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With the help of the F-basis provided by the Drinfeld twist or factorising F-matrix for the spatial optical soliton

model associated with the eight-vertex model, we calculate the partition function for the eight-vertex model on an

N X N square lattice with domain wall boundary condition.
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1. Introduction

The domain wall (DW) boundary condition of
statistical model on a finite square lattice was in-
The
partition function of the model (or the DW parti-

troduced in Ref. [1] for the six-vertex model.

tion function) is the inner product of the pseudo-
vacuum and some Bethe state. It is well known
that in the framework of quantum inverse scattering
method (QISM)[ Bethe states are obtained by ap-
plying pseudo-particle creation operators to pseudo-
vacuum. However, the apparently simple action of
creation operators is plagued with non-local effects
arising from polarisation clouds or compensating ex-
This
makes the direct calculation of the partition function

change terms on the level of local operators.

(also norms of Bethe states) challenging. To avoid
the direct computation the authorl) derived some
recursive relation of the DW partition function in-
stead, which fully determines the partition function.
It was then found in Refs. [3] and [4] that the par-
tition function can be represented as a determinant.
Such an explicit expression of the partition function
has played an important role in constructing norms of
Bethe states, correction functions?®>% and thermody-
namical properties of the six-vertex model,[”) and also
in the Toda theories.[®! Moreover, it has been proven
to be very uesful in solving some pure mathemati-
cal problems, such as the problem of alternating sign
matrices.[%1% Recently, the approach in Ref. [1] has
been used to obtain the DW partition functions for

various models.[11—14]
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On the other hand, Maillet and Sanchez de
Santos!'® showed how the creation and annihilation
operators of the six-vertex model can be simplified by
using the Drinfeld twists or factorising F-matrices.
This leads to the so-called F-basis provided by the
In the F-

basis, the creation and annihilation operators take

F-matrix for the analysis of the model.

completely symmetric forms and contain no compen-
sating exchange terms on the level of local operators
(i.e. polarisation free). As a result, the computation
of the DW partition function is simplified dramati-
cally and can be directly calculated.[®] Such a magic
F-matrix has been obtained for other models.'7—2%]
In this paper, we shall use the the F-basis provided
by the F-matrix for the spatial optical soliton (SOS)
model associated with the eight-vertex model to com-
pute the partition function for the eight-vertex model
on an N x N square lattice with domain wall boundary
condition.

This paper is organised as follows. In Section 2,
we introduce our notation and some basic ingredients.
In Section 3, using the vertex-face correspondence re-
lation we express the DW partition function of the
eight-vertex model in terms of the matrix element of
the face type mondromy matrix. In Section 4, with
help of the F-basis provided by the F-matrix for the
SOS model associated with the eight-vertex model,
we obtain the explicit expression of the DW partition
function. In Section 5, we summarise our results and

give some discussions.
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2. The eight-vertex model

In this section, we briefly review the DW bound-
ary condition for the eight-vertex model on an N x N
square lattice.'4

2.1. The eight-vertex R-matrix

Let us fix 7 such that Im(7) > 0 and a generic

complex number 7. Introduce the following elliptic

functions
0 ) (u,7)
= Z exp {im [(n+a)’T +2(n +a)(u+0b)]},(1)
1_J
0 (u) =0 |2 12 (u,27),5 =1,2;
)
[l
o(u) =0 f (u, 7). (2)
L2

The o-function) satisfies the so-called Riemann iden-
tity:
o(u+z)o(u—z)o(v+ylo(v—y)
—o(uty)o(u—yo(v+r)o(v—x)
=o(u+v)o(u—v)o(z +y)o(z —y), (3)
which will be useful in the following.
Let V be a two-dimensional vector space C? and
{e;|i = 1,2} be the orthonormal basis of V' such that

(€:,€5) = d;5. The well-known eight-vertex model R-
matrix R(u) € End(V ® V) is given by

R(u) = . (4)

1 2
1 1 2 2
1 2

w1 w2

1) Qur o-function is the ¥-function 91 (u).[
ow (1) o €M o (u) with 1y = 72 (1/6 =43

The non-vanishing matrix elements arel?”]

60 (10 (u + ) o ()
") = GO0 (o (u + )
) = 1000 ) o)
()00 () oo 1 1)
= P00+ ) o)
0 (0) 0N (n) o(u+n)’

s~ 70 <u>e<0)><u n)o(n) .

0 (0)6M) () o(u+n)

Here w is the spectral parameter and 7 is the so-called
crossing parameter. The R-matrix satisfies the quan-
tum Yang-Baxter equation (QYBE)

Ry p(uy — ug) Ry 3

= Ro3(ug —u3)Ri3

(u1 — uz)Re
(u1 — uz) Ry

3(u2 —u3)

2(ur —u2). (6)

Throughout we adopt the standard notation: for any
matrix A € End(V), 4; (or A%)is an embedding op-
erator in the tensor space V ® V ® ---, which acts
as A on the j-th space and as identity on the other
factor spaces; R; j(u) is an embedding operator of R-
matrix in the tensor space, which acts as identity on

the factor spaces except for the i-th and j-th ones.

2.2. The model

The partition function of a statistical model on a

two-dimensional lattice is defined by the following

where E is the energy of the system, k is the Bolz-
mann constant, T is the temperature of the system,
and the summation is taken over all possible configu-
rations under the particular boundary condition such
as the DW boundary condition. The model we con-
sider here has eight allowed local vertex configurations

1 2
2 2 1 1
1 2

w3 w4

6] It has the following relation with the Weierstrassian o-function o (u):
> 1(ng®"0/(1 — ¢®")) and g = e'T
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Fig. 1. Vertex configurations and their associated Boltzmann weights.

where 1 and 2 respectively denote the spin up and
spin down states. Each of these eight configurations
is assigned a statistical weight (or Boltzmann weight)
w;. Then the partition function can be rewritten as

Z = g w1 wo"? w3 wy" ws™ we™® wr"T wsg"®,

where the summation is over all possible vertex con-
figurations with n; being the number of the vertices
of type i. If the local Boltzmann weights have Zs-

symmetry, i.e.,

a=w; = ws,b = w3 = wy,

c=ws = we,d = wy = ws, (7)

and the variables a, b, ¢, d satisfy a function relation,
or equivalently, the local Boltzmann weights {w;} can
be parameterised by the matrix elements of the eight-
vertex R-matrix in expressions (4) and (5) as in Fig. 2,

u

l

5 = Rzé(u_£)7 i7j7k7l:1a2'

Fig. 2. The Bolzmann weights and elements of the eight-
vertex R-matrix.

then the corresponding model is called the eight-
vertex model which can be exactly solved.l*”] There-
fore the partition function of the eight-vertex model
is give by

7 = E qitne pnstng nstne gnrtns

In order to parameterise the local Boltzmann
weights in terms of the elements of the R-matrix,

one needs to assign spectral parameters u and £ re-
spectively to the vertical line and horizontal line of
each vertex of the lattice, as shown in Fig. 2. In
an inhomogeneous model, the statistical weights are
site-dependent. Hence two sets of spectral parameters
{un} and {&;} are needed (see Fig. 3). The horizontal
lines are enumerated by indices 1,..., N with spec-
tral parameters {&;}, while the vertical lines are enu-
merated by indices 1, ..., N with spectral parameters
{uq}. The DW boundary condition is specified by four
boundary states |2 (), |2M (), (2 (X +nN2)]|
and (23 (X +7nN2)| (the definitions of the boundary
states will be given later, see expressions (26)—(29) be-
low). These four states correspond to the particular
choices of spin states on the four boundaries of the lat-
tice. In contrast to the six-vertex case,®’ our bound-
ary states not only depend on the spectral parameters
(|2M (X)) and (23 (XA +7N2)| depend on {&;}, while
|2 (X)) and (23 (X + nN2)| depend on {us}), but
also on two continuous parameters A; and Aq (it is con-
venient to introduce a vector A € V associated with
these two parameters {\;}: A = Z?:l Ai€i). However,

|2 (A+nN2))

u1 ug uUN
1 &1
2 &2
<9(2)</\+7)N9).\ | 2O0) )
N éN
1 2 -« N
(2O |

Fig. 3. The eight-vertex model with DW boundary condi-
tion.

in the trigonometric limit (i.e., setting Ay = 7/2 and
then taking 7 — +ic0), the corresponding boundary
states |21 (A)) and (2M ()] (or [23)(A4+nN2)) and
(2@ (X +nN2)|) become the state of all spin up and
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its dual (or the state of all spin down and its dual)
up to some over-all scalar factors. Hence the partition
function in the limit reduces to that of the six-vertex
model.[!34] Then, the partition function correspond-
ing to the boundary condition given in Fig. 3 has been
called the DW partition function of the eight-vertex
model.l*4

The partition function of the eight-vertex model

Zn({ua ;{81 A)

with DW boundary condition is a function of 2N + 2
variables {uq}, {&}, A1, and Ay, which is denoted
by Zn({ua};{&};A). Due to the fact that the lo-
cal Boltzmann weights of each vertex of the lattice
are given by the matrix elements of the eight-vertex
R-matrix (see Fig. 2), the partition function can be
expressed in terms of the product of the R-matrices
and the four boundary states

= (DN +N)LON)| Ry n(ur — En) .. Ry (un — &) ...
x Ry y(un —&n) ... Ry 1 (uy — &)[2@ (X +nN2)) 20 (V). (8)

One can rearrange the product of the R-matrices in Eq. (8) in terms of a product of the row-to-row monodromy

matrices, namely,

Zn({ua}i {&}:A) = (2P A+ N2 QDN Ti(w) ... Ty (un) |22 (AnN2)| 2D (X)), (9)

where the monodromy matrix Tj(u) is given by

Ti(u) = Ti(ui o,

7§N) :RE,N(U’*&.N) o

Ry (u—&). (10)

The QYBE (6) of the R-matrix gives rise to the so-called ‘RLL’ relation satisfied by the monodromy matrix

T‘E(u)v

2.3. The boundary states

From the orthonormal basis {¢;} of V', we define

1=¢€¢ —€ €=

N |
M- 1
T
El -
Il x
o

i=1,2, then (12)

b

=

Let b be the Cartan subalgebra of A; and h* be its
dual.

is a complex finite dimensional vector space W with

A finite dimensional diagonalisable h-module

a weight decomposition W' = @,y Wu], so that b
acts on Wiu] by xv = p(z)v, (z € h, v € Wlu]). For
example, the non-zero weight spaces of the fundamen-
tal representation V, = C? =V are

Wi] = Ce;,

i=1,2. (13)

For a generic m € V', define

m; = (m, €;),

mi; =m; —mj = (m, & —€;), i,j=1,2.(14)

T5(uy) Ti(ui) Ry 5(wi — uy).

(11)

Let R(u;m) € End(V ® V) be the R-matrix of the
SOS model associated with the eight-vertex modell7]
given by

R(u;m)

2 2

= > Rum)iEs @ B+ > { R m) By © By
i=1 i#j

where E;; is the matrix with elements (E;;)} = 650

The coefficient functions are

R(u;m)i = 1,
)i — o(u)o(mi; —n) P
R(u;m);3 o(atmo(my) T (16)
oyt gmolutmi)
R(u;m)/; A — £34, (17

and m;; is defined in Eq. (14). The R-matrix satis-
fies the dynamical (modified) quantum Yang—Baxter
equation (or the star-triangle relation)[?”]

Ry o(ur — ug;m — nh(s))Rl,B(Ul — ug;m)
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X Ry 3(ug —uz;m — nh ")
= Ro3(ug —ug;m)Ry 3(u1 — uz;m — 77h(2))
X Ry 2(ur — ug;m). (18)
Here we have adopted

Ry 2(u,m — nh(?’)) V1 ® Vg @ U3
=(R(u,m —np) ®id) v1 ® v2 @ v3, if vy € Wn]. (19)

Moreover, one may check that the R-matrix satisfies
weight conservation condition,

[h(” +h®, Rys(u;m)| =0 (20)
and unitary condition
Rl,g(u; m) Rg’l(—’u; m) =id & id. (21)

Let us introduce two intertwiners which are 2-
(u) labelled by
(u) is given

component column-vectors ¢, m—n}
j =1,2. The k-th element of ¢

m7m—'f']5
by
o0 (w) = 0© (u+2m,). (22)
Explicitly,
O (u + 2m,)
¢m,7m—ni(u) =

0P (u + 2m,)

9(1)(11, —+ 2m2)

(bm m—n2 u) =
) n2( ) 9(2)(u+2m2)

It is easy to check that these two intertwiner vec-

tors ¢m,m77ﬂ
mevV.

(u) are linearly independent for a generic

|“Q(Z) (m)> = ¢:n7m_7ﬂ(El)qsfn—vﬂ,m—%ﬂ(éé) to QST]Z—n(N—l)i,m—nN%(gN)’i = 1’ 2,

120 (m)) = ¢!

2
m,mfn% <u1)¢m777:£,m72ni

(@O (m)| = 3L, (6)F

m—n%,m—Qn%

(O] = 31 i ()G

Using the intertwiner vectors, one can derive the

following vertex-face correspondence relation27—2]

R172(U1 - u2)¢71n,m—7ﬂ(u1) ¢fn—ni,m—n(i+j) (UQ)
— . kl 41
- Z R(U1 — Uz; m)ij m—nl,m—n(l+k)

k,l

x (u1) ¢? i(u2).

m,m—nl

(23)

Hereafter we adopt the convention: ¢! = ¢ ®id®. ..,
¢ =id®¢®id® ..., etc. The QYBE (6) of the
vertex-type R-matrix R(u) is equivalent to the dy-
namical Yang-Baxter equation (18) of the SOS R-
matrix R(u;m). For a generic m, we can introduce
two row-vector intertwiners é satisfying the condi-

tions,

&m+nﬂ,m(u)¢m+nﬁ,m(u) = 5#!/7 wv=1,2, (24)

from which one derives the relation
2 ~
Z Pt nppm (W) Pmtnp,m(u) = id. (25)
pn=1

Now we are in the position to construct the
boundary states to specify the DW boundary condi-
tion of the eight-vertex model (see Fig. 3). For any
vector m € V, we introduce four states? which live
in the two N-tensor spaces of V' (one is indexed by
1,..., N, and the other is indexed by 1,. .., N) or their

dual spaces as follows:

(26)
() o B n1yimei (N8 = 1,2, (27)
(E2) - B N1y (EN)si =12, (28)
() - O o n1yimyi (N = 1,2. (29)

The boundary states which have been used to define the DW boundary condition can be obtained through the

above states by special choices of m and i (for example, m is specified to A or A+nN Q) Then the DW partition

function Zn({ua}; {&}; A) given by Eq. (8) becomes

?N({ua};{&};k)

1 TN 1 TN
= ¢,\+nNQ,A+n(N—1)Q(§1) e ,\+ni,,\(§N) ¢,\,>\7ni(u1) : "¢Afn(N71)i,)\ani(uN)
x Rin(u1 —&n) .. . Rii(u1 —&1) ... Ry y(unv —&n)... Ry (un —&1)

2) Among them, |Q(i> (m)), with special choice of m, are the complete reference states of the open XY Z spin chain,[39:31] and

have played an important role in constructing the extra centre elements of the elliptic algebra at roots of unity.[

32,33]
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N 1 N
X ¢,\+nN2 An(N—1)2 5(u1) - ¢>\+ni,>\(uN) ¢,\,>\—ni(€1)"' A—n(N—l)i,A—nNi(gN)' (30)

3. The partition function in terms of the face type monodromy matrix

Similarly to the vertex type of monodromy matrix (10), let us introduce the face type monodromy matrix
by using the R-matrix (15)

Tr(lJu) = Ty n(lw)

N-1
= Ron(u—2zn;l—n Z W)Y ... Ro2(u— 2951 — nh(l))RoJ(u —2131),
i=1
_ (e} 7o an
Tp(llu)i Tr(lu)3
where [ is a generic vector in V. The monodromy matrix satisfies the face type quadratic exchange relation. 3437
Applying Tr(l|u) to an arbitrary vector |i1,...,iy) in the N-tensor product space VEN given by
lit, ..., iN) =€, ... €0, (32)

we have

Tp(m; l|u)i»|i1, e ,iN>

i i’y
Z Z R(u—zN,l—nZ > ...R(u—ZQ;l—ml)Zfzf R(u zl;l)?lzll i, ..., (33)
AN-1IN

AN-—1- OtlzN

where m =1 — 7725::1 ik. Associated with the vertex type monodromy matrix T'(u) (10), we introduce the
following operator

T u)s = b (W) To(w) O (). (34)

Moreover, for the case of m = [ — 7]22\,:1 ik, we introduce a generic state in the quantum space from the
intertwiner vector (22)

|i17 s 77’N>2m = ¢},l77721 (Zl)¢l2fni1,l7n(il+i2) (22) ce ¢i\insz:_1l T l—n N 4y (ZN) (35)

We can evaluate the action of the operator T'(m,!|u) on the state |i1,...,in)]" from the face-vertex correspon-
dence relation (23)

T(m, ) fivs - in)i = B (@) To(w) @ pa g (Wins i)
= 9n+nj m(W)Ron(u—2n)...Ro1(u— Zl)¢?+nﬂ,l(u)¢l1,l—nil (21) ...

= Z R(u— z1;1+ nﬂ)zlzlllﬁbl-s-nﬂ,l—i-nﬂ—m'l (Z1)¢9n+nj,m(U)Ro,N(u —ZN) ...

-/
aq 721

B 0 2
X Ro2(u— Z2)¢z+m17m;,zfnal (u)¢l—nil,l—n(i1+i2)(z2) e

N-1
= Z ZRu—zN,Z—i—mL nz QN ”N...
[e31 Sy k=1

SON-1
x R(u— 2151+ nu);‘l;ll |if, . ] >EIZZ (LS (36)
Here we have used the following property of the R-matrix
Rluym)j}" = R(usm (i + )5 = Rlum £ (@ + 7)),

ij ij o
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and the weight conservation condition (20).

Now we compute the partition function Zx ({uq}; {&}; )

Zn({ua ;s {61 ) = <Q(2) (A +nN2)| ‘Z)i,x—ni(“l) Ti(us) ¢§+nNé,>\+n(N—1)Q(ul> T
X N i yin i () Tip(un) 6, 5, (un) |20 (V)

= (2PN + N2 TN =ni; A4+ (N — 1)20u1)i ... x TA=nN1; Muy)i |20 (N).

Then Eq. (36) allows us to express the partition function in terms of the matrix element of the face-type

monodromy matrix given by Eq. (33) as follows

Zn{ua}; {&}A) = <2,...,2|TF()\—ni—l—nﬁ;/\—l—n(]\f— 1)?—&—17?\111)%...

4. The Drinfeld twist and the
DW partition function

X Tp(A — N1+ 02X+ n2lun)i|l,..., 1). (38)
|
lowing composition law!!5:18:19,24,25]
17n0) =R n) R n(0). (40)

In this section, after briefly reviewing the result
in Ref. [19] about the Drinfeld twist!*®! (factorising F-
matrix) of the SOS model associated with the eight-
vertex model, we directly calculate the partition func-
tion Zn({ua};{&}; A) for the eight-vertex model on
an N x N square lattice with domain wall boundary

condition.

4.1. Factorising drinfeld twist F'

Let Sy be the permutation group over indices
1,...,N, and {oy|i = 1,...,N — 1} be the set of el-
ementary permutations in Sy. For each elementary
permutation o;, we introduce the associated operator
R{" 5 on the quantum space

R N
= R7(])
1—1
= Riin1 (& — &l —n) h<k>> , (39)
k=1

where [ is a generic vector in V. For any o, ¢’ € Sy,

Let 0 be decomposed in a minimal way in terms of
elementary permutations,
(41)

0 =0p ...08,

where 3; = 1,..., N — 1, and the positive integer p is
the length of 0. The composition law (40) enables
one to obtain operator R{ , associated with each
o € Sy. The dynamical quantum Yang—Baxter equa-
tion (18), weight conservation condition (20) and uni-
tary condition (21) guarantee the uniqueness of Ry .
Moreover, one may check that R{ , satisfies the fol-
lowing exchange relation with the face-type one-row
monodromy matrix (31)

;..N(Z)T()Ij‘l...N(”u)
= T(fo(l...N)(”u)R(lT...N(l - Uh(o))7 Vo € Sy. (42)

Now, we construct the face-type Drinfeld twist
L. n()=F1 v, .. ,fN)3) on the N-fold tensor
product space V& which satisfies the following three

operator R7% . associated with oo’ satisfies the fol-  properties!'8:2429]
I. lower-triangularity; (43)
IT. non-degeneracy; (44)
ITI. factorising property : R] N(I) = F;&HN)(Z)FL”N(Z), Vo € Sn. (45)
Substituting Eq. (45) into the exchange relation (42), we have
Fr PN Ty (1) = To oo U Fy (= nh ) Py (U= nh). (46)

3) In this paper, we adopt the convention: Foa..ny() = Fo.. .y (580 (1)ys - - 5 Ea ()

010303-7



Chin. Phys. B Vol. 20, No. 1 (2011) 010303

Equivalently,
P x (VT Q)P (= 1A ®) = For oy OTE oy ) Fsd (= nh ), (47)

Let us introduce the twisted monodromy matrix TOF 1. n|u) by using

Tr(llu);

1

3 _ F —1 0)y — 1
T0,1...N(l|u) = Fl..AN(l)TO,L..N(”U)FLHNU - nh( )) = TF(l|u)% Tp(l|u)§ (48)

Then Eq. (47) implies that the twisted monodromy matrix is symmetric under Sy, namely,
oy n(Uu) = T, (llu), Yo € S (49)
Define the F-matrix
2 N

Fi () = > 1P BT N, (50)

where PZY is the embedding of the project operator P, in the ith space with matric elements (P, )x = 0i10kq-
The sum >." in Eq. (50) is taken over all non-decreasing sequences of the labels Qg (4)

Qo (i4+1) > Ao (3) if U(Z + 1) > U(i),
Qo (i+1) > Qo (i) if O'(i + 1) < U(Z) (51)

From Eq. (51), Fi. n(l) obviously is a lower-triangular matrix. Moreover, the F-matrix is non-degenerate
because all its diagonal elements are non-zero. One may check that the F-matrix given by Eq. (50) indeed
satisfies the factorising property Eq. (45).

In the F-basis, the twisted operators T (I|u)? defined by Eq. (48) becomel?-38]

0'([21 _77) M
2 == . p— .
Tr(llu); = o (or — 0+ 7(H, 1)) @; | olu—& +mn) 1 7 (52)
(@)
Y o(o(u— &+ L) olu—&)o(& — & +n)
Tr(lju)} = ; e nl) (lu)E;2 Rz | olu—& +m)o(& - &) e (53)
(49)
Te(llu)} = o(lar —n) N omo(u—& +log +n+n(H, e — €))
R o (l +n(H, e — e2) & o(u— &+ m)o(ler + 1+ n(H, e —c2)
_o(u—§&)
x By @y | TG EN) -

(& — & +n) ’
U(gj - fz) ()

where H = ZkN:1 h®) . Applying the above operators to the arbitrary state |i1,...,in) given by Eq. (32),
we find that the pseudo-particle creation/annihilation operators in the F-basis have the following completely
symmetric polarisation free forms:

(I — ) ot
= 2 _ o(l21 — ) s
Tr(m,lu)y = oy o(u—8&+n) N (55)
(i)
N ot — & + Lpa) o(u—&)a(& —& +n)
~ 0' — Qi 12 i _ £ . £
To(m, Hi = ; o(u—& +n)olln) Fia @i | o0& T 0r6=8) 1 , 0

()
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i L ol - o(n)o(u— & +ma —n)
Tr(m,llu)y = o (mar — 27] ; olu—& +n)o(ma —n)
_ou—§)
< B, ®j00 olu—¢& +mn) M . (57)

ol& =& /)

4.2. The DW partition function

Now we compute the DW partition function Zn ({ua}; {&:}; A) from Eq. (38) and the expansion (57) of the
twisted operator Tr(m, [|u)}. It is easy to check that the states |i,...,i) and their dual (1,...,i| (i = 1,2) are
invariant under the action of the F-matrix F;. n(I) given by Eq. (50), namely,

Fon@li,....0) = i,....1), i=1,2, (58)
(i, il PN () = (i,. '|, i=1,2. (59)

Hence the DW partition function Zy ({ua}; {€;}; A) can be expressed in terms of the twisted operator T (m, I|u)}
as follows:

Zy({ua i {&1N)
D20 TeN =l + 025X+ (N — D24 n2ur)d ... x Tp(A — N1+ n2; X+ n2un)i|1,...,1)
(2, 2| FL NN+ N2+ 102) x Te(A — nl + 92 A+ 0(N — 1)2 +n2luy)d . ..
TrA = N1+ 092X+ n2lun)sF A+ 02) [1,...,1)
= (2,2 TN =l + 025 A+ (N — D)2+ n2luy)s ... x Te(A = N1 +n2; A+ n2uy)i [1,...,1). (60)

Il
—~
™

Substituting Eq. (57) of the twisted T (m, [|u)} into the above equation, we have

Zn({uat; & N)

N oo ) o —§)
_ omo(ur —& + Ao +1n) | e =&+
_ <2""’2|X;o(ul—€i+n)a(A21+n)E”®m j ‘W
oI =8
N ) _o(u—¢g)
o =&+ Ao +Un o(u — & +1)
X;Mz é}+n) O ) 721 O J ‘W
o(&=%) /g
N ) _oluv —&)
o(uny =& 4+ X1 + Nny oluy —& +1)
X; o(uy — & +n)o ()\21+N77)E21®J752 J o(& —&+n) x|1,...1). (61)

o& =& /)

Expanding the last sum term of the above equation corresponding to the spectral parameter uy yields

Zn({uat; (€15 2)

K a(moluy — & + Aot + Np) vy olun — &)a(& — & + 1)
= ZU(UN =& +n)o(Ae1 + Nn) gg(uN — & +n)o_(5i_£j)<2,...,2|
N M
a(n)o ( =&+ Ao + 77) ® o'(u1 &+ n)
s = & F MO 1) 2 Ci o —&+n)
&=/
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o(un—1—¢&))

N
omo(un—1 — &+ A1 + (N —1)n) o(un-1—& +1)
X EY ®jz14 J
; o(un—1 — & +mo(har + (N — L))~ 2 =770 o(& —&+mn)
o(& — &) )
xEiy |1,...1). (62)
Iterating the above procedure, we have
-1
gu + )‘21 + 177 E’Lk (glz - glk + 77)
af51Se vA =
vl {EA Z#Z;WH{ e ol ,}1 =&, + 1o, — &)
X (2,...,2| B . BN, 1), (63)

This leads to the complete symmetric expression of the DW partition function Zn ({ua};{&;};A)

— &) + Ao + 1)

-1

Za(ub (60 = 3 H{

seSy =1

where Sy is the permutation group of N indices.

5. Conclusions and discussions

E @ +mo(Xa1 +1n)

X

— &) (&) = &y +11) } (64)

s o (= sy + Mo (€)= Es(ry)

We have obtained the explicit expression (64) of the partition function Zn ({ua }; {&;}; ) of the eight-vertex

model on an N x N square lattice with the domain wall boundary condition by directly computing the inner

product Eq. (38). The completely symmetric polarisation free form (57) of the creation/annihilation operator

in the very F-basis provided by the Drinfeld twist (50) has played an important role in the calculation. The

approach in this paper is complementary to the one used recently in Refs. [37], [39], [46], [47] and [14] to obtain

the partition function via the recursive relation. Moreover, the advantage of our approach over the previous ones

is that it can be used to obtain partition functions of the eight-vertex model with other boundary conditions

such as open boundary condition.

References

[1] Korepin V E 1982 Commun. Math. Phys. 86 391

[2] Korepin V E, Bololiubov N M and Izergin A G 1993 Quan-
tum Inverse Scattering Method and Correlation Functions
(Cambridge: Cambridge University Press)

[3] Izergin A G 1987 Sov. Phys. Dokl. 32 878

[4] Izergin A G, Coker D A and Korepin V E 1992 J. Phys.
A 25 4315

[5] Essler F H L, Frahm H, Izergin A G and Korepin V E
1995 Commun. Math. Phys. 174 191

[6] Kitanine N, Maillet J M and Terras V 1999 Nucl. Phys.

B 554 647

] Bleher P M and Fokin V V 2005 math-ph/0510033

] Sogo K 1993 J. Phys. Soc. Jpn. 62 1887

| Kuperburg G 1996 Int. Math. Res. Not. 3 139

| Kuperburg G 2002 Ann. of Math. 156 835

] Caradoc A, Foda O and Kitanine N 2006 J. Stat. Mech

p03012

Foda O, Wheeler M and Zuparic M 2007 J. Stat. Mech.

10016

Foda O, Wheeler M and Zuparic M 2008 J. Stat. Mech.

p02001

[14] Yang W L and Zhang Y Z 2009 J. Math. Phys. 50 083518
[15] Maillet J M and Sanchez de Santos 2000 J. Amer. Math.
Soc. Transl. 201 137

Drinfeld V G 1983 Sov. Math. Dokl. 28 667

Terras V 1999 Lett. Math. Phys. 48 263

Albert T D, Boos H, Flume R and Rulig K 2000 J. Phys.
A 33 4963

Albert T D, Boos H, Flume R, Poghossian R H and Rulig
K 2000 Lett. Math. Phys. 53 201

Albert T D and Rulig K 2001 J. Phys. A 34 1569

Zhao SY, Yang W L and Zhang Y Z 2005 J. Stat. Mech.
p04005

Zhao SY, Yang W L and Zhang Y Z 2006 Commun. Math.
Phys. 268 505

Zhao S'Y, Yang W L and Zhang Y Z 2006 Int. J. Mod.
Phys. B 20 505

Yang W L, Zhang Y Z and Zhao S'Y 2004 JHEP 12 038
Yang W L, Zhang Y Z and Zhao S'Y 2006 Commun. Math.
Phys. 264 87

Whittaker E T and Watson G N 2002 A Course of Mod-
ern Analysis: 4th edn. (Cambridge:

[16]
(17]
(18]
(19]

20]
(21]

(22]
23]

(24]
25]

[26]
Cambridge Univer-
sity Press)

010303-10



Chin. Phys. B Vol. 20, No. 1 (2011) 010303

Baxter R J 1982 Ezactly Solved Models in Statistical Me-
chanics (London: Academic Press)

Jimbo M, Miwa T and Okado M 1987 Lett. Math. Phys.
14 123

Jimbo M, Miwa T and Okado M 1988 Nucl. Phys. B 300
74

Yang W L and Zhang Y Z 2006 Nucl. Phys. B 744 312
Yang W L and Zhang Y Z 2008 Nucl. Phys. B 789 591
Belavin A and Jimbo M 2004 Int. J. Mod. Phys. A 19 50

Yang W L, Belavin A and Sasaki R 2005 Nucl. Phys. B
710 614

Felder G and Varchenko A 1996 Nucl. Phys. B 480 485
Hou B Y, Sasaki R and Yang W L 2003 Nucl. Phys. B
663 467

Hou B Y, Sasaki R and Yang W L 2004 J. Math. Phys.
45 559

(37)
(38]
(39]
[40]
[41]
42]

[43]

[44]
(45]

[46]
(47]

010303-11

Pakuliak S, Rubtsov V and Silantyev A 2008 J. Phys. 41
295204

Yang W L and Zhang Y Z 2010 Nucl. Phys. B 831 408
Rosengren H 2008 arXiv:0801.1229

Yang W L and Hou B Y 1999 Acta Phys. Sin. 48 1560
(in Chinese)

Yang W L and Hou B Y 1999 Acta Phys. Sin. 48 1571
(in Chinese)

Yang W L and Hou B Y 1999 Acta Phys. Sin. 48 1565
(in Chinese)

Li B and Wang Y S 2007 Acta Phys. Sin. 56 1260 (in
Chinese)

Yang W L 2001 Chin. Phys. 10 109

Chen K, Hou B Y and Yang W L 2001 Chin. Phys. B 10
550

Razumov A V and Stroganov Yu G 2008 arXiv:0805.0669

Razumov A V and Stroganov Yu G 2008 arXiv:0812.2654



