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Time-delay feedback control in a delayed dynamical
chaos system and its applications∗
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The feedback control of a delayed dynamical system, which also includes various chaotic systems with time delays, is

investigated. On the basis of stability analysis of a nonautonomous system with delays, some simple yet less conservative

criteria are obtained for feedback control in a delayed dynamical system. Finally, the theoretical result is applied to a

typical class of chaotic Lorenz system and Chua circuit with delays. Numerical simulations are also given to verify the

theoretical results.
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1. Introduction

Chaos phenomena are widespread in the real
world. Apparently, chaos phenomena are irregular,
but their regular innate character has been gradually
revealed. Because of the complexity of the chaos phe-
nomenon, people always expect to find some way to
control the unstable periodic track of the chaos sys-
tem so that it fits an expected track of stability. By
understanding the nature of chaos and the value of
its wide-ranging applications in various fields, con-
trol of chaos and synchronization research has rapidly
developed.[1,2] Recently, control of chaos has been
the subject of a wide variety of studies within sci-
ence and technology communities.[3−5] Feedback con-
trol is one of the most interesting forms of chaotic
control and a wide variety of approaches have been
proposed for it, including: linear and nonlinear feed-
back controls, time-delay feedback control and many
others.[6−8] However, to the best of our knowledge,
the aforementioned methods and many other existing
control schemes mainly address the control of systems
without delays. This feature obviously restricts the
complexity of a large class of delayed chaotic systems.

Systems with time delays are fairly ubiquitous in
nature. The time delays are usually caused by finite
signal transmission speeds and memory effects.[9−11]

While many chaotic models are developed in physics,
it is believed that those found in economics and bi-
ology are formulated in terms of coupled nonlinear
oscillators. Time delay plays an important role in

controlling such chaotic oscillators. However, litera-
ture dealing with the chaotic control of coupled sys-
tems with time delays appears to be scarce due to
the difficulties associated with the timely and effec-
tive control of delayed dynamical systems. Moreover,
most of the developed methods are valid only for those
chaotic systems with autonomous feedback control.
However, in practical situations, the control results
of some systems cannot be exactly known and the ef-
fect of these uncertainties may actually destroy control
results.[12−14] Therefore, it is essential to investigate
the control of chaotic systems and in a way that is dif-
ferent from that of previous investigations. In this pa-
per, we shall focus on a controller with delays. To this
end, the theoretical results will be applied to a typical
class of chaotic Lorenz system and Chua circuit with
delays. Numerical simulations are also presented to
demonstrate the effectiveness of the approaches.

2. Design of controller

In this paper, we consider an n-dimensional de-
layed dynamical system, which is described by the
following differential equations with delays, each of
which being a delayed dynamical equation:

ẋ = Ax(t) + f(x(t)) + Dx(t− τ). (1)

Here, xi(t) = (x1(t), x2(t), . . . , xn(t))T ∈ Rn is the
state of the system, R denotes the set of real num-
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bers, Rn = R×R× · · · ×R︸ ︷︷ ︸
n

. For u ∈ Rn, uT de-

notes its transpose. The norm of a vector u is defined
as ||u|| = (uTu)1/2. Rn×n are n × n real matrices.
f : R × Rn −→ Rn is a continuously differentiable
function with respect to the variable. τ is the delay
and the constant matrix D = (dij)n×n is the influenc-
ing factor of the delayed variable. The initial condition
is xt(0) = φ(s), where τ ∈ (0,+∞), s ∈ [−τ, 0], and
φ(s) ∈ C([−τ, 0],Rn). The system with a feedback
controller can be constructed as follows:

ẋ(t) = Ax(t) + f(x(t)) + Dx(t− τ)

− B(t)x(t− τ) + u(t), (2)

where x, u ∈ Rn, and −B(t)x(t − τ) + u(t) is
the nonautonomous feedback controller, B(t) =
(bij(t))n×n, | dij − bij(t) |≤ mij , M is a reversible
matrix. The feedback controller −B(t)x(t− τ) + u(t)
satisfies u(t) = Kx(t) + θ∂V T/∂x.

Remark 2.1 Many famous chaotic systems can
be formulated in terms of system (1), such as a typi-
cal class of a chaotic Lorenz system and a Chua circuit
with delays.

Statement 2.1 (Zhou and Chen,[15] Thomas and
Morari[16]) Let Q and R be two symmetric matrices,
then 

 Q S

ST R


 > 0

is equivalent to R > 0, and Q− SR−1ST > 0.
By the statement, we can know, if 1 <

λ < 2, | dij − bij(t) |≤ (mij)n×n, and M =
(mij)n×n, i, j = 1, 2, . . . , n, then we will obtain

that −xT(t)P [D − B(t)]x(t − τ) − xT(t − τ)[D −
B(t)]TPx(t) + xT(t − τ)Qx(t − τ) + λxT(t)P [D −
B(t)]Q−1[D −B(t)]TPx(t) > 0.

3. Feedback control of delayed

dynamical systems

In this section, we focus on the stability analy-
sis of delayed dynamical system (2). It is clear that
the stability of a controlled system is related to the
inner connecting matrix A, the coefficient matrix D,
the coupling time delay τ ∈ (0,+∞) and the feedback
controller −B(t)x(t− τ) + u(t).

To obtain the feedback control of the delayed dy-
namical systems, we can define parameters θ and θ as
follows:

Let
V (x) =

1
2
(xT(t)Px(t)),

θ =
r∑

i=1

β2
i ||x(t)||2i−2

4γi
,

θ
′
t = −1

l

∥∥∥∥
∂V T(x)

∂x

∥∥∥∥−
r∑

i=1

β2
i

4γi
(2i− 2)

∥∥∥∥ x(t)
∥∥∥∥

2i−3∥∥∥∥x

∥∥∥∥
′

t

.

Consider the following Lyapunov candidate:

L =
1
2
(xT(t)Px(t)) +

1
2
l(θ + θ)2

+
1
2

∫ t

t−τ

xT(s)Qx(s)ds.

Taking the differential of L with respect to t and
following system (2), we obtain,

dL(x(t))
dt

∣∣∣∣
(2)

= xT(t)Pẋ(t) + l(θ + θ)(θ
′
t + θ′t) +

1
2
(xT(t)Qx(t)− xT(t− τ)Qx(t− τ)).

Substituting Eq. (2) and controller u(t) = Kx(t) + θ∂V T/∂x into equation dL(x(t))/dt|(2) yields

dL(x(t))
dt

|(2) =
1
2
xT(t)P (2A + 2K + P−1Q)x(t) + l(θ + θ)(θ

′
t + θ′t) +

1
2
(2xT(t)P (D −B(t))

× x(t− τ)− xT(t− τ)Qx(t− τ)) + xT(t)Pf(x(t)) + xT(t)Pθ
∂V T(x)

∂x
.

Then, substituting ||f(x)|| <
∑r

i=1 βi||x||i into the above equation, and using V (x) = (xT(t)Px(t))/2, we
obtain,

dL(x(t))
dt

|(2) <
1
2
xT(t)P (2A + 2K + P−1Q)x(t) + l(θ + θ)(θ

′
t + θ′t) + θ

∥∥∥∥
∂V T(x)

∂x

∥∥∥∥
2

+
∥∥∥∥

∂V T(x)
∂x

∥∥∥∥
r∑

i=1

βi||x(t)||i +
1
2
λ xT(t)P (D −B(t))Q−1(D −B(t))TPx(t).
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Taking the symmetric part of A and using As = (A + AT)/2: symmetric part of A, we have

dL(x(t))
dt

∣∣∣∣
(2)

≤ 1
2
xT(t)P (A + K + λMQ−1MTP )x(t) +

1
2
xT(t)P (As + K

+P−1Q)x(t) +
r∑

i=1

γi||x(t)||2.

Then, taking the minimum eigenvalue of the P and the maximum eigenvalue of the E, As +K +P−1Q =
E < 0, where A,K,Q,E,P are n× n matrices, with K < 0 and being a constant matrix or a variable matrix,
P and Q being positive definite diagonal matrices.

dL(x(t))
dt

|(2) ≤
1
2
xT(t)P (A + K + λMQ−1MTP )x(t) +

r∑

i=1

γi||x(t)||2 +
1
2
λmin(P )λmax(E)||x(t)||2,

where we have L̇ < 0, which means that if
1 < λ < 2, P [D − B(t)]Q−1[D − B(t)]TP ≤
PMQ−1MTP, PAs = (PA)s, ||f(x)|| < ∑r

i=1 βi||x||i,
λmin(P )λmax(E)/2 +

∑r
i=1 γi < 0 and A + K +

λMQ−1MTP < 0, then we obtain the time-delay
control method of the system (1).

Remark 3.1 If D is a reversible matrix and K

is an arbitrary matrix, then the controller can be re-
placed by −B(t)x(t) + u(t).

4. Application examples and sim-

ulation results

As an application of the above theoretical crite-
ria, the feedback control of a chaotic system with time
delay is discussed in this section. Numerical examples
are given to verify and also visualize the theoretical
results.[17,18]

Example 4.1 As is well known, the Lorenz equa-
tion has become a classic and popular model for the
analysis of nonlinear phenomena. It has also been in-
tensively investigated in the last two decades due to its
intrinsic and complex nonlinear dynamical behaviours
such as its fractal basin boundary between compet-
ing attractors, hopping cross-well chaotic states and
so on.[19,20] We now consider a Lorenz system with
delays as follows:

ẋ1 = −a(x1 − x2)− e1x1(t− τ), (3)

ẋ2 = (b− x3)x1 − x2 − e2x2(t− τ), (4)

ẋ3 = x1x2 − cx3 − e3x3(t− τ), (5)

where parameter ei is the coefficient of the variable
with delays. Let D = diag(e1, e2, e3). In Fig. 1, we
obtain that the solution trajectory of system (3)–(5)

is chaotic attractor by numerical simulation. So the
Lorenz system with delays is also a chaotic system.
The Lorenz system with delays can be formulated in
terms of system (1), so we can use the above method
to control it.

Fig. 1. Butterfly-effect chaotic attractor (3)–(5) with the

parameters a = 16, b = 45.92, c = 4 and τ = 1.

Remark 4.1 In Fig. 1, the system exhibits
chaotic behaviour at parameters a = 16, b = 45.92,
c = 4, e1 = 1.2, e2 = 0.75 and e3 = 1 when the start-
ing value is [0.01, 0.03, 0.002]. x1, x2, x3 constructs a
famous butterfly-effect chaotic strange attractor, see
Fig. 1.

Due to the condition of the above method, A +
K+λMQ−1MTP < 0,K < 0, λmin(P )λmax(E)/2+∑r

i=1 γi < 0, and | dij − bij(t) |≤ mij , are all
satisfied, where A is an arbitrary constant matrix,
||f(x)|| ≤ ∑r

i=1 βi||x(t)||i(r = 2), and let P and Q

be diagonal matrixes in which all the elements of the
principal diagonal are 1. If K is small enough, the
above conditions can be satisfied. | ei − bi(t) |≤ mi,
B(t) is chosen as diag(b1(t), b2(t), b3(t)), M is chosen
as diag(m1,m2,m3), and mi is a constant.By choos-
ing B(t), we can control M to make mi be between 0
and 1.5. In the above system, we can add the feedback
controller as follows:

B(t)x(t− τ)
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= diag(0.0002, 0.0001, 0, 00015) sin(t)x(t− τ), (6)

u(t)

= −diag(0.02, 0.02, 0.02) exp(t)x(t). (7)

It is shown in Eqs. (6) and (7) that u(t) and B(t)
are the coefficients of the controller, u(t) is the con-
troller without time delay and B(t) is the coefficient
of the controller with delay.

It can be observed from Fig. 2 that by adding the
controller −B(t)x(t− τ) + u(t) the controlled system
with delays achieves stability. It is shown that the
feedback control of the delayed dynamical system is
very effective.

Fig. 2. Time response of the state variables in the delayed

dynamical system in time interval [0,14], τ = 1.

Example 4.2 It is well known that Chua’s cir-
cuit is an extremely simple system, but one that ex-
hibits complicated dynamics of bifurcation and chaos,
and is therefore a famous chaotic system. When we
add time delays into Chua’s circuit, it becomes a time-
delay system as given by

ẋ1 = p1(x2 − x1 − f(x1))− d1x1(t− τ), (8)

ẋ2 = x1 − x2 + x3 − d2x2(t− τ), (9)

ẋ3 = −p2x2 − p3x3 − d3x3(t− τ). (10)

Here, the system exhibits chaotic behaviour at pa-
rameters p1 = 10, p2 = 15, p3 = 0.0385, and D =
diag(d1, d2, d3). The contact function is denoted as
f(x), a and b are parameters of function f(x), where
a = −1.27, b = −0.68 and

f(x) = bx +
1
2
(a + b)(| x + 1 | − | x− 1 |). (11)

We can see that the time-delayed system is also a
chaotic system by obtaining the solution trajectory of
systems (8)–(10) through numerical simulation. The
solution trajectory is shown in Fig. 3.

Fig. 3. Double-scroll chaotic attractor of Chua’s circuit

(8)–(10), τ = 1.

Using the above method, it is easy to show
that Chua’s circuit with delays satisfies A + K +
λMQ−1MTP < 0, | dij − bij(t) |≤ mij ,
λmin(P )λmax(E)/2 +

∑r
i=1 γi < 0 and K < 0.

Here, A is an arbitrary constant matrix, ||f(x)|| ≤∑r
i=1 βi||x(t)||i(r = 1), and let P and Q be diago-

nal matrixes in which all the elements of the princi-
pal diagonal are 1. If K is small enough, the above
conditions can be satisfied. | di − bi(t) |≤ mi, B(t)
is chosen as diag(b1(t), b2(t), b3(t)), M is chosen as
diag(m1,m2,m3), mi is a constant, and 0 < mi < 1.8.
By choosing B(t), we can control M . We can easily
construct the feedback controller as follows:

u(t)

= −diag(0.02, 0.02, 0.02) exp(t)x(t), (12)

B(t)x(t− τ)

= diag(0.0002, 0.0001, 0, 00015) sin(t)x(t− τ). (13)

Taking the initial conditions of the delayed system
and the unknown parameters of the controlled sys-
tem as follows: φ(s) = [0.1, 0.13, 0.04]T, s ∈ [−τ, 0];
d1 = 1.5, d2 = 1 and d3 = 0.6, the numerical sim-
ulations show that feedback control is successfully
achieved.

The simulation results are displayed in Fig. 4,
where we can see that the system quickly becomes
stable. The above numerical simulations were done
using the Delay Differential Equations (DDEs) Solver
in Matlab. The conclusion is obviously consistent with
the theoretical results of this paper. Therefore, the ap-
proaches developed here further extend the ideas and
techniques presented so far in the literature.
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Fig. 4. Time response of the state variables in the delayed

dynamical system in time interval [0,14] and at τ = 1.

5. Conclusions

In this paper, we have further investigated the
nonautonomous control dynamics of a general model

of complex delayed dynamical systems. Some simple,
yet less conservative, criteria for delay-independent
feedback control of the systems have been derived an-
alytically. The obtained results have been applied to
some typical chaotic systems with delays. Both the-
oretical and numerical analyses indicate that under
some conditions, if the appropriate matrices are se-
lected, the nonlinear chaotic systems can be stable
under feedback control. To this end, the theoretical
results can be applied to a typical class of chaotic de-
layed system. Numerical experiment shows the effec-
tiveness of the proposed methods. A possible appli-
cation of the proposed methods is in secure energy
transportation. It is believed that these techniques
are essential to chaos economic systems in practical
design and engineering applications.
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