
m ∈ V .

Using the intertwiner vectors, one can derive the
following vertex-face correspondence relation[27−29]

R̄1,2(u1 − u2)φ1
m,m−ηı̂(u1)φ2

m−ηı̂,m−η(ı̂+̂)(u2)

=
∑

k,l

R(u1 − u2;m)kl
ijφ

1
m−ηl̂,m−η(l̂+k̂)

× (u1)φ2
m,m−ηl̂

(u2). (23)

Hereafter we adopt the convention: φ1 = φ⊗ id⊗ . . . ,
φ2 = id ⊗ φ ⊗ id ⊗ . . . , etc. The QYBE (6) of the
vertex-type R-matrix R̄(u) is equivalent to the dy-
namical Yang–Baxter equation (18) of the SOS R-
matrix R(u;m). For a generic m, we can introduce
two row-vector intertwiners φ̃ satisfying the condi-
tions,

φ̃m+ηµ̂,m(u)φm+ην̂,m(u) = δµν , µ, ν = 1, 2, (24)

from which one derives the relation

2∑
µ=1

φm+ηµ̂,m(u) φ̃m+ηµ̂,m(u) = id. (25)

Now we are in the position to construct the
boundary states to specify the DW boundary condi-
tion of the eight-vertex model (see Fig. 3). For any
vector m ∈ V , we introduce four states2) which live
in the two N -tensor spaces of V (one is indexed by
1, . . . , N , and the other is indexed by 1̄, . . . , N̄) or their
dual spaces as follows:

|Ω(i)(m)〉 = φ1
m,m−ηî

(ξ1)φ2
m−ηî,m−2ηî

(ξ2) . . . φN
m−η(N−1)̂i,m−ηNî

(ξN ), i = 1, 2, (26)

|Ω̄(i)(m)〉 = φ1̄
m,m−ηî

(u1)φ2̄
m−ηî,m−2ηî

(u2) . . . φN̄
m−η(N−1)̂i,m−ηNî

(uN ), i = 1, 2, (27)

〈Ω(i)(m)| = φ̃1
m,m−ηî

(ξ1)φ̃2
m−ηî,m−2ηî

(ξ2) . . . φ̃N
m−η(N−1)̂i,m−ηNî

(ξN ), i = 1, 2, (28)

〈Ω̄(i)(m)| = φ̃1̄
m,m−ηî

(u1)φ̃2̄
m−ηî,m−2ηî

(u2) . . . φ̃N̄
m−η(N−1)̂i,m−ηNî

(uN ), i = 1, 2. (29)

The boundary states which have been used to define the DW boundary condition can be obtained through the
above states by special choices of m and i (for example, m is specified to λ or λ+ηN 2̂). Then the DW partition
function ZN ({uα}; {ξi};λ) given by Eq. (8) becomes

ZN ({uα}; {ξi};λ)

= φ̃1
λ+ηN 2̂,λ+η(N−1)2̂

(ξ1) . . . φ̃N
λ+η2̂,λ

(ξN ) φ̃1̄
λ,λ−η1̂

(u1) . . . φ̃N̄
λ−η(N−1)1̂,λ−ηN 1̂

(uN )

× R1̄,N (u1 − ξN ) . . . R1̄,1(u1 − ξ1) . . . RN̄,N (uN − ξN ) . . . RN̄,1(uN − ξ1)

2) Among them, |Ω(i)(m)〉, with special choice of m, are the complete reference states of the open XY Z spin chain,[30,31] and

have played an important role in constructing the extra centre elements of the elliptic algebra at roots of unity.[32,33]
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× φ1̄
λ+ηN 2̂,λ+η(N−1)2̂

(u1) . . . φN̄
λ+η2̂,λ

(uN ) φ1
λ,λ−η1̂

(ξ1) . . . φN
λ−η(N−1)1̂,λ−ηN 1̂

(ξN ). (30)

3. The partition function in terms of the face type monodromy matrix

Similarly to the vertex type of monodromy matrix (10), let us introduce the face type monodromy matrix
by using the R-matrix (15)

TF (l|u) ≡ TF
0,1...N (l|u)

= R0,N (u− zN ; l − η
N−1∑

i=1

h(i)) . . . R0,2(u− z2; l − ηh(1))R0,1(u− z1; l),

=


 TF (l|u)11 TF (l|u)12

TF (l|u)21 TF (l|u)22


 (31)

where l is a generic vector in V . The monodromy matrix satisfies the face type quadratic exchange relation.[34−37]

Applying TF (l|u)i
j to an arbitrary vector |i1, . . . , iN 〉 in the N -tensor product space V ⊗N given by

|i1, . . . , iN 〉 = ε1i1 . . . εN
iN

, (32)

we have

TF (l|u)i
j |i1, . . . , iN 〉

≡ TF (m; l|u)i
j |i1, . . . , iN 〉

=
∑

αN−1...α1

∑

i′N ...i′1

R

(
u− zN ; l − η

N−1∑

k=1

ı̂′k

)i i′N

αN−1 iN

. . . R(u− z2; l − ηı̂′1)
α2 i′2
α1 i2

R(u− z1; l)
α1 i′1
j i1

|i′1, . . . , i′N 〉, (33)

where m = l − η
∑N

k=1 ı̂k. Associated with the vertex type monodromy matrix T (u) (10), we introduce the
following operator

T (m, l|u)j
µ = φ̃0

m+η̂,m(u)T0(u) φ0
l+ηµ̂,l(u). (34)

Moreover, for the case of m = l − η
∑N

k=1 ı̂k, we introduce a generic state in the quantum space from the
intertwiner vector (22)

|i1, . . . , iN 〉ml = φ1
l,l−ηı̂1(z1)φ2

l−ηı̂1,l−η(ı̂1+ı̂2)
(z2) . . . φN

l−η
∑N−1

k=1 ı̂k,l−η
∑N

k=1 ı̂k
(zN ). (35)

We can evaluate the action of the operator T (m, l|u) on the state |i1, . . . , iN 〉ml from the face-vertex correspon-
dence relation (23)

T (m, l|u)j
µ|i1, . . . , iN 〉ml = φ̃0

m+η̂,m(u) T0(u) φ0
l+ηµ̂,l(u)|i1, . . . , iN 〉ml

= φ̃0
m+η̂,m(u)R̄0,N (u− zN ) . . . R̄0,1(u− z1)φ0

l+ηµ̂,l(u)φ1
l,l−ηı̂1(z1) . . .

=
∑

α1,i′1

R(u− z1; l + ηµ̂)α1i′1
µ i1

φ1
l+ηµ̂,l+ηµ̂−ηı̂′1

(z1)φ̃0
m+η̂,m(u)R̄0,N (u− zN ) . . .

× R̄0,2(u− z2)φ0
l+ηµ̂−ηı̂′1,l−ηı̂1

(u)φ2
l−ηı̂1,l−η(ı̂1+ı̂2)

(z2) . . .

...

=
∑

α1...αN−1

∑

i′1...i′N

R(u− zN ; l + ηµ̂− η
N−1∑

k=1

ı̂′k)j i′N
αN−1iN

. . .

× R(u− z1; l + ηµ̂)α1i′1
µ i1

|i′1, . . . , i′N 〉l+ηµ̂−η
∑N

k=1 ı̂′k
l+ηµ̂ . (36)

Here we have used the following property of the R-matrix

R(u;m)i′j′
ij = R(u;m± η(̂ı + ̂))i′j′

ij = R(u;m± η(̂ı′ + ̂′))i′j′
ij , (37)
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and the weight conservation condition (20).
Now we compute the partition function ZN ({uα}; {ξi};λ)

ZN ({uα}; {ξi};λ) = 〈Ω(2)(λ + ηN 2̂)| φ̃1̄
λ,λ−η1̂

(u1) T1̄(u1) φ1̄
λ+ηN 2̂,λ+η(N−1)2̂

(u1) . . .

× φ̃N̄
λ−η(N−1)1̂,λ−ηN 1̂

(uN ) TN̄ (uN ) φN̄
λ+η2̂,λ

(uN )|Ω(1)(λ)〉
= 〈Ω(2)(λ + ηN 2̂)|T (λ− η1̂;λ + η(N − 1)2̂|u1)12 . . .× T (λ− ηN 1̂;λ|uN )12 |Ω(1)(λ)〉.

Then Eq. (36) allows us to express the partition function in terms of the matrix element of the face-type
monodromy matrix given by Eq. (33) as follows

ZN ({uα}; {ξi};λ) = 〈2, . . . , 2|TF (λ− η1̂ + η2̂;λ + η(N − 1)2̂ + η2̂|u1)12 . . .

× TF (λ− ηN 1̂ + η2̂;λ + η2̂|uN )12 |1, . . . , 1〉. (38)

4. The Drinfeld twist and the

DW partition function

In this section, after briefly reviewing the result
in Ref. [19] about the Drinfeld twist[16] (factorising F -
matrix) of the SOS model associated with the eight-
vertex model, we directly calculate the partition func-
tion ZN ({uα}; {ξi};λ) for the eight-vertex model on
an N × N square lattice with domain wall boundary
condition.

4.1. Factorising drinfeld twist F

Let SN be the permutation group over indices
1, . . . , N , and {σi|i = 1, . . . , N − 1} be the set of el-
ementary permutations in SN . For each elementary
permutation σi, we introduce the associated operator
Rσi

1...N on the quantum space

Rσi

1...N (l)

≡ Rσi(l)

= Ri,i+1

(
ξi − ξi+1; l − η

i−1∑

k=1

h(k)

)
, (39)

where l is a generic vector in V . For any σ, σ′ ∈ SN ,
operator Rσσ′

1...N associated with σσ′ satisfies the fol-

lowing composition law[15,18,19,24,25]

Rσσ′
1...N (l) = Rσ′

σ(1...N)(l) Rσ
1...N (l). (40)

Let σ be decomposed in a minimal way in terms of
elementary permutations,

σ = σβ1 . . . σβp
, (41)

where βi = 1, . . . , N − 1, and the positive integer p is
the length of σ. The composition law (40) enables
one to obtain operator Rσ

1...N associated with each
σ ∈ SN . The dynamical quantum Yang–Baxter equa-
tion (18), weight conservation condition (20) and uni-
tary condition (21) guarantee the uniqueness of Rσ

1...N .
Moreover, one may check that Rσ

1...N satisfies the fol-
lowing exchange relation with the face-type one-row
monodromy matrix (31)

Rσ
1...N (l)TF

0,1...N (l|u)

= TF
0,σ(1...N)(l|u)Rσ

1...N (l − ηh(0)), ∀σ ∈ SN . (42)

Now, we construct the face-type Drinfeld twist
F1...N (l) ≡ F1...N (l; ξ1, . . . , ξN )3) on the N -fold tensor
product space V ⊗N , which satisfies the following three
properties[18,24,25]

I. lower-triangularity; (43)

II. non-degeneracy; (44)

III. factorising property : Rσ
1...N (l) = F−1

σ(1...N)(l)F1...N (l), ∀σ ∈ SN . (45)

Substituting Eq. (45) into the exchange relation (42), we have

F−1
σ(1...N)(l)F1...N (l)TF

0,1...N (l|u) = TF
0,σ(1...N)(l|u)F−1

σ(1...N)(l − ηh(0))F1...N (l − ηh(0)). (46)

3) In this paper, we adopt the convention: Fσ(1...N)(l) ≡ Fσ(1...N)(l; ξσ(1), . . . , ξσ(N)).
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Equivalently,

F1...N (l)TF
0,1...N (l|u)F−1

1...N (l − ηh(0)) = Fσ(1...N)(l)TF
0,σ(1...N)(l|u)F−1

σ(1...N)(l − ηh(0)). (47)

Let us introduce the twisted monodromy matrix T̃ F
0,1...N (l|u) by using

T̃ F
0,1...N (l|u) = F1...N (l)TF

0,1...N (l|u)F−1
1...N (l − ηh(0)) =


 T̃F (l|u)11 T̃F (l|u)12

T̃F (l|u)21 T̃F (l|u)22


 . (48)

Then Eq. (47) implies that the twisted monodromy matrix is symmetric under SN , namely,

T̃F
0,1...N (l|u) = T̃F

0,σ(1...N)(l|u),∀σ ∈ SN . (49)

Define the F -matrix

F1...N (l) =
∑

σ∈SN

2∑

{αj}=1

∗
N∏

j=1

Pσ(i)
ασ(i)

Rσ
1...N (l), (50)

where P i
α is the embedding of the project operator Pα in the ith space with matric elements (Pα)kl = δklδkα.

The sum
∑∗ in Eq. (50) is taken over all non-decreasing sequences of the labels ασ(i)

ασ(i+1) ≥ ασ(i) if σ(i + 1) > σ(i),

ασ(i+1) > ασ(i) if σ(i + 1) < σ(i). (51)

From Eq. (51), F1...N (l) obviously is a lower-triangular matrix. Moreover, the F -matrix is non-degenerate
because all its diagonal elements are non-zero. One may check that the F -matrix given by Eq. (50) indeed
satisfies the factorising property Eq. (45).

In the F -basis, the twisted operators T̃F (l|u)j
i defined by Eq. (48) become[19,38]

T̃F (l|u)22 =
σ(l21 − η)

σ (l21 − η + η〈H, ε1〉) ⊗i




σ(u− ξi)
σ(u− ξi + η)

1




(i)

, (52)

T̃F (l|u)21 =
N∑

i=1

σ(η)σ(u− ξi + l12)
σ(u− ξi + η)σ(l12)

Ei
12 ⊗j 6=i




σ(u− ξj)σ(ξi − ξj + η)
σ(u− ξj + η)σ(ξi − ξj)

1




(j)

, (53)

T̃F (l|u)12 =
σ(l21 − η)

σ(l21 + η〈H, ε1 − ε2〉)
N∑

i=1

σ(η)σ(u− ξi + l21 + η + η〈H, ε1 − ε2〉)
σ(u− ξi + η)σ(l21 + η + η〈H, ε1 − ε2〉)

× Ei
21 ⊗j 6=i




σ(u− ξj)
σ(u− ξj + η)

σ(ξj − ξi + η)
σ(ξj − ξi)




(j)

, (54)

where H =
∑N

k=1 h(k). Applying the above operators to the arbitrary state |i1, . . . , iN 〉 given by Eq. (32),
we find that the pseudo-particle creation/annihilation operators in the F -basis have the following completely
symmetric polarisation free forms:

T̃F (m, l|u)22 =
σ(l21 − η)

σ (l2 −m1 − η)
⊗i




σ(u− ξi)
σ(u− ξi + η)

1




(i)

, (55)

T̃F (m, l|u)21 =
N∑

i=1

σ(η)σ(u− ξi + l12)
σ(u− ξi + η)σ(l12)

× Ei
12 ⊗j 6=i




σ(u− ξj)σ(ξi − ξj + η)
σ(u− ξj + η)σ(ξi − ξj)

1




(j)

, (56)
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T̃F (m, l|u)12 =
σ(l21 − η)

σ(m21 − 2η)

N∑

i=1

σ(η)σ(u− ξi + m21 − η)
σ(u− ξi + η)σ(m21 − η)

× Ei
21 ⊗j 6=i




σ(u− ξj)
σ(u− ξj + η)

σ(ξj − ξi + η)
σ(ξj − ξi)




(j)

. (57)

4.2.The DW partition function

Now we compute the DW partition function ZN ({uα}; {ξi};λ) from Eq. (38) and the expansion (57) of the
twisted operator T̃F (m, l|u)12. It is easy to check that the states |i, . . . , i〉 and their dual 〈i, . . . , i| (i = 1, 2) are
invariant under the action of the F -matrix F1...N (l) given by Eq. (50), namely,

F1...N (l)|i, . . . , i〉 = |i, . . . , i〉, i = 1, 2, (58)

〈i, . . . , i|F1...N (l) = 〈i, . . . , i|, i = 1, 2. (59)

Hence the DW partition function ZN ({uα}; {ξj};λ) can be expressed in terms of the twisted operator T̃F (m, l|u)12
as follows:

ZN ({uα}; {ξi};λ)

= 〈2, . . . , 2|TF (λ− η1̂ + η2̂;λ + η(N − 1)2̂ + η2̂|u1)12 . . .× TF (λ− ηN 1̂ + η2̂;λ + η2̂|uN )12 |1, . . . , 1〉
= 〈2, . . . , 2|F1...N (λ + ηN 2̂ + η2̂)× TF (λ− η1̂ + η2̂;λ + η(N − 1)2̂ + η2̂|u1)12 . . .

× TF (λ− ηN 1̂ + η2̂;λ + η2̂|uN )12F
−1
1...N (λ + η2̂) |1, . . . , 1〉

= 〈2, . . . , 2| T̃F (λ− η1̂ + η2̂;λ + η(N − 1)2̂ + η2̂|u1)12 . . .× T̃F (λ− ηN 1̂ + η2̂;λ + η2̂|uN )12 |1, . . . , 1〉. (60)

Substituting Eq. (57) of the twisted T̃F (m, l|u)12 into the above equation, we have

ZN ({uα}; {ξi};λ)

= 〈2, . . . , 2| ×
N∑

i=1

σ(η)σ(u1 − ξi + λ21 + η)
σ(u1 − ξi + η)σ(λ21 + η)

Ei
21 ⊗j 6=i




σ(u1 − ξj)
σ(u1 − ξj + η)

σ(ξj − ξi + η)
σ(ξj − ξi)




(j)

...

×
N∑

i=1

σ(η)σ(ul − ξi + λ21 + lη)
σ(ul − ξi + η)σ(λ21 + lη)

Ei
21 ⊗j 6=i




σ(ul − ξj)
σ(ul − ξj + η)

σ(ξj − ξi + η)
σ(ξj − ξi)




(j)

...

×
N∑

i=1

σ(η)σ(uN − ξi + λ21 + Nη)
σ(uN − ξi + η)σ(λ21 + Nη)

Ei
21 ⊗j 6=i




σ(uN − ξj)
σ(uN − ξj + η)

σ(ξj − ξi + η)
σ(ξj − ξi)




(j)

× |1, . . . 1〉. (61)

Expanding the last sum term of the above equation corresponding to the spectral parameter uN yields

ZN ({uα}; {ξi};λ)

=
N∑

i=1

σ(η)σ(uN − ξi + λ21 + Nη)
σ(uN − ξi + η)σ(λ21 + Nη)

∏

j 6=i

σ(uN − ξj)σ(ξi − ξj + η)
σ(uN − ξj + η)σ(ξi − ξj)

〈2, . . . , 2|

×
N∑

l 6=i

σ(η)σ(u1 − ξl + λ21 + η)
σ(u1 − ξl + η)σ(λ21 + η)

El
21 ⊗j 6=l,i




σ(u1 − ξj)
σ(u1 − ξj + η)

σ(ξj − ξl + η)
σ(ξj − ξl)




(j)
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...

×
N∑

l 6=i

σ(η)σ(uN−1 − ξl + λ21 + (N − 1)η)
σ(uN−1 − ξl + η)σ(λ21 + (N − 1)η)

El
21 ⊗j 6=l,i




σ(uN−1 − ξj)
σ(uN−1 − ξj + η)

σ(ξj − ξl + η)
σ(ξj − ξl)




(j)

×Ei
21 |1, . . . 1〉. (62)

Iterating the above procedure, we have

ZN ({uα}; {ξi};λ) =
∑

i1 6=i2... 6=iN

N∏

l=1

{
σ(η)σ(ul − ξil

+ λ21 + lη)
σ(ul − ξil

+ η)σ(λ21 + lη)

l−1∏

k=1

σ(ul − ξik
)σ(ξil

− ξik
+ η)

σ(ul − ξik
+ η)σ(ξil

− ξik
)

}

× 〈2, . . . , 2|Ei1
21 . . . EiN

21 |1, . . . , 1〉. (63)

This leads to the complete symmetric expression of the DW partition function ZN ({uα}; {ξj};λ)

ZN ({uα}; {ξj};λ) =
∑

s∈SN

N∏

l=1

{
σ(η)σ(ul − ξs(l) + λ21 + lη)
σ(ul − ξs(l) + η)σ(λ21 + lη)

×
l−1∏

k=1

σ(ul − ξs(k))σ(ξs(l) − ξs(k) + η)
σ(ul − ξs(k) + η)σ(ξs(l) − ξs(k))

}
, (64)

where SN is the permutation group of N indices.

5. Conclusions and discussions

We have obtained the explicit expression (64) of the partition function ZN ({uα}; {ξj};λ) of the eight-vertex
model on an N × N square lattice with the domain wall boundary condition by directly computing the inner
product Eq. (38). The completely symmetric polarisation free form (57) of the creation/annihilation operator
in the very F -basis provided by the Drinfeld twist (50) has played an important role in the calculation. The
approach in this paper is complementary to the one used recently in Refs. [37], [39], [46], [47] and [14] to obtain
the partition function via the recursive relation. Moreover, the advantage of our approach over the previous ones
is that it can be used to obtain partition functions of the eight-vertex model with other boundary conditions
such as open boundary condition.
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