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1. Introduction

The conserved quantity of a dynamic system (or
the first integral) is not only important in mathemat-
ics, but also reflects the profound nature of physics.
In 1918, Noether revealed the potential relationship
between conserved quantities and symmetry:[1] each
type of symmetry corresponds to a conservation law
and there always is a conserved quantity. Over the
past two decades, Noether’s theorem has been exten-
sively studied by mechanics researchers and brought
about many important research results.[2−11]

In 2002, Luo[12] combined generalized classical
mechanics and nonholonomic mechanics, which was
developed independently more than 100 years ago, to
create a generalized nonholonomic mechanical system.
The variational principles and differential equations
of motion of the system are given. The integral vari-
ants and the Poincaré–Cartan-type and Poincaré-type
integral invariants are also obtained. Li et al.[13,14]

studied the canonical symmetry and the Poincaré–
Cartan integral invariant of a constrained singular
generalized mechanical system. In the present paper,
we study Noether’s theory of generalized linear non-
holonomic mechanical systems. By introducing the
quasi-symmetry of an infinitesimal transformation of
the r–parameter transformation group, we establish
the Noether theorem and the Noether inverse theo-
rem for the system. Finally, an example is presented
to illustrate the use of the result. Because the gen-
eralized nonholonomic mechanical systems hold for

both generalized classical mechanics and for first-order
to higher-order nonholonomic mechanics, the solution
given in this paper has more universal significance
than those given in previous studies.

2. Motion differential equation

Consider that a generalized linear nonholonomic
mechanical system consists of n degrees of freedom,
and suppose that its configuration is specified by the
n generalized coordinates qs (s = 1, · · · , n), where its
motion is subjected to k-order linear nonholonomic
constraints:

fβ

(
t, qs, q̇s, · · · ,

(k)
qs

)
= 0, (β = 1, 2, · · · , g) . (1)

The virtual displacement of the generalized com-
pound derivative space satisfies the generalized non-
holonomic mechanics Qegaev definition,[12]

n∑
s=1

k∑
m=1

∂fβ

∂
(m)
qs

δ
(m−1)

qs = 0, (m = 1, · · · , k) , (2)

δt = 0, δ
(m−1)

qs 6= 0, (m = 1, · · · , k) . (3)

In accordance with Ref. [12], the Routh equation
of the system can be written in the form

k∑
m=1

(−1)m+1 dm

dtm


 ∂L

∂
(m)
qs


− ∂L

∂qs
= Λs, (4)
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Λs =
k∑

m=1

Λm
s =

g∑

β=1

k∑
m=1

λm
β

∂fβ

∂
(m)
qs

, (s = 1, . . ., n). (5)

Now we introduce generalized momentum and the Hamiltonian[15]

ps/m =
k−m∑

j=0

(−1)j dj

dtj
∂L

∂
(j+m)

qs

, (6)

H

(
(m−1)

qs , ps/m, t

)
=

n∑
s=1

k∑
m=1

ps/m

(m)
qs −L. (7)

The motion equation of the system in canonical form is given as

(m)
qs =

∂H

∂Ps/m
, ṗs/m = − ∂H

∂
(m−1)

qs

+ Λ̃s, (s = 1, · · · , n; m = 1, · · · , k) , (8)

Λ̃s

(
(m−1)

qs , ps/m, t

)
=

g∑

β=1

k∑
m=1

λm
β

(
(m−1)

qs ,
(m)
qs

(
(m−1)

qs , ps/m, t

)
, t

) 
 ∂f̃β

∂
(m)
qs


 , (9)

where Λ̃s is the result obtained by substituting
(m)
qs into

(
(m−1)

qs , ps/m, t

)
of Λs, which represents the generalized

nonholonomic constraint reaction force and λm
β is the generalized Lagrange constraint multiplier.

Let[16,17]

aµ =





(m−1)
qs , (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) ,

ps/m, (µ = (2m− 1) n + s; m = 1, . . . , k; s = 1, . . . , n) ,
(10)

Rµ =





ps/m, (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) ,

0, (µ = (2m− 1) n + s; m = 1, . . . , k; s = 1, . . . , n) .
(11)

Hence, Eqs. (1), (2) and (3) and the Λ̃s which appears in Eq. (8) can be expressed as follows:

f̃∗β (t, aµ) = 0, (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) , (12)

2nk∑
µ=1

∂
↼

f∗β
∂aµ+2n

δaµ = 0, (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) , (13)

δt = 0, δaµ 6= 0, (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) , (14)

Λ̃∗s =
g∑

β=1

k∑
m=1

λm
β

∂f̃∗β
∂aµ+2n

, (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) . (15)

Choose
Λ̃s = −Ωs/m

∂H

∂Ps/m
, (16)

Xµ =





Ωs/m
∂H

∂Ps/m
, (µ = (2m− 2) n + s; m = 1, . . . , k; s = 1, . . . , n) ,

0, (µ = (2m− 1) n + s; m = 1, . . . , k; s = 1, . . . , n) ,
(17)

canonical equation (8) can be further expressed as
(

∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂H

∂aµ
= −Xµ (µ, ν = 1, . . . , 2kn) , (18)

and the contravariant equation corresponding to Eq. (18) is

ȧµ − sµν ∂H

∂aν
= 0, (µ, ν = 1, . . . , 2kn), (19)
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where
sµν = ωµν + Tµν , (20)

ωµν =
∂Rν

∂aµ
− ∂Rµ

∂aν
, (ωµν) = (ωµν)−1

, (21)

and





(ωµν) =




M1

. . .

Mk




2nk×2nk

,

Mi =


 0n×n In×n

−In×n 0n×n


 ,

(i = 1, . . . , k) , (22)





(Tµν) =




0n×n

H1

. . .

0n×n

Hi

. . .

Hk




2nk×2nk

,

Hi =




Ω1/m

Ω2/m

. . .

Ωs/m




,

(i = m = 1, 2, . . . , k; s = 1, 2, . . . , n) . (23)

Here, 0n×n is zero matrix with order n and In×n is unit matrix with order n.

3. Noether’s theorem

We can introduce an r-parameter group of the finite transformation Gr

t∗ = g0 (t, aν , bα) ,

aµ∗ = gµ (t, aν , bα) , (µ, ν = 1, . . . , 2nk; α = 1, . . . , r) ,
(24)

where bα (α = 1, . . . , r) are independent parameters, the corresponding infinitesimal group transformations are

t∗ = t + ∆t = t +
r∑

α=1
εαξα

0 (t, a) ,

aµ∗ = aµ + ∆aµ = aµ +
r∑

α=1
εαξα

µ (t, a) , (µ = 1, . . . , 2nk) ,
(25)

with εα being infinitesimal parameters that have first-order infinitesimals, and ξα
0 and ξα

µ the generators of the
r-parameter finite transformation group.

The canonical action of the system is

S(γ) =
∫ t2

t1

[
n

Σ
s=1

k∑
m=1

ps/m

(m)
qs −H

(
(m)
qs , ps/m, t

)]
dt =

∫ t2

t1

[
2nk∑
µ=1

Rµ (t, a) daµ −H (t, a) dt

]
,

and the difference before and after the transformation is[7]

S (γ∗)− S (γ) =
∫ t∗2

t∗1

{
2nk∑
µ=1

Rµ (t∗, a∗) daµ∗ −H (t∗, a∗) dt∗
}
−

∫ t2

t1

{
2nk∑
µ=1

Rµ (t, a) daµ −H (t, a) dt

}
, (26)
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where γ and γ∗ are the given curve and the nearby curve respectively. Let ∆S denote the main linear part
corresponding to ε of the difference that is accurate to the first-order infinitesimals, then we will have

∆S =
∫ t2

t1

r∑
α=1

εα

{
d
dt

(
2nk∑
µ=1

Rµξα
µ −Hξα

0

)
+

2nk∑
µ=1

[
2nk∑
ν=1

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂H

∂aµ

]
ξ̄α
µ

}
dt, (27)

where
ξ̄α
µ = ξα

µ − ȧµξα
0 , (µ = 1, . . . , 2nk) .

Hence, we obtain the theorem as follows.
Theorem 1 For generalized linear nonholonomic mechanics systems (l) and (4), if the infinitesimal trans-

formations (25) of the finite transformation group Gr are quasi-symmetric transformations and satisfy the
relations

2nk∑
µ=1

∂
↼

f∗β
∂aµ+2n

ξ̄α
µ = 0, (β = 1, . . . , g; α = 1, . . . , r) , (28)

then the system has r linear independent first integrals

2nk∑
µ=1

Rµξα
µ −Hξα

0 + Gα = Cα, (α = 1, . . . , r). (29)

Proof Since the infinitesimal transformations (25) are quasi-symmetric, we have

∆S +
∫ t2

t1

[
d
dt

(∆G)
]
dt = 0, (30)

where ∆G =
r∑

α=1
εαGα.

Substituting Eq. (27) into Eq. (30), we obtain

∫ t2

t1

r∑
α=1

εα

{
d
dt

(
2nk∑
µ=1

Rµξα
µ −Hξα

0 + Gα

)
+

2nk∑
µ=1

[
2nk∑
ν=1

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂H

∂aµ

]
ξ̄α
µ

}
dt = 0, (31)

because the infinitesimal group transformations (25) satisfy relations (28), then

∫ t2

t1

r∑
α=1

εα

g∑

β=1

λm
β

2nk∑
µ=1

∂
↼

f∗β
∂aµ+2n

ξ̄α
µdt = −

∫ t2

t1

r∑
α=1

εα

2nk∑
µ=1

Xµξ̄α
µdt = 0. (32)

Adding Eq. (31) to Eq. (32) yields

∫ t2

t1

r∑
α=1

εα

{
d
dt

(
2nk∑
µ=1

Rµξα
µ −Hξα

0 + Gα

)
+

2nk∑
µ=1

[
2nk∑
ν=1

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂H

∂aµ
−Xµ

]
ξ̄α
µ

}
dt = 0. (33)

Making use of Eq. (8) and considering that the integral interval [t1, t2] is arbitrary and εα are independent of
each other, we have either

d
dt

(
2nk∑
µ=1

Rµξα
µ −Hξα

0 + Gα) = 0, (α = 1, . . . , r), (34)

or
2nk∑
µ=1

Rµξα
µ −Hξα

0 + Gα = Cα, (α = 1, . . . , r). (35)

Theorem 1 could be called Noether’s theorem of generalized linear nonholonomic mechanical systems.
Using this theorem, one can find the conserved quantities of systems from given symmetries.

If r = 1, we can easily prove that theorem 1 reduces to the following corollary.
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Corollary 1 For generalized linear nonholonomic mechanical systems (l) and (4), if the generators ξµ

and ξ0 of the infinitesimal group transformation and the gauge function G satisfy the following conditions:

2nk∑
µ=1

∂
↼

f∗β
∂aµ+2n

(ξµ − ȧµξ0) = 0, (β = 1, . . . , g) , (36)

Rµξ̇µ +
(

∂Rν

∂aµ
ȧν − ∂H

∂aµ

)
ξµ − ∂H

∂t
ξ0 −Hξ̇0 + Ġ = 0, (37)

the system has conversed quantities, such as

2nk∑
µ=1

Rµξµ −Hξ0 + G = const. (38)

Next, expanding Eq. (37), and letting the terms
with and without ȧµ vanish respectively, we obtain the
following equations:

Rµ
∂ξµ

∂aν
+

∂Rν

∂aµ
ξµ −H

∂ξ0

∂aν
= − ∂G

∂aν
,

Rµ
∂ξµ

∂t
− ∂H

∂aµ
ξµ − ∂H

∂t
ξ0 −H

∂ξ0

∂t
= −∂G

∂t
.

(39)

Equation (39) is called a Killing equation for gener-
alized linear nonholonomic mechanical systems. By
using either Eqs. (36) and (37), or Eqs. (36) and (39),
the conserved quantities of the system can be solved.

In a generalized classical mechanical system with
non-retaining constraints, Λs = 0, we obtain the fol-
lowing corollary according to theorem 1.

Corollary 2 In a generalized classical mechanical
system, if the infinitesimal transformations (25) of the
finite transformation group Gr are quasi-symmetric,
then the system has r linear independent first inte-
grals in the form of Eq. (29).

Similarly, for a non-retaining nonholonomic
constraint classical mechanical system, Λs =

Ql(t, qs, q̇s, . . . ,
(k)
qs ), we obtain the following corollary

according to theorem 1.

Corollary 3 In a generalized nonconservative
mechanical system, if the infinitesimal transforma-
tions (25) of the finite transformation group Gr are
generalized quasi-symmetric ones, the system has
r linear independent first integrals in the form of
Eq. (29).

Corollaries 2 and 3 have been presented by
Refs. [16] and [18].

4. Noether’s inverse theorem of

the system

Now we find the infinitesimal generalized quasi-
symmetric transformations according to the given first
integrals of the system.

Assume that for given generalized linear nonholo-
nomic mechanical system (1), Eq. (4) has r linear first
integrals in the form of

Iα = Iα (t, a) = Cα, (α = 1, . . . , r) , (40)

thereby

dIα

dt
=

∂Iα

∂t
+

2nk∑
ν=1

∂Iα

∂aν
ȧν = 0, (α = 1, . . . , r) . (41)

Multiplying both sides of Eq. (18) by ξα
µ and adding

them up over µ, then combining the result with
Eq. (41), we have

∂Iα

∂t
+

2nk∑
ν=1

∂Iα

∂aν
ȧν +

2nk∑
µ=1

[(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂H

∂aµ
−Xµ

]
ξα
µ = 0. (42)

Obviously, in Eq. (42), the term which contains ȧµȧν is zero. Owing to the fact that the coefficients of ȧν in
Eq. (42) are zero, we obtain

∂Iα

∂aν
+

2nk∑
µ=1

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ξα
µ +

∂H

∂aν
ξα
0 = 0, (ν = 1, . . . , 2kn; α = 1, . . . , r) . (43)
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Considering formula (21), we obtain from Eq. (43)

ξα
µ =

2nk∑
ν=1

ωµν

(
∂Iα

∂aν
+

∂H

∂aν
ξα
0

)
, (µ = 1, . . . , 2kn;α = 1, . . . , r) , (44)

where
2nk∑
ν=1

ωµνωνρ = δµρ, (µ, ρ = 1, . . . , 2nk). (45)

Let integral (40) equal conserved quantity (29), i.e.,

Iα =
2nk∑
µ=1

Rµξα
µ −Hξα

0 + Gα, (α = 1, . . . , r), (46)

then we can calculate the (2nk+1)r generators ξα
0 and ξα

µ from formulae (44) and (46) when the gauge function
G is given.

If an infinitesimal transformation group of the given generalized linear nonholonomic mechanical systems
satisfies expression (28), substituting Eqs. (28) and (46) into Eq. (42) and arranging them, we have

d
dt

(
2nk∑
µ=1

Rµξα
µ −Hξα

0

)
+

2nk∑
µ=1

[(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂H

∂aµ
−Xµ

]
ξα
µ = −dGα

dt
. (47)

According to the criterion in Ref. [7], it should be
a quasi-symmetric transformation and we can estab-
lish following theorem.

Theorem 2 If we know the r linear indepen-
dent first integrals in (40), then the infinitesimal group
transformations determined by formulae (24), (44)
and (46) satisfy relation (28), and they must therefore
be the quasi-symmetric transformations of the above
system.

Theorem 2 may be called Noether’s inverse the-
orem of generalized linear nonholonomic mechanical
systems.

For a generalized classical mechanical system, we
obtain the following corollary according to theorem 1.

Corollary 4 If we know the r linear indepen-
dent first integrals from generalized classical mechan-
ics, then the infinitesimal group transformations de-
termined by formulae (24), (44) and (46) must be the
generalized quasi-symmetric transformations of the
above system.

Obviously, for a generalized nonconservative me-
chanical system, theorem 2 gives the following corol-
lary.

Corollary 5 If we know the r linear indepen-
dent first integrals of a generalized nonconservative
mechanical system, then the infinitesimal group trans-
formations determined by formulae (24), (44) and (46)
must be the quasi-symmetric transformations of the

above system.
Corollaries 4 and 5 have been presented by

Refs. [16] and [18].

5. Example

In the generalized electrodynamics of two-order
derivatives, assume that the Lagrangian function is

L =
1
2
q̇2
1 +

1
2
q̈2
2 , (48)

and is subjected to generalized linear nonholonomic
constraints

f = q1 − tq2 + q̇2 + q̈2 = 0. (49)

Find the system symmetry and conserved quantities
using Noether’s theorem.

Firstly, the conserved quantities of the system are
deduced using theorem 1. According to the known
system symmetry, from Eqs. (6), (7) and (8), we can
obtain

P1/1 = q̇1, P1/2 = 0, P2/1 = −...
q 2, P2/2 = q̈2, (50)

H = P1/1q̇1 +P2/1q̇2 +P2/2q̈2− 1
2

(
q̇2
1

)− 1
2

(
q̈2
2

)
, (51)

q̇1 =
∂H

∂P1/1
, q̈1 =

∂H

∂P1/2
, q̇2 =

∂H

∂P2/1
, q̈2 =

∂H

∂P2/2
,

(52)
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



Ṗ1/1 = −∂H

∂q1
+ λ1 ∂f̃

∂q̇1
,

Ṗ1/2 = −∂H

∂q̇1
+ λ1 ∂f̃

∂q̇1
+ λ2 ∂f̃

∂q̈1
,

Ṗ2/1 = −∂H

∂q2
+ λ̄1 ∂f̃

∂q̇2
,

Ṗ2/2 = −∂H

∂q̇2
+ λ̄1 ∂f̃

∂q̇2
+ λ̄2 ∂f̃

∂q̈2
,

(53)

where f̃ = q1 − tq2 + q̇2 + P2/2 = 0.

Considering expressions (50)–(53), we can have

λ1 = λ2 = 0, λ̄1 = λ̄2 = q̇1 − 2q̇2 − tq̈2 −
...
q 2. (54)

Select

a1 = q1, a2 = q2, a3 = P1/1, a4 = P2/1, a5 = q̇1,

a6 = q̇2, a7 = P1/2, a8 = P2/2, a9 = q̈1, a10 = q̈2,

R1 = a3, R2 = a4, R3 = 0, R4 = 0,

R5 = a7, R6 = a8, R7 = 0, and R8 = 0,

(55)
then we will obtain

H = a3a5 + a4a6 +
1
2

(
a8

)2 − 1
2

(
a5

)2
, (56)





X1 = 0, X2 = a4 − a3 + 2a6 + ta8,

X3 = X4 = X5 = X6 = X7 = X8 = 0.
(57)

Similarly, from Eqs. (21)–(23), we have

Sµν =




0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

−1 0 0 0 0 0 0 0

0 −1 0 a4 − a3 + 2a6 + ta8 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0




.

(58)
Then expression (19) gives





ȧ1 = a5, ȧ2 = a6, ȧ3 = 0,

ȧ4 =
(
a4 − a3 + 2a6 + ta8

)
a6,

ȧ5 = 0, ȧ6 = a8, ȧ7 = a5, ȧ8 = −a4,

(59)

and expressions (36) and (37)give

(
ξ2 − ȧ2ξ0

)
+

(
ξ6 − ȧ6ξ0

)
= 0,

a3ξ̇1 + a4ξ̇2 + a7ξ̇5 + a8ξ̇6 +
(
ȧ1 − a5

)
ξ3 +

(
ȧ2 − a6

)
ξ4 −

(
a3 − a5

)
ξ5

−a4ξ6 + ȧ5ξ7 +
(
ȧ6 − a8

)
ξ8 −Hξ̇0 = −Ġ.

(60)

So we have
ξ0 = ξ1 = ξ2 = ξ3 = ξ4 = ξ5 = ξ6 = 0, ξ7 = 1, ξ8 = 0, G1 = −a5, (61)

ξ0 = 0, ξ1 = t, ξ2 = 0, ξ3 = 1, ξ4 = 0, ξ5 = 1, ξ6 = ξ7 = ξ8 = 0, G2 = −a1. (62)

Equation (38) gives the conservation quantities of the system as follows:

I1 = −a5 = const, (63)

I2 = a3t + a7 − a1 = const. (64)

Secondly, we use theorem 2 from the given first integral to implement the corresponding quasi-symmetric
transformation. Assume that the system has an integral (64), then from Eqs. (44) and (46) we will obtain

ξ1 = t + a5ξ0, ξ2 = a6ξ0, ξ3 = 1, ξ4 = 0, ξ5 = 1, ξ6 = a8ξ0,

ξ7 =
(
a5 − a3

)
ξ0, ξ8 = −a4ξ0, a3t + a7 − a1 = a3ξ1 + a4ξ2 + a7ξ5 + a8ξ8 −Hξ0 + G.

(65)

Let
G = −a1, (66)

then we will have

ξ0 = 0, ξ1 = t, ξ2 = 0, ξ3 = 1, ξ4 = 0, ξ5 = 1, ξ6 = ξ7 = ξ8 = 0. (67)

From theorem 2, we can conclude that the transformation determined by expression (67) must be the
generalized quasi-symmetric transformation of the system.
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