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The Hirota bilinear method for the coupled Burgers
equation and the high-order Boussinesq—Burgers
equation®
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This paper studies the coupled Burgers equation and the high-order Boussinesq—Burgers equation. The Hirota
bilinear method is applied to show that the two equations are completely integrable. Multiple-kink (soliton) solutions
and multiple-singular-kink (soliton) solutions are derived for the two equations.
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1. Introduction

It is well known that the multi-soliton solutions
of completely integrable evolution equations can be
obtained using three different methods:!'=8! the in-
verse scattering method, the Béacklund transformation
method and the Hirota bilinear method. However,
the Hirota bilinear method!®~'4 is rather heuristic
and gives multiple soliton solutions for a wide class
of nonlinear evolution equations. Other methods are
also used in Refs. [15]-[22] to the handle nonlinear
evolution equations for single soliton solutions.

In this paper, we study the following coupled
Burgers equation:

U + oty + Bvvg + Yigr =0,
v + 0(uv) gy + YUz = 0, (1)

where «, (3, v, § are arbitrary constants, and the high-
order Boussinesq—Burgers equation is given by

3 1
uy — 30uuy + ~0(Uv)y — ~OUgze = 0,

2 4
3
vy + 200V — 30 (u?v) 4 + 30Uz Uz
+ L =0 (2)

where ¢ is an arbitrary constant.

The objectives of this paper are twofold. First, we
apply Hirota’s bilinear method to two equations. Sec-
ondly, we establish multiple-kink (soliton) solutions
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and multiple- singular-kink (soliton) solutions in or-
der to confirm that the two equations are completely
integrable.

2. The Hirota bilinear method

N-soliton solutions can be obtained by following
these main steps:
(i) for the dispersion relation, we use

u(z,t) = %, 0; = kix — cit; (3)

(ii) next we substitute the single soliton solution

w(z,t) = R {arctan (f (z’t))L

g(x,t)
- rlg ()
u(z,t) = R[In f(z,1)]_
_ple
=5 (5)
or
_ £2

u(z,t) = R[lnf(x,t)]m - Rfffw}isz (6)

into the equation under discussion to determine R,
where

flz,t) =1+ fi(x,t) =1+ e%; (7)
(iii) for a single soliton, we use

fla,t) =1+ e (8)
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(iv) for two-soliton solutions, we use
fl@,t) =1+ e 4 e + ape” 7% (9)
(v) for three-soliton solutions, we use

fz,t) = 14 % 4 % 4+ &% 4 aypehr T2
+ a3 ef110s =+ a23692+93

+ byog ef1+02+605 (10)

If the obtained result shows that bis3 = ai2a130a03,
then the equation gives IN-soliton solutions and the
equation is integrable.

However, for multiple singular soliton solutions,
we apply the following steps:

(i) for a dispersion relation, we use
u(z,t) = %, 0; = kjx — cit; (11)

(ii) next we substitute the single soliton solution

w(z,t) = R {arctan (f (”“"’t))L

g(x1)
- Rif”}gz ;J;fg”, (12)
u(z,t) = R[In f(z,t)] = Rf—;, (13)
or
g2
u(z,t) = R[In f(z,t)] = Rffm}ff”’ (14)

into the equation under discussion to determine R,
where

flz,t) =1— fi(z,t) =1— e%; (15)
(iii) for a single soliton, we use
flz,t)=1—e%; (16)
(iv) for two-soliton solutions, we use
flr,t) =1—e% — &% 4 g1y 102, (17)

(v) for three-soliton solutions, we use

flz,t) =1— e — P2 — % 4 gy t02
+ a3 ef110s 4 a23692+93

_ b123601+92+03. (18)

Other approaches will also be used for the multiple
singular soliton solutions, as will be examined later.

3. The coupled Burgers equation

3.1. Multiple-kink solutions

Substituting the following equations

u(x,t) = Aekiz=eit,

v(x,t) = Beliz=eit (19)
into Eq. (1) we obtain the dispersion relation
Ci = 77%‘27 (20)
as a result we have
0; = kix — ykit, (21)

where A, B are constants. Using the Cole—Hopf trans-
formation method, we assume that the multiple-kink
solutions of Eq. (1) are

u(z,t) = Ri(In f), = Rl%v
v(z,t) = Ro(In f), = R2f717 (22)

where f(z,t), for single-kink solutions, is given by
Fla,t) =1+ et =14 ehrz—7hit, (23)

Substituting Eq. (23) into Eq. (22), using the result
from Eq. (1), and solving it for Ry and Ry we find

R1:%7
v 20—«
=4+ 24
Ry 5 3 (24)

This means that for the single-kink solution we set
flat) =1+ e =14 ehro-7hit, (25)

Substituting Eq. (25) into Eq. (22) we obtain the

single-kink solutions

vk ekiz—vkit

5(1 + eklx—'ykft)

Y [20—a Kk ekiz—kt
’U(Qf,t) - ig ﬁ (1 + ekwc*’vk%t) ' (26)

For two-kink solutions we set

u(z,t) =

b

flz,t) = 14 e + e 4 appehr 102
=14+ ekrlzrf'ykft + ekgwf’ykgt

+ a12e(k1+k2)$*7(k5+k§)t. (27)

Using Eq. (27) in Eq. (22) and substituting the result
in Eq. (1), we obtain the phase shift by

a1 = 0, (28)
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and hence we set

The two-kink solutions are obtained by substituting
Egs. (28) and (27) into Eq. (22),

u(z,t)
2 2
- v kl eklzf'yklt —|—k’2 ekg:bf’kat

K} (1 + eklzf'ykft 4 ekgmfﬁykgt)7

v(x,t)

o 29 — o kl eklw—'ykft + kg ekgm—’ykgt
= :‘:g 6 <1+ ekla;—'yk;ft + ekaD_"/kgt) .

(30)

For three-kink solutions, we set

flz,t) =1+ el 4 ef2 4 o
1+ eklx—'ykft_’_ ekgx—'ykgt

+ eksr—kit, (31)

Proceeding as before, we find that the three-kink so-
lutions are given by

u(x,t)
ol ky ekmt—’yk%t + ks ekgm—'ykgt + kgekgx—'ykgt
= g (1+ ekmﬁ—’yk’%t_’_ ekgx—'yk,f,t_’_ eksﬂc—’yk%t)

v(x,t)

)

v 20 —«
::l:f
0 B

kl ekle'ykft 4 k2 ekgwf'ykgt 4 kg ekngfykgt

(1 + eklwf’ykft 4 ekzasf'yk:gt + ekg:vf'ykgt) !
(32)

The three-kink solutions are obtained by substitut-
ing Eq. (31) into Eq. (22). This shows that Eq. (1)
is completely integrable and N-kink solutions can be
determined for u(x,t) and v(z,t), for finite N, where
N > 1. Based on Eq. (32), we can set the general kink
solutions as

N
Z k; ekia:—'yk’?t
u(x,t) = % =1

N 5 ’

i=1
N k k2t
ki iT—YR;
v [20 —« i; i
v(z,t) = :I:g ~ ,
ﬁ (1 + Z ek:m:'yk??f)
i=1
N> 1. (33)

3.2. Multiple-singular-kink solutions

Proceeding as before, we find the dispersion rela-

tion
S (34)
and obtain
0; = kyx — yk2t. (35)

Using the Cole-Hopf transformation method, we as-
sume that the single- singular-kink solutions of Eq. (1)

are
— T
w(z,t) = Ri(In f)y = Ry 2%,
f

v(z,t) = Ry(In f), = RQ% (36)
where f (:C, t), for the single-singular-kink solutions, is
given by

f(l',t) =1- e91 =1 eklw—'ykft. (37)

Substituting Eq. (37) into Eq. (36), using the result
from Eq. (1), and solving for Ry and Ry we find

_
Rl 57
v 20—«
= if
Ry 5 3 (38)

Substituting Eq. (37) into Eq. (36) gives the single-
singular-kink solutions
'Ykl eklwf'ykft

5(1 _ ekle'yk:ft) ’

v 26 —a ki ek =kt
=+, .
v(z,?) 0 Ié; (1 _ eklx—'ykft) (39)

For two-singular-kink solutions we set

u(x,t) = —

01+02

flz,t) =1- e — e 4 ap5e

-1 eklx—'yk'ft _ ekg;c—'ykgt

+ aqp ekrtk2)e—y(ki+k3)t (40)
Using Eq. (40) in Eq. (36) and substituting the result
into Eq. (1), we obtain the phase shift

a2 =0, (41)
and hence we set

aij:0,1§i<j§3. (42)

The two-singular-kink solutions are obtained by sub-
stituting Egs. (41) and (40) into Eq. (36), where we
find

2 2
v k'l eklz—'yklt + k‘g eka—’ka
) (1 _ eklm—'ykft _ ekgx—’ykgt)’

u(z,t) =
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~ 25 — o kl eklw—'ykft 4 kg ekgm—’ykgt

v(z,t) = £= 5 —.
) ﬂ (1 _ eklw—'yklt . ekgz—'ykzt)

(43)

For three-singular-kink solutions, we set

flz,t) =1— el — ef2 _ 03

=1— eklw—’yk%t

2 2
o ekng'yl%t o ek3x77k3t'

(44)

Proceeding as before, we find the following three-

singular-kink solutions:

2 2 2
v kl eklzkarlt + k2 ek:gxfwl%t + kgelcg:rf'ykﬁ

Based on the last result, we can set the general singular-kink solutions as

N 5
ki ekim—'ykit
=1

U(Z‘,t) = g (1 _ ekla:f'yk:%t _ ekgxf'ykgt _ ekgrf'yk:%t) ’
25 —ak kiz—ykit k kox—~k3t k kzz—~k3t
v(@,t) = el akie +roe +r3€ . (45)
) ﬂ (1 _ eklm—’yk%t _ ekzm—'ykgt _ ek;;m—'ykgt)
N>1. (46)

g: k. eki.’])—’)’k’-zt
Y 1= Yy 26 — i=1 ’
u(z,t) = ——< ~ , vz, t) =+— ~ ,
) (1 - ekim—“*k?t> o8 (1 S ekiz—vk%t)

i=1

4. The high-order

Burgers equation

Boussinesq—

4.1. Multiple-kink (soliton) solutions

Substituting the following equations

u(z,t) = AeMi®=¢t y(x, t) = Beri®=t  (47)

into Eq. (2) we obtain the dispersion relation

ok}
=24 18
Ci 4 (48)
as a result we obtain
k3

92» = k’i.’I} + 0-41 t, (49)

where A, B are constants. The single-kink (soliton)
solutions of Eq. (2) are assumed to be

u(z,t) = Ri(In f), = 31%7
Jfoz = 12
2

where f(x,t), for the single-kink (soliton) solutions, is

’U(x,t) = R2(1n f)mv =Ry (50)

given by

Flo,t) =1+ eft = 14 elotlek?/at (57

Substituting Eq. (51) into Eq. (50), using the result
from Eq. (2), and solving for Ry and Ry we find

1 1
Ri=+=, Ry=—=.

2’ 2 (52)

i=1

This means that for the single-kink (soliton) solutions
we set

Flat) =1+ e =14 hzt@k/r - (53)

Substituting Eq. (53) into Eq. (50) gives the single-
kink (soliton) solutions

ky ekizt+(ok?/4)t
) (1 + eklz+(ak§’/4)t)’

k% ek17;+(okf/4)t

u(z,t) =+

v(x,t) = — (54)

2(1+ ek1r+<ak§/4>t)2'
For two-kink (soliton) solutions we set

1+ e + e® 4+ ajpe 0
14+ ek1z+(ak‘;’/4)t + ek2z+(0k§/4)t

f(z,1)

+ a12e(k1+k2)$+(0(ki’+kg’)/4)t. (55)

Using Eq. (55) in Eq. (50) and substituting the result
into Eq. (2), we obtain the phase shift
a2 =0, (56)

and hence we set
a;; =0, 1<i<j<3. (57)

The two-kink (soliton) solutions are obtained by sub-
stituting Eqs. (56) and (55) into Eq. (50),
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ky ekiz+(ok?/4)t + ko ek2z+(ok3/4)t
2(1 4 ek1x+(0ki’/4)t + ekgz+(ak3/4)t)’

u(z,t) = £

k2 okiz+(ok} /4t 4 2 ehazt(ok3 /At (k1 — ks)? e(k1tk2)z+(o (k] +k3) /4)t

v(x,t) = - 2 (58)
2 (1 + ek1x+(aki”/4)t 4 ek2m+(ak§/4)t)
For three-kink (soliton) solutions, we set
_ 6, 62 03 _ kiz4(okS /4)t koz4(ok3 /4)t ksz+(oks /4)t

flz,t)y=1+e"" 4+ e+ e 1+ e +e + e . (59)

Proceeding as before, we find that the three-kink (soliton) solutions are

. k1 eklm-‘r(ak?/él)t + ko ekgz-‘r(akg/él)t + k36k3I+(0k§/4)t
u(z,t) = 5 (1 + eket(@kI /DL 1 ghaat (TR /DE | ghaa+(oh3/ D1’
SD k2Rt S ()2 etk )e k) /408

() = =l 1§i<;‘§3 ! . (60)

2 (1 +3 ekix+(ak§/4)t>

i=1

The three-kink (soliton) solutions are obtained by substituting Eq. (59) into Eq. (50). This shows that Eq. (2)
is completely integrable and N-kink (soliton) solutions can be determined for u(z,t) and v(z,t), for finite N,
where N > 1. Based on Eq. (60), the general kink (soliton) solutions can be set as

u(z,t) = £——— ,
2 (1 + Z ekiz+(ak?/4)t>

=1

N .
L, okiz+(ok] /4)t
1
=1

N : k) )at (o (4
S R2kaHER D | S (= k)2 okt e ok /)t
i=1 1<i<j<N

N 2

i=1

v(z,t) = — (61)

\
4.2. Multiple-singular-kink (soliton) so-  Substituting Eq. (65) into Eq. (64), using the result

lutions from Eq. (2), and solving for Ry and Ry we find
Proceeding as before, we find the dispersion rela- R il
tion Ty
: 1
ok} - __
o =-7, (62) o=y (%)
and obtain Substituting Eq. (65) into Eq. (64) gives the single-
0, = kix + ok} " (63) singular-kink (soliton) solutions
1 1 4 .
The single-singular-kink (soliton) solutions of Eq. (2) Aot ky eF1a+(oki /4t
are assumed to be ul@,t) = 9 (1 _ eklz+(ak§/4)t) ’
fﬂC 2 kix 3
= = — k 1‘L+(0k /4)t
u(z,t) = Ri(In f), = Ry R o) = Te 1 N (67)
Fhan— f2 ) (1 _ ek1x+(akf/4)t)
v(z,t) = Ro(ln f)ye = Rg%, (64)
/ For two-singular-kink (soliton) solutions we set
where f(z,t), for the single-singular-kink (soliton) so-
lutions, is given by flz,t) =1- et — o2 ais el 102
flz,t)=1—e" =1- ek1zt(oki/Nt. (65) — 1 _ eket(oki/t _ Gkazt(ok3/a)t
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+ ayy eFrtha)et (o (Ri+k2)/4)t, (68)  and hence we set
=0, 1<i<j<3. 70
Using Eq. (68) in Eq. (64) and substituting the result i v (70)
from Eq. (2), we obtain the phase shift The two-singular-kink (soliton) solutions are obtained
by substituting Eqs. (68) and (69) into Eq. (64), where

a2 =0, (69)  we find

ky ek1m+(0k‘?/4)t + ko ek2$+(akg/4)t
2 (1 _ ek1w+(ak§/4)t _ ek2w+(akg/4)t) ’

u(x,t) =+

B k% eklx+(ak§/4)t + k% ek2m+(ok§/4)t — (ky — 1412)2 e(k1+k2)m+(a(k§+k§)/4)t

v(x,t) = 3 (71)
2 (1 _ ek1w+(ak‘;’/4)t _ ek2$+(ok§’/4)t)
For the three-singular-kink (soliton) solutions, we set
flz,t)y=1- el el _ o0 1 _ ek1m+(akf/4)t o ekgz+(akg/4)t _ ek3x+(akg/4)t' (72)
Proceeding as before, we find that the three- singular-kink (soliton) solutions are
3 .
Z k, ekim+(akf/4)t
i=1
u(z,t) =+ 3 ,
201 = Z ekiw+(ak?/4)t7>
3 . 540 (73)
Z k,l? eki:v—&-(cfk; /4t _ Z (kz _ kj)2 e(ki+kj)z+(a(ki+kj)/4)t
i=1 1<i<5<3
v(x,t) = 3 2
2 (1 -3 ekim+(0k?/4)t>
i=1
Based on the last result, general singular-kink (soliton) solutions can be set as
N 3
k; ekix+(0’ki /4)t
i=1
u(z,t) = £ ~ ,
2 (1 _ Z eklw+(ak?/4)t>
i=1
o 2 kiz+(okd/4)t 2 (kitk;)z+(o (kP +k3)/4)t
2, i et _1<AZ<N(’% — kj)? ettty o
v(z,t) = = J<jvf . ., N>1. (74)
2 <1 -3 ek,;a:+(ak§/4)t>
i=1
\
5. Discussion (soliton) solutions. The results obtained for the phase
shift a;; show that the system is resonance free.
The Hirota bilinear method is applied to empha-
sise the integrability of the coupled Burgers equation
and the Boussinesq—Burgers equation. Multiple-kink Acknowledgments
(soliton) solutions and multiple-singular-kink (soliton)
solutions are formally derived. The analysis confirms The authors would like to express sincere thanks
the fact that certain equations that have N-kink (soli-  to referees for their valuable suggestions and com-

ton) solutions simultaneously have N-singular kink  ments.
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