
Chin. Phys. B Vol. 20, No. 1 (2011) 010210

An analytical model for coplanar waveguide on
silicon-on-insulator substrate with conformal

mapping technique∗

He Da-Wei(何大伟)a)b), Cheng Xin-Hong(程新红)a)†, Wang Zhong-Jian(王中健)a),
Xu Da-Wei(徐大伟)a), Song Zhao-Rui(宋朝瑞)a), and Yu Yue-Hui(俞跃辉)a)

a)State Key Laboratory of Functional Materials for Informatics, Shanghai Institute of Microsystem and Information Technology,

Chinese Academy of Sciences, Shanghai 200050, China
b)Graduate University of the Chinese Academy of Sciences, Beijing 100049, China

(Received 12 June 2010; revised manuscript received 11 August 2010)

In this paper, the authors present an analytical model for coplanar waveguide on silicon-on-insulator substrate.

The four-element topological network and the conformal mapping technique are used to analyse the capacitance and

the conductance of the sandwich substrate. The validity of the model is verified by the full-wave method and the

experimental data. It is found that the inductance, the resistance, the capacitance and the conductance from the

analytical model show they are in good agreement with the corresponding values extracted from experimental S-

parameter until 10 GHz.
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1. Introduction

As an essential passive device, coplanar waveguide
plays an important role in the family of transmission
lines. However, as the frequency increases, the sub-
strate loss becomes high. Due to low resistivity, tra-
ditional bulk silicon substrate cannot suppress the at-
tenuation. Thanks to the inserted oxide layer, silicon-
on-insulator (SOI) structure can have several advan-
tages over bulk silicon, these including lower parasitic
capacitance, higher resistivity, suppressed short chan-
nel effect, and simplified process.[1] The SOI substrate
was widely applied to complementary metal–oxide–
semiconductor (CMOS), radio-frequency (RF) and
microwave circuits, and even to passive devices.[2,3]

Unfortunately, in the models about coplanar waveg-
uide (CPW) on SOI substrate, the top silicon was
usually oxidised in the process, and then the model
of bulk silicon was used directly. According to simula-
tion results as shown in Fig. 1, the existence of the top
silicon could reduce the insertion loss, and the effect
was significant with the frequency increasing, implying
that the top silicon acted as an electric-field-shielding
layer. However, the SOI substrate is staggered with
insulated layers and semi-conductor layers, and it can-

not be treated as an insulator layer or a semiconduc-
tor layer when the model for CPW on SOI substrate
is considered. In order to solve this problem, the
conformal mapping technique was used to design an
equivalent resistance-capacitance (RC) lumped net-
work. Comparing with full-wave method,[4] the con-
formal mapping technique can lead to an analytical
solution in the closed form,[5] provide a satisfactory
accuracy in a wide frequency band up to 20 GHz,
and it is also suitable for modeling the electromagnetic
mechanism of the coplanar waveguide on multi-layered
substrate including the SOI substrate.

Fig. 1. Comparison of insertion loss between top silicon

oxidised and top silicon reserved.
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In this paper, an analytical model with a four-
element equivalent circuit for the coplanar waveguide
on SOI substrate is presented. This model can accu-
rately analyse the relationship between the geometric
structure and the performance of coplanar waveguide,
and is suitable for device simulation and layout de-
sign. The rest of the present paper is organised as
follows. In Section 2, the device structure and cor-
responding parameters are briefly presented, a four-
element topological network is constructed to describe
electrical properties, and equivalent elements are de-
duced with conformal mapping technique. In Section
3, the model validity is proved by comparing our re-
sults with results from the full-wave method and ex-
periment results separately, and their deviations are
discussed. Finally, in Section 4, main conclusions are
drawn from the present study.

2. Physical model of CPW on

SOI substrate

The structure to be discussed in this paper is
shown in Fig. 2. The oxide isolation of SiO2 layer sep-
arates the coplanar waveguide from the SOI substrate.
The dielectric permittivity and the conductivity are ε1

and σ1 for SiO2 layer, and they are ε2 and σ2 for Si
layer, respectively.

Fig. 2. Cross section of CPW on SOI substrate.

An equivalent circuit to illustrate the electromag-
netic interrelationship between the CPW and the SOI
substrate is shown in Fig. 3, where metal conductive
loss is represented by a resistance (R) and an induc-
tance (L), the energy storage and the energy loss asso-
ciated with the transverse electric field and the trans-
verse current are represented by equivalent dielectric

capacitance (C) and equivalent substrate conductance
(G).[6]

Fig. 3. Equivalent circuit of CPW on SOI substrate.

2.1.Conformal transformation

As shown in Fig. 4(a), the CPW can be treated
as a symmetric structure. Suppose that two ground
planes on both sides of the central conductor are ex-
tended to infinity and the thickness of SOI substrate
is infinite.

Fig. 4. Conformal transformation of CPW.
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The magnetic field distribution around the cen-
tral conductor is mostly perpendicular to the center-
line of the structure, and a vertical magnetic wall lies
in Z = 0 plane. Therefore, the whole substrate can
be divided into two parts and each of them can be
resolved in the same way as below.

The conformal transformation includes two
steps.[7] Firstly, Schwartz–Christoffel transformation
is used to map the right part of SOI substrate:

t = cosh2

(
π · Z
2h

)
, where Z = x + jy. (1)

As shown in Figs. 4(a) and 4(b), t1, t2, t3, t4, t5
and t6 can be expressed as

t1 = cosh2 (0) = 1, t2 = cosh2
(πs

2h

)
,

t3 = cosh2

(
π (s + g)

2h

)
, (2)

t4 = t5 = ∞,

t6 = cosh2

(
π · (−jh)

2h

)
= 0. (3)

Secondly, the lower part of the T -plane is trans-
formed into a finite image internal Z domain by using
the following Christoffel–Schwartz transformation as
shown in Fig. 4(c):

W = u + jv = K (k) + K (k′)

=

t∫

1

A · dt√
t (t− t3) (t− t2) (t− t1)

, (4)

where K(k) is the complete elliptical integral of the
first kind with modulus

k =
sinh

(π · s
2h

)

sinh
(

π (s + g)
2h

) . (5)

When h →∞, then k ≈ s

s + g
,

where

K (k)
K (k′)

≈





1
π

ln

[
2
1 +

√
k

1−
√

k

]
, 0.707 ≤ k ≤ 1,

π

ln

[
2
1 +

√
k′

1−
√

k′

] , 0 ≤ k ≤ 0.707,
(6)

with

k′ =
√

1− k2. (7)

Therefore, the right half of the substrate is finally
mapped into the closed region in W -plane, and three

discrete parts of CPW are transformed into an inte-
grated one. Thus the capacitance and the conduc-
tance of the SOI substrate can be calculated by the
conformal mapping technique similarly.

2.2. Substrate capacitance

The results deduced in the previous section could
be extended to a multilayer substrate structure. The
multi-layer substrate is split into a several-single-layer
substrate according to the physical layout and line ge-
ometry as shown in Fig. 5. Consequently, the total
capacitance of CPW is the sum of the capacitances in
parallel, and is deduced by conformal transformations:

in Fig. 5(a),

C4 = 2ε0ε2
K (k4)
K (k′4)

, (8)

in Fig. 5(b),

C3 = 2ε0 (ε1 − ε2)
K (k3)
K (k′3)

, (9)

in Fig. 5(c),

C2 = 2ε0 (ε2 − ε1)
K (k2)
K (k′2)

, (10)

in Fig. 5(d),

C1 = 2ε0 (ε1 − ε2)
K (k1)
K (k′1)

. (11)

Fig. 5. Decomposition diagram of the substrate shown in

Fig. 2.

In addition, the capacitance induced by air di-
electric of upper part should be considered, and it can
also be obtained by mapping it into a finite rectan-
gular area in Z plane in the same way. And we use
h0 to describe the effect of the half plane above the
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CPW structure in free space, where h0 → ∞, so the
capacitance C0 is expressed as

C0 = 2ε0
K (k0)
K (k′0)

, (12)

with

k0 =
sinh

(
π · s
2h0

)

sinh
[
π · (s + g)

2h0

] |h0→∞ ≈ s

s + g
.

The total capacitance of CPW is the sum of the
partial capacitances and the capacitance of the air-
filled upper half space, i.e.,

C = C0 + C1 + C2 + C3 + C4. (13)

2.3. Substrate conductance

In semiconductor layers, dielectric loss and con-
ductance loss were characterised by loss tangeng
tan δε = ε′′ε/ε′ε and tan δ0 = (ε′′σ/ε′σ) = σ/ (ε0ε

′ω) re-
spectively, and the latter was transformed into σ =
ε0ε

′ω tan δ0.[8] Note that σ is proportional to ε′. As-
sume that the total line losses are small and the quasi-
transverse electronagnetic wave (TEM) approxima-
tion is suitable, then the conformal mapping technique
will be used to evaluate the shunt conductance of the
CPW on SOI substrate.

For SOI substrate, the SiO2 dielectric layer can be
treated as a semi-conductor layer with conductance
σ1 → 0. Then, the substrate conductance in Fig. 5
can be expressed as follows:

for Fig. 5(a),

G4 = 2σ2
K (k4)
K (k′4)

, (14)

for Fig. 5(b),

G3 = 2 (σ1 − σ2)
K (k3)
K (k′3)

, (15)

for Fig. 5(c),

G2 = 2 (σ2 − σ1)
K (k2)
K (k′2)

, (16)

for Fig. 5(d),

G1 = 2 (σ1 − σ2)
K (k1)
K (k′1)

. (17)

In view of the insulator of the air layer, the upper
half plane effect on the whole substrate conductance
is neglected, and the total substrate conductance is
calculated as

G = G1 + G2 + G3 + G4. (18)

The conductivity of SiO2 layer σ1=0 leads to

G = 2σ2

[
K (k4)
K (k′4)

− K (k3)
K (k′3)

+
K (k2)
K (k′2)

− K (k1)
K (k′1)

]
. (19)

2.4. Line inductance

The magnetic field profile of the present struc-
ture is nearly the same as that in the normal coplanar
waveguide, so the line inductance Ls of CPW on SOI
substrate can be described by the same expression as
that on the bulk silicon substrate through using the
conformal mapping technique,[9] i.e.,

Ls =
1

4c2ε0
· K (k′)

K (k)
, (20)

where k = s
s+g and k′ =

√
1− k2.

2.5. Line resistance

At high frequency, the current density distribu-
tion within semi-infinite conductor is not uniform, and
it is exponentially reduced from the surface to the cen-
tre, which is called skin effect. The skin depth can be
expressed as

δs =
1√

πµ0σf
. (21)

Line resistance and metal loss were deduced by
conformal mapping technique in the same way.[10,11]

For the line thickness t < 3δs, a simple approxi-
mation can be used to estimate the effective sheet
resistance:[12]

Rs =
1

σδs {1− exp (−t/δs)} . (22)

3. Comparison between measure-

ment and modeling

In order to validate suggested analytical model,
the S parameters of the equivalent circuit of CPW on
SOI substrate are compared with the S parameters
calculated by Advanced Drainage System (ADS) Mo-
mentum where the full-wave method is employed. As
shown in Fig. 6, the model can achieve the same accu-
racy as the full-wave method. Note that there exists
some mismatch in the low frequency, which is due to
the simplified substrate topology configuration.
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Fig. 6. Comparisons between S parameters : (a) S11, (b) S12, (c) S21, and (d) S22, obtained from full-wave

method and conformal mapping technique.

The values of equivalent elements, calculated by
the model, are compared with the results extracted
from the experimental data. The 1 µm oxide isolation
layer was deposited on the SOI substrate with a con-
ductivity of 0.02 S/m, then the 1 µm aluminum layer
was sputtered and patterned to form CPW structures.

Then HP 8722D network analyser was used to
measure S parameters of the CPW. Open-Short de-
embedding technology was employed to de-embed the
parasitic parameters.[13] The extracting values from
de-embed S parameters are compared with those cal-
culated from the model expressions (1)–(22).

The extraction process was discussed in detail in
Ref. [14].

e−γl =
{

1− S2
11 + S2

21

2S21
±K

}−1

, (23)

where

K =

{(
S2

11 − S2
21 + 1

)2 − (2S11)
2

(2S21)
2

}1/2

, (24)

Z2 = Z2
0

(1 + S11)
2 − S2

21

(1− S11)
2 − S2

21

=
(R + jωL)
(G + jωC)

. (25)

Then,

R = Re {γZ} , (26)

L = Im {γZ} /ω, (27)

G = Re {γZ} , (28)

C = Im {γ/Z} /ω. (29)

Using the expressions deduced in Section 2, the
values of equivalent elements are obtained and com-
pared with the extracted experimental values as shown
in Fig. 7.

It is found that the inductance, the capacitance
and the conductance of the CPW are almost inde-
pendent of frequency, and the resistance is dependent
on frequency. Higher resistance at higher frequency
is reflected by this model. Furthermore, the differ-
ence between the model and the experiment is accept-
able, and the element values calculated by this model
clearly predict the tendency of the extracted values.
However, some spikes and ripples in the low frequency
band cannot be ignored, and the main reasons are dis-
cussed as below.
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Fig. 7. Comparisons between the model and the experimental measurement for the four equivalent circuit

elements defined: (a) substrate capacitance Cd, (b) substrate conductance Gsub, (c) line inductance Ls, and (d)

line resistance Rm.

First, when the S parameters of the CPW are
measured, the error has been produced due to the con-
tact between the pad and the probe, and fluctuation
is unavoidable during measurement.

Secondly, the open-short de-embedding method
is used to extract the parasitic S parameters. In
this method a few more dummy structures are
used in a specific lumped-element circuit approxima-
tion, which reduces de-embedding accuracy at high
frequencies.[15] In the ADS momentum simulation, it
is found that most of the mismatches originate from
the de-embedding method.

Thirdly, some suppositions in the conformal map-
ping technique are ideal. In order to satisfy the con-
formal mapping conditions, it is assumed that two
ground planes on both sides of the central conductor
are infinite and the CPW is built on a substrate with
an infinite thickness. In fact, the ground plane width
and substrate thickness are finite, and the supposi-
tions bring the errors into line capacitance and shunt
conductance.

Finally, the four-element network can approxi-
mately present the electromagnetic mechanism be-
tween the CPW and the substrate, and back-stepping
to the values of the elements with the measured data
leads to an inaccuracy or abrupt change in two ends

of the frequency band as shown in Fig. 7.

4. Conclusion

A four-element network is used to present the
characterisation of the CPW on an SOI substrate,
which is staggered with insulated layers and semi-
conductor layers. The conformal mapping technique is
used to deduce the expressions of the capacitance and
conductance of SOI substrate, and then the S param-
eters of the four-element network are compared with
those obtained through the ADS momentum simula-
tion. The values of the four elements in the equivalent
network are extracted from the experimental S param-
eters, and compared with those calculated by the ana-
lytical model. It is found that the results from the an-
alytical model are in good agreement with those from
the full-wave method and experiment data, and that
the tendency of the extracted values can be clearly
predicted. Finally, the reasons of the mismatch are
analysed, and ADS momentum simulation indicates
that the de-embedding method give rise to the most
of mismatches. Consequently, this analytical model
allows a simple evaluation of the CPW on SOI sub-
strate, and also can be extended to other similar cases.
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