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General solutions of the Smorodinsky—Winternitz system and the Fokas-Lagerstorm system, which are super-

integrable in two-dimensional Euclidean space, are obtained using the algebraic method (structure function). Their

dynamical symmetries, which are governed by deformed angular momentum algebras, are revealed.
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1. Introduction

The concepts of integrability and superintegrabil-
ity play a fundamental role in the description of phys-
ical systems due to their many interesting properties,
from both mathematical and physical viewpoints.!*) In
classical Hamiltonian mechanics, an n-freedom Hamil-
tonian system is said to be Arnold-Liouville inte-
grable if there are n functionally independent inte-
grals of motion in involution (including the Hamilto-
nian itself),?! and called superintegrable if it admits
more than n integrals of motion.[ Note that not all
the integrals of motion in the superintegrable system
can be in involution. In quantum mechanics, the defi-
nitions of integrability and superintegrability are quite
similar to those in classical mechanics,¥ that is, an
n-dimensional quantum system is called integrable if
it has n — 1 algebraically independent conservational
quantities X; (i = 1, 2, ..., n — 1), which, together
with the Hamiltonian H of the system, satisfy

[H7 Xl} = 07 [XZ7 X]] = Oa

where [,] denotes the commutator. Such a system
is said to be superintegrable if there exist further m
(I <m < n—1) conservational quantities Y, (a = 1,

2, ..., m) such that they satisfy
[H, X;]=[H,Y,]=0, [X;, X;]=0.

Similarly, the operators Y, need commute neither
among each other, nor with the operators X;.

DOI: 10.1088/1674-1056/20/1/010302

The Kepler (Coulomb) problem (~ r~1) and
the isotropic harmonic oscillator (~ 7?) may be the
most well-known cases of maximally superintegrable
systems.%) In N-dimensional Euclidean space, their
symmetry algebras are ordinary Lie algebras so(N+1)
and su(N) respectively, higher than those of the
other central potentials. For the Kepler problem and
the isotropic harmonic oscillator, we may determine
their eigenenergies and eigenstates by purely algebraic
methods because their algebras are relatively clear and
simple. However, identification of Lie algebraic struc-
tures for general superintegrable systems is not easy.
Following the introduction of quantum algebrasl% and
later the other deformations of Lie algebras,”—'1
the applications of the algebraic method based upon
various deformed Lie algebras to quantum systems
are increased.['2=17 In this paper, we study two su-
perintegrable systems in two-dimensional Euclidean
space, the Smorodinsky—Winternitz system*®! and the
Fokas-Lagerstorm system,'?! by using algebraic meth-
ods (structure function and dynamical symmetry).

The rest the paper is organized as follows. In Sec-
tion 2 we first construct the nonlinear Lie algebra that
describes the Smorodinsky—Winternitz system, then
use it to study the general solution of this system. In
Section 3 we reveal the nonlinear dynamical symmetry
of the system. In Section 4 the general solution of the
Fokas—Lagerstorm system is studied from its nonlin-
ear dynamical symmetry based on the corresponding
nonlinear Lie algebra. Some simple discussion is given
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in the final section. In this paper, 7 and m are set to
be 1.

2. General solution of Smorodin-

sky—Winternitz system

Fris et al.l'® have proven that only four inde-
pendent two-dimensional superintegrable systems ex-
ist if the condition that conservational operators are
quadratic in momenta is required, whose potentials
are respectively as follows: Vi = ar? —&—6;@{2 +ﬁ2x52,
Vo = a(4x? + 23) + fioy + foxs?, Vs = ar™! +
2By cos2(¢/2) + Basin2(4/2)], and V3 = ar~—! +
=23 cos(¢/2) + B2 sin(p/2)], where r = /22 + 22,
xr1 = rcos¢, and xo = rsin¢g. Then Tempesta et
al.?% gave the solution of V; by solving directly the
corresponding Schrodinger equation and found that
the solutions of V3 and Vj could easily be obtained
from the solution of V. In this section, we study the
general solution of V; by using the algebraic method.

For the system of Vi, the corresponding Hamilto-

nian is
1 B1 B2
le§(pf+p§)+a(x%+m§)+7+—2, (1)
Ty I3

where « is a positive real number, and (; and (5 are

real numbers. This Hamiltonian has two conserva-

tional operators:(!8]
1 B2 B
T, = 5(1’% —p}) 4+ afal —27) + ;% - ;%7 (2)
262x% 2ﬂ1$%
1 = 2 2
Lo 7
+a3p3 + 23p7 — {z122, P12}, (3)

where {, } is the anticommutator. Furthermore, the
commutation relation between T} and 75 may give a
new conservational operator T3, i.e.,

. 1 3
[Ty, T3] = 41{ <2p§ — axs + ﬁg) {z1,p1}
T3

2
_ (;p% — al‘% + ﬁ;) {.1?2,])2}} = Tg. (4)

L1

It is obvious from Eqgs. (2)—(4) that the expres-
sions of T; and T3 are antisymmetric by exchanging
subscripts 1 and 2, while T is symmetric. They sat-
isfy the following commutation relations:

[T17T2] = T37
[Ty, T3] = 16a(2Ty — 1) 4+ 8(TF — H?),

[T3,To] = 161511 + 3271 (01 + B2 — 1)
+32H, (61 — fB2) + 8T5. (5)

These commutation relations are closed. However, we
should note two significant features: the Hamiltonian
H; of the system and nonlinear terms Tf and 1577 ap-
pear on the right-hand sides of the second and third
commutation relations of Egs. (5) respectively.

It is more useful to express the three operators T;
(i =1,2,3) in raising/lowering form correspondingly:

1

Ly = —17,
0 32041

Ly :4aT2+,/%T3+T12—H12—2a,

L. = 4aT2—,/%T3+T12—H12—2a, (6)

which are nonlinear expansions with respect to T; and

satisfy
[Lo, L+] = £L4,
LiL_ = ®(Hy, Lo),
L L, = &(Hy, Lo+ 1), (7)

where @(Hy, Lg) is called the structure operator
function,?!] whose explicit expression is given by

®(Hy, Lo) = 1024a>

< [TTI {Lw(—)i\/% ~ B ,(8)

p==i=1

in which symbols B(ii) are defined as

B(ii) = 1 + 1;861
2 4
In the framework of the algebraic method, we
need to assume that the vector space on which
these equations (7) are allowed to act is the energy
eigenspace, that is, the common eigenspaces of H;
and Lg. After replacing H; and Ly in Egs. (7)
by their respective eigenvalues F and [, the opera-
tors L; (i = 0,+,—) thus generate a closed nonlin-
ear Lie algebra. It can be seen as the polynomial de-
formation of the ordinary Lie algebra so(3), which is
used to deal with the problem of angular momentum
in quantum mechanics,[?? so we call it a deformed
angular momentum algebra, denoted by Rj3. Corre-
spondingly, ¢(Hq, Lg) becomes the structure function
¢(F, 1) with double variables F and [. It follows from
the second equation in Eq. (7) that #(E,l) should
satisfy the constraint condition:

®(E,1) > 0. (10)
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Since we are only interested in the finite spectra of Hy,
we can immediately write down the following equa-
tions from Eq. (10):

¢<EN; lmin) = 07
¢<EN; lmaX + 1) = 07
lmax - lmin = N. (11)

For a given Ey, [ may take N + 1 different values, so
the degeneracy of the system is NV + 1.

There should be sixteen different solutions satis-
fying Egs. (11). However, among them, eight solutions
will lead to expressions like B(f) — B(f) +N+1=0,
in which no eigenenergy Fy appears, therefore, they
cannot produce any physical meaningful results. Four
of the other solutions will give negative energies, ex-
cept for the special case #; = B2 = 0, H; is an ordi-
nary two-dimensional oscillator, whose eigenenergies
are positive. After neglecting the above twelve solu-
tions, we may obtain all possible eigenvalues of H; as
follows:

En

V32a’
Ex = V8a(N + B + BY?)

for 1,82 > —1/8;

lmin = Bf) -

(12)

Ey
V32a'

_ g®
Imin = BY) —
|

H|En,l) = En|En,1),

Ex = V8a(N + BY + B?) (13)
for 3/8 > 81 > —1/8, B > —1/8;
E
lmin = B(_Q) - 7N,
V32«
Ey = V8a(N + B + B®)) (14)
for 1 > —1/8,3/8 > B > —1/8;
E
lmin = B(72) - N s
V32«
Ey = V8a(N + BY + B®) (15)

for 3/8 > 31 > —1/8,3/8 > B2 > —1/8.

We end this section by giving unitary irreducible
representations (UIRs) of R3. Owing to the fact that
H, commutes with the generators L; (i = 0,+,—) of
R3, the eigenenergies Ey of H; may be used to label
the UIRs of Rg3, the eigenstates with respect to En
may act as basis vectors carrying the corresponding
UIRs, and the degeneracy of Fy is the dimension of
the corresponding UIRs. Let {|En, 1)} be a set of com-
mon eigenstates of H; and Lo, with Ey and [ being
the eigenvalues of H; and L respectively, and then
choose the proper phase factors between the eigen-
states, we then have

Lo|En,l) =1|EN,1),

/324

En

+Z+Bff)] |En,l+1),

Lty = 320, TLTT |-
p=%i=1

L_|Ex,1) = 32a,| [T ][] [()z
p==i=1

Ey

oy - Bf}”] |En,l—1), (16)

32«

where [, corresponding to the given En (see Eqgs. (12)—

(15)), may take one of the following four values, i.e.,

1
| = §(Bf) ~BY —N)+n,

n=0,1,...,N, (17)

and the subscripts 4+ and — in the expressions Bf )
B(il ) may occur independently. In order to obtain
UIRs (16), the constraint conditions (10)—(11) need

imposing.

3. Dynamical symmetry of Sm-

orodinsky—Winternitz system

Dynamical symmetries have received intensive at-
tention over the past few years, and have important
applications in various branches of physics324 and
in solving differential equations.?®/ In this section,
we shall generalize the concept of dynamical sym-
metry based upon the Lie algebra to the nonlinear
Lie algebra:[%] a quantum system possesses a non-
linear dynamical symmetry, if its Hamiltonian is a

function of a Casimir invariant Cy; of some nonlin-
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ear Lie algebra g, or of the Casimir invariants Cj,
Cq1, Cya, ...
gebras ¢ D g1 D g2 D .....
Smorodinsky—Winternitz system discussed above has

, of a chain of nested nonlinear Lie al-
As we will show, the

Rs dynamical symmetry.
Using Egs. (7)—(9), the explicit commutation re-
lations of Rg3 are
(Lo, Li] = £L4,
[Ly,L_] = co+c1lo+cold+c3Ly,  (18)
where
co = V32a(B1 — B2)Ha,
H? 3
c1 =10240% (1 + B2+ L =2,
8a 4

o =0, c3=—409602, (19)

and the Casimir invariant of R3 reads®

1
C L+L, + L,L+ + (200 + 302> L()

1 2 1
—+ <Cl —+ 263) L(Q) + gCQLg + 563.[/3

[\

2111 [Hl + (—)”—1\/3273}})} . (20)

p==xi=1

It is clear from Eq. (20) that there is a relation-
ship between the Hamiltonian H; and the Casimir in-
variant C of R3, that is, H; is a root of the quartic
equation, whose explicit form involves C and two pa-
rameters, 0, and (o, only. Therefore, we conclude that
the Smorodinsky—Winternitz system possesses Rg dy-
namical symmetry.

Due to the fact that the Casimir invariant C of Rg
commutes with all generators L; (i = 0,+, —) of Rg,

we may simultaneously diagonalize C and the Cartan
operator Lg. Since C' = C and L(Jg = Lo, the eigen-
values of C and Ly are real. Let |\, m) be a common
eigenvector of C and Lo with eigenvalues A and m (the
weight) respectively, i.e.,

CIA,m) = A\, m), (21)
Lo|A\,m) = m|\,m). (22)
From the commutation relations [Lg, Li] = £L4,

we see that for an arbitrary nonnegative integer k,
(L )¥|IN,m) (or (L_)¥|\,m)) is also an eigenvector of
Lo with an eigenvalue m + k (or m — k). It follows
that L_ L. is a diagonal operator, and in particular

omlLoLyldm) = L m)2 2 0. (23)

This equation requires that the set of eigenval-
ues of Lo should be bounded above, and also be-
low. Therefore, there is a highest weight and a lowest
weight state, such that the UIR of R3 in the repre-
sentation space {|A,m)} is finite-dimensional. Let m
and m be the highest weight and the lowest one re-
spectively, then we have

Lo|\,m) =m|\,m),

Li|A,m) =0,

Lo|\,m) = m|\, m),

L_|\,m) =0,

m+ N =m, (24)

where N + 1 is the dimension of the corresponding
UIR. Substituting Eqgs. (20) and (24) into Eq. (21),
we obtain the following two equations:

Ey (2)) ( En (2>> ( Ey <1>> < Ey <1>>
m+ - B m + — B” m — —B m — — B =0, 25
( 3220 ) \T V32« = V32a T ) \T V32a (25)

En

V32«

E
x <m+N—\/3]2La+B$>> (m+N—

<m+N+ +Bf)> <m+N+

En

V32«

E
V32«

+ B(Q))

+ B(”) = 0. (26)

The solutions of Egs. (25) and (26) recover the results obtained in Section 2. The value ranges of 3; and (o

may easily be obtained by solving Eq. (23).

Finally, we discuss another origin of the Smorodinsky—Winternitz system and its relation to the radial

Schrédinger equation of the two-dimensional isotropic harmonic oscillator.

dimensional isotropic harmonic oscillator is

The Hamiltonian of the four-

|
H = -p* +ar? (27)

2
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where « is a positive real number and the Cartesian
coordinates are r are (x1, 2, x3,r4). Introducing new

(27]

coordinates (z, 6, y,6,),!””, which have the following

relations with (z1, 22, x3,24):

r1 =xcosl,, xo=xsinb,,

x3 =ycosby, x4 =ysinb,, (28)

Hamiltonian (27) becomes
2

1 Do, Po
7 _ 2 2 = Y 2 2
H—§ <pm+py+ = + y2>+a(:1c +y%). (29)

After separating coordinates (6, 6,) and replacing
po, and pp, by two real numbers ki and ko respec-
tively, Eq. (29) reduces to

y_ Lo o 2, 2y, R ke
H = 5(pp +p3) +alz” +y )+P+?’ (30)
which in fact is Hy (see Eq. (1)).
On the other hand, consider the radial
Schrodinger equation for the two-dimensional

isotropic harmonic oscillator, separated in the polar
coordinate system, i.e.,

2(a,r)v(r) = Evu(r), (31)
where

2

2a,r) = —%% +ar? + # <m2 - i) , (32)
with m (= 0, £1, ...) being the magnetic quan-
tum number. It follows by setting 81 = 3(m} — 1),
B2 = 3(m3 — 1) in Eq. (1) that we observe that Hj,
formally, is a combination of two differential operator
functions f)(a,x) and f)(a,y) corresponding, respec-
tively, to two isotropic harmonic oscillators with the
same frequency, that is, H; = f)(m x)—i—f)(a, y). How-
ever, there exist three evident differences. First of all,
the range of the radial variable r in 2(a,r) is (0, 00),
whereas that of the one-dimensional variable z (or y)
in 2(c,z) (or 2(a,y)) in Hy is (—o0, ). Secondly,
the vacuum energy of H; may not be an integer for
the arbitrary 5; (¢ = 1, 2). Thirdly, if the further re-
strictions on the parameters (5, and 33) are valid, the
other solutions can also be permitted.

4. Dynamical symmetry of

Fokas—Lagerstorm system

In this section, we consider another superinte-
grable system: a special two-dimensional anisotropic

harmonic oscillator, whose Hamiltonian is

2
1

1 x
H' = =(pi +p3) +

5 5 (33)

2
T3
+ TS

In classical mechanics, this system was first studied in

detail by Fokas and Lagerstorm.*]

The Hamiltonian H' has two conservational op-

erators:
1., 2 x% x%
Ulfz(lh Pz)‘f'z 36’
1
Uy = 5{331]92 - $2P1,pg}
1 x?’pl
— E{xlxg,pg} + ;7 . (34)

We note two differences between the Smorodinsky—
Winternitz system and the Fokas—Lagerstorm sys-
1) the Hamiltonian H; (see Eq. (1)) of the
Smorodinsky—Winternitz system is multiseparable in

tem:

two different coordinate systems, whereas the Hamil-
tonian H' of the Fokas—Lagerstorm system is not mul-
tiseparable; 2) the powers in momenta of all the con-
servational operators of the Smorodinsky—Winternitz
system are quadratic, whereas the highest powers
in momenta of the conservational operators of the
Fokas—Lagerstorm system are unequal: that of U; is
quadratic, that of Us is cubic.

Using U; and Us, the closed commutation rela-
tions may be obtained as follows:

[U17U2] = U37
[Uy,Us] = Uy,
[Us,Us] = 2H'(H' — 1)(H' +1) + %Ul

—24H'U? + 32U3. (35)

Similarly, expressing the three operators U; (i =
1,2,3) in raising/lowering form
Jo=U1, Jr=UyxUs, (36)

which are linear expansions of U;. It is easy to obtain
the following commutation relations:

[Jo, J+] = +£Jx,
[, J_] = co+ c1do + e J§ +cs3J5, (37)
where
2
co = —AH' <4H’2 - 93> ,
2 7
01_16<6H +9>,
¢y = —144H', ¢35 = 64. (38)
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We observe that Eqgs. (37) have the same algebraic
structure as Eqs. (18) except for different ¢;’s, so here
it is denoted by R5.

Using Egs. (35) and (36), the Casimir invariant
C’ of Rf reads

<

1
C = J+J_ + J_J+ + (200 + 302> J()

+ (01 + 303> JZ+ %@JS’ + 3031761
= g(—1+H’)(1 + H')(5+9H"). (39)
The second equation shows that the Hamiltonian H’
is a root of the quartic equation, that is, H’ is
only a function of C’. Therefore, we say the Fokas—
Lagerstorm system possesses Rf5 dynamical symme-
try.

Now, we apply the same algebraic method used in
Section 3 to R4 to obtain the solution of the Fokas—
Lagerstorm system. Let {|\,m’)} be a set of basis
vectors carrying the UIRs of Rj, where |N,m’) is a
common eigenvector of C' and Jy with eigenvalues \
and m’ respectively, that is,

C'IN,m'y = NN, m'), (40)
Jo|N,m'y = m/|N,m). (41)
Denoting the highest weight and the lowest one by m’

and m’ respectively, we have

JolX' sy = X ),

Jy N, m') =0,

Jo[N,m') = m/|Am),

J_[N,m') =0,

m + N =m, (42)

where N + 1 is the dimension of the corresponding
UIR.

Substitution of Eqgs. (39), (42) into Eq. (40) gives
rise to the following two equations for EY and m’:

(3B —6m' +1)(3E)y — 6m’ +5)

x (BEy —2m' + 1)(Ey +2m' — 1) =0,

(3Ely —6m' — 6N —5)(3E), —6m' — 6N — 1)

x(EyN —2m' — 2N —1)

x(Ey +2m' +2N +1) =0. (43)
Solving Eq. (43) and neglecting all of the negative en-
ergy solutions and any expressions with no physical
meaning, we obtain all the possible eigenvalues of H':
1 1

1 1
4 ) 1 1
where N =0, 1, 2, .... The degeneracy of the energy

level E is N + 1. These results (44) coincide with
the usual results:

1 1 1
E’;L,m:n+2+3<m+2>7 (45)

where m, n =0, 1, 2, ....

5. Discussion

In this paper we have constructed the de-
formed angular momentum algebra Rs for two
different two-dimensional superintegrable systems,
the Smorodinsky—Winternitz system and the Fokas—
Lagerstorm system, and have obtained their general
solutions by using the algebraic method based upon
Rs. Furthermore, we have revealed that both systems
possess the same R3 dynamical symmetries because
both Hamiltonians are functions of the Casimir in-
variant of Rs.

There are some interesting questions raised which
merit further investigation. First, it is clear that the
Hamiltonian H = %pQ +V(r) for the central potential
V(r) in 2N-dimensional space is also integrable, and
its symmetry algebra is (2IV). Using the same method
of gaining Eq. (29) in four-dimensional space, H may
have a similar deformation, that is, H' = PPV (r)+
> % (k;’s are arbitrary real numbers). Can a (non-
linea;) Lie algebra to describe H be found? In fact,
the same question also applies to the 2/N-dimensional
anisotropic harmonic oscillator, whose Hamiltonian
reads H* = 1p® + (w?/2) Y, ¢?2? (¢;’s are arbitrary
positive real integers). Secondly, is there any super-
integrable potential in two-dimensional space which
cannot be recognized as a ‘projection’ of the higher-
dimensional Kepler problem or the harmonic oscilla-
tor, or a combination of both? These questions are

under study.
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