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By introducing the quasi-symmetry of the infinitesimal transformation of the transformation group G, the

Noether’s theorem and the Noether’s inverse theorem for generalized linear nonholonomic mechanical systems are

obtained in a generalized compound derivative space. An example is given to illustrate the application of the result.
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1. Introduction

The conserved quantity of a dynamic system (or
the first integral) is not only important in mathemat-
ics, but also reflects the profound nature of physics.
In 1918, Noether revealed the potential relationship
between conserved quantities and symmetry:[! each
type of symmetry corresponds to a conservation law
Over the
past two decades, Noether’s theorem has been exten-

and there always is a conserved quantity.

sively studied by mechanics researchers and brought
about many important research results.[2—11]

In 2002, Luol'?l combined generalized classical
mechanics and nonholonomic mechanics, which was
developed independently more than 100 years ago, to
create a generalized nonholonomic mechanical system.
The variational principles and differential equations
of motion of the system are given. The integral vari-
ants and the Poincaré—Cartan-type and Poincaré-type
integral invariants are also obtained. Li et al.l'3:14
studied the canonical symmetry and the Poincaré—
Cartan integral invariant of a constrained singular
generalized mechanical system. In the present paper,
we study Noether’s theory of generalized linear non-
holonomic mechanical systems. By introducing the
quasi-symmetry of an infinitesimal transformation of
the r—parameter transformation group, we establish
the Noether theorem and the Noether inverse theo-
rem for the system. Finally, an example is presented
to illustrate the use of the result. Because the gen-
eralized nonholonomic mechanical systems hold for
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both generalized classical mechanics and for first-order
to higher-order nonholonomic mechanics, the solution
given in this paper has more universal significance
than those given in previous studies.

2. Motion differential equation

Consider that a generalized linear nonholonomic
mechanical system consists of n degrees of freedom,
and suppose that its configuration is specified by the
n generalized coordinates g5 (s =1,---,n), where its
motion is subjected to k-order linear nonholonomic

constraints:
. (k)
fﬁ taq57qsv"'aQS 207 (ﬁ:17277g) (1)

The virtual displacement of the generalized com-
pound derivative space satisfies the generalized non-

holonomic mechanics Yeraes definition, !

n k

ZZ afﬂ m 1) =0, (m:l,-~-,k), (2)

s=1m= 18(]5

5t=0,6"0" 20, (m=1,---.k). (3)

In accordance with Ref. [12], the Routh equation

of the system can be written in the form

k
dm oL oL
(_1)m+17m — | — = Asa (4)
mZ:1 dim \ o | o,
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: S o Ofs
:Z,lA;n:ﬁZZﬂ R (s=1,...,n).

S

Now we introduce generalized momentum and the Hamiltonian!'®!

k—m ;
.d? OL
_ E EERY A
Ps/m 4 ( 1) At - Gm)’
7=0 0 ds

n k
H ((n;]s yPs/ms > Z Zps‘/m QS
m=1

s=1

The motion equation of the system in canonical form is given as

(m)  OH . 7 OH ~ B -
quaps/m’ ps/mffm‘i’/ls, (s=1,---,n;m=1,---,k),
qs
7 [ (m=1) m [ (m=1) (m) ((m—1) 3f
AS ( s ’ps/n“t) - Z Z )\ < ds 5 s < qs ;ps/nmt) at) (775) ,
B=1m=1 0%

—1)

9)

where A, is the result obtained by substituting (&2) into <(W;]5 s Ds/ms t) of A, which represents the generalized

nonholonomic constraint reaction force and A7 is the generalized Lagrange constraint multiplier.

Let[16717]
u (mq;l), (w=0Cm-2)n+s;m=1,...,k; s=1,...,n),
a” =
Psymsy (W=0Cm—=1)n+s;m=1,....k s=1,...,n),
R _ Psjms (H=(2m =2)n+s;m=1,....k s=1,...,n),
g 0, (b=0Cm—-1)n+s;m=1,....k; s=1,...,n).

Hence, Eqgs. (1), (2) and (3) and the A, which appears in Eq. (8) can be expressed as follows:

f;(t,a“):(), (w=02m-2)n+s;m=1,...,k; s=1,...,n),

2nk
of
a pn+2n

dat =0, (u=0Cm—-2)n+s;m=1,...,k; s=1,...,n),
=0, da"#0, (p=0Cm—-2)n+s;m=1,....k s=1,...,n),

g k 8f@
:ZZ (u=02m—-2)n+s;m=1,....k; s=1,...,n).

o] aa/_t+2n
Ch
00se P, S
s = s/maPS/ma
X Qs/magilj, (L=02m-2)n+s;m=1,...,k; s=1,...,n),
! 0, (w=0Cm—-1n+s;m=1,....k; s=1,...,n),

canonical equation (8) can be further expressed as

(8Ry B 6RH) ., OH =X, (mr=1,...,2%n),

dat  Oa¥ dat
and the contravariant equation corresponding to Eq. (18) is

OH
a“—s’“’% =0, (p,v=1,...,2kn),
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where
S = WY 4 T (20)
OR OR _
[ v _ — (,hry L
= T O () = @) (21)
and
M,
(whv) = :
=1, k), 22
M ( ) (22)
_d2nkx2nk
Ml _ OTLXTL ITLXTL ,
_Inxn Onxn
[ O ]
H,y
() = Onscn ;

H;

(i=m=12,...,k; s=1,2,...,n) (23)
- Hk' 2nkx2nk
Ql/m
HZ- _ Q2/m :
Qs/m

Here, 0,,«,, is zero matrix with order n and I,,«, is unit matrix with order n.

3. Noether’s theorem

We can introduce an r-parameter group of the finite transformation G,

t* = go (ta ay, boc) 3

* (24)
a* =g, (t,a",bs), (prv=1,....2nk; a=1,...,r),

where b, (a = 1,...,7) are independent parameters, the corresponding infinitesimal group transformations are

T
tr=t+At=t+ Y e.&(t,a),
a=1 , (25)
a'* =al + At =at + Y e (ta), (p=1,...,2nk),
a=1

with &, being infinitesimal parameters that have first-order infinitesimals, and & and £ the generators of the
r-parameter finite transformation group.
The canonical action of the system is

Pla s m () &
5(7):/ lzlzps/m qs _H(qsvps/mat>]dt:/
t1 5= m=1 t1

7]

2nk
> Ry (ta)da* — H (t,a) dt] ,
pn=1
and the difference before and after the transformation isl

ty [ 2nk to ( 2nk
S(»y*)fsw):/t* {ZR#(t*,a*)da“*H(t*,a*)dt*}/t {ZRu(t,a)da”H(t,a)dt}, (26)

1 p=1

010204-3



Chin. Phys. B Vol. 20, No. 1 (2011) 010204

where v and v* are the given curve and the nearby curve respectively. Let AS denote the main linear part
corresponding to ¢ of the difference that is accurate to the first-order infinitesimals, then we will have

to T 2nk 2nk
AS = Zea{ (ZR,@Q H50> +Z

1 g=1 p=1

2nk

OR, OR ., OH| -,
;(&W - 5a5>a ]5 } (27)

where
fﬁ :g;j—a“gg, (p=1,...,2nk).

Hence, we obtain the theorem as follows.
Theorem 1 For generalized linear nonholonomic mechanics systems (1) and (4), if the infinitesimal trans-
formations (25) of the finite transformation group G, are quasi-symmetric transformations and satisfy the

relations _
2nk afg _
aau+2n£/1/:07 (/8:17"'7g;a:]‘7"'7,r)7 (28)

p=1

then the system has 7 linear independent first integrals

2nk
S Ry - HE +G*=C", (a=1,...,7). (29)

pn=1

Proof Since the infinitesimal transformations (25) are quasi-symmetric, we have
12 d
AS + / [ (AG)} dt =0, (30)
4 Ldt

where AG = Y £,G*.
a=1

Substituting Eq. (27) into Eq. (30), we obtain

2nk 2nk
[ EofhEne nooe) &

pn=1

2nk
OR, OR,\ ., 0H] .\,
Z(aaﬂ B 8a”)a aau] N}dt_o’ (31)

v=1
because the infinitesimal group transformations (25) satisfy relations (28), then
to T 2nk to T 2nk
Sa 3w S gae- [1 5 S g0 )
t1 q=1 n=1 1 =1
Adding Eq. (31) to Eq. (32) yields

ta T 2nk 2nk
/ Zsa{dt (ZR,@?—H&HG“) +>

1 a=1 p=1 p=1

2nk
OR, OR,\ . OH o\
> (aau ~ oav > “ 7 Bar Xﬂ} S } =0 (3

v=1

Making use of Eq. (8) and considering that the integral interval [tq,¢5] is arbitrary and e, are independent of
each other, we have either

2nk
o ZRug —HE+G) =0, (a=1,...,7), (34)
or
2nk
SR -HE +G*=C" (a=1,...,7). (35)
p=1

Theorem 1 could be called Noether’s theorem of generalized linear nonholonomic mechanical systems.
Using this theorem, one can find the conserved quantities of systems from given symmetries.
If r = 1, we can easily prove that theorem 1 reduces to the following corollary.
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Corollary 1

For generalized linear nonholonomic mechanical systems (1) and (4), if the generators &,

and &y of the infinitesimal group transformation and the gauge function G satisfy the following conditions:

2nk af,g
8au+2n (é-/l

. OR, .,
R&,+ (aal‘ a

the system has conversed quantities, such as

2nk
Z R,ué./t - H€0 -+ G = const. (38)

p=1

Next, expanding Eq. (37), and letting the terms
with and without a* vanish respectively, we obtain the
following equations:

o %, % 9G
“har T aa“ 8a” - dav’ (39)
%, o 06 oG

"ot T garr tfo_ a ot

Equation (39) is called a Killing equation for gener-
alized linear nonholonomic mechanical systems. By
using either Egs. (36) and (37), or Egs. (36) and (39),
the conserved quantities of the system can be solved.

In a generalized classical mechanical system with
non-retaining constraints, A; = 0, we obtain the fol-
lowing corollary according to theorem 1.

Corollary 2 In a generalized classical mechanical
system, if the infinitesimal transformations (25) of the
finite transformation group G, are quasi-symmetric,
then the system has r linear independent first inte-
grals in the form of Eq. (29).

Similarly, for a non-retaining nonholonomic

classical mechanical system, A, =

Ql<t7 qS?qS? AR
according to theorem 1.

constraint

k
,(qs) ), we obtain the following corollary

2nk 2nk

or¢

Obviously, in Eq. (42
Eq. (42) are zero, we obtain

2nk

or” OR, OR,\ ., OH
da¥ Jr; <8a“ B 8a”>£“ *

a'ufo) = Oa

e, o

ore OR,
WJFV:l dav +}; [(&L“

), the term which contains a*a” is zero. Owing to the fact that the coeflicients of a” in

oa? & =0

B=1,...,9), (36)

EO—H&H-G—O (37)

Corollary 3 In a generalized nonconservative
mechanical system, if the infinitesimal transforma-
tions (25) of the finite transformation group G, are
generalized quasi-symmetric ones, the system has
r linear independent first integrals in the form of
Eq. (29).

Corollaries 2 and 3 have been presented by
Refs. [16] and [18].

4. Noether’s inverse theorem of

the system

Now we find the infinitesimal generalized quasi-
symmetric transformations according to the given first
integrals of the system.

Assume that for given generalized linear nonholo-
nomic mechanical system (1), Eq. (4) has r linear first
integrals in the form of

I“=1%(t,a) =C*, (a=1,...,1), (40)
thereby
are ore Tk gre
E_WJFZ%LL =0, (a=1,...,7). (41)

Multiplying both sides of Eq. (18) by % and adding
them up over p, then combining the result with

Eq. (41), we have

OR,\ ., OH .
8ay)a MXH:| “—0. (42)

, (v=1,....2kn; a=1,...,7). (43)
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Considering formula (21), we obtain from Eq. (43)
or~
uv «@
w (aau €O ) )

2nk

E :WIWWVP = Oup:
v=1

Let integral (40) equal conserved quantity (29), i.e.,

2nk

>

v=1

O0H
Oa?

+

where

2nk

I* =) R — HE

pu=1

(w=1,....2kn;a=1,...,7), (44)
(u,p=1,...,2nk). (45)
+GY (a=1,...,1), (46)

then we can calculate the (2nk +1)r generators {& and £ from formulae (44) and (46) when the gauge function

G is given.

If an infinitesimal transformation group of the given generalized linear nonholonomic mechanical systems

satisfies expression (28), substituting Eqgs. (28) and (46) into Eq. (42) and arranging them, we have

2nk

OR,
* Z {( dat
p=1

d 2nk
o (Z R.& — H§8>
pn=1

According to the criterion in Ref. [7], it should be
a quasi-symmetric transformation and we can estab-
lish following theorem.

Theorem 2 If we know the r linear indepen-
dent first integrals in (40), then the infinitesimal group
transformations determined by formulae (24), (44)
and (46) satisfy relation (28), and they must therefore
be the quasi-symmetric transformations of the above
system.

Theorem 2 may be called Noether’s inverse the-
orem of generalized linear nonholonomic mechanical
systems.

For a generalized classical mechanical system, we
obtain the following corollary according to theorem 1.

Corollary 4 If we know the r linear indepen-
dent first integrals from generalized classical mechan-
ics, then the infinitesimal group transformations de-
termined by formulae (24), (44) and (46) must be the
generalized quasi-symmetric transformations of the
above system.

Obviously, for a generalized nonconservative me-
chanical system, theorem 2 gives the following corol-
lary.

Corollary 5 If we know the r linear indepen-
dent first integrals of a generalized nonconservative
mechanical system, then the infinitesimal group trans-
formations determined by formulae (24), (44) and (46)
must be the quasi-symmetric transformations of the

_oH
Oat

_ORy, £ =
m

daV

~dge

= (47)

o)

above system.
Corollaries 4 and 5 have been presented by
Refs. [16] and [18].

5. Example

In the generalized electrodynamics of two-order
derivatives, assume that the Lagrangian function is

1o, 1.,

L= 50 T 5% (48)

and is subjected to generalized linear nonholonomic

constraints

f=qa —tgx+ ¢+ G =0 (49)

Find the system symmetry and conserved quantities
using Noether’s theorem.

Firstly, the conserved quantities of the system are
deduced using theorem 1. According to the known
system symmetry, from Egs. (6), (7) and (8), we can

obtain

Py =i, Pip=0, Pyyy =—G2, Pyyy=ia, (50)

. . .1, 1,.
H:PI/IQ1+P2/1QZ+P2/2Q2_§ (@) (43), (51)

2
. oH . om . 8H . 0H
q1 = (9P1/1’ q1 = 6P1/2’ q2 = 8P2/17 qz2 = 8P2/27
(52)
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P1/1— %+A1%7 X1 =0, Xo =a*—a®+ 2a8 + ta®, (57)
om0 of X3 =X4=Xs=Xg=Xs=Xg =0.
2= " 0¢ Ay A iy’ (53) Similarly, from Egs. (21)—(23), we have
Py = a*HJera*f’ 0 01 0 0 000
992 9q2
GV G See 0 o oo
WherefZQ1—tQ2+f12+P2/2:0« G 0-10a*—a®+2a%+¢t® 0 000
Considering expressions (50)—(53), we can have - 0 00 0 0 010
M=X=0, M=XN=g —24p —tij— T2 (54) 0 00 0 001
Select 0 00 0 -1 000
al =q, a® = q, a® = Pij1, a* = Pyyy, a® = ¢, 0ue ! 0710(258)
a® =Gy, a" = Pyjy, a® = Py, a° =1, a'® = G, Then expression (19) gives
Ry =a Ry=a* R3=0, Ry =0,
Rs=a", Rg=a8 R;=0, and Rg=0, o' =ab, &*=a® & =0,
(55) a* = (a* — a® + 2a5 + ta®) a®, (59)
then we will obtain a®=0, a® =d®, a" =a°, a® = —a?,
H =a’d® +aa’® + % (a8)2 - % (a5)2 , (56)  and expressions (36) and (37)give
|
(&2 — a&) + (& — a5&) =0,
aPéi +atés + a7 + aBés + (@ —a®) & + (a2 — a®) &4 — (a® — d®) & (60)
—a*és + a6 + (a8 — a¥) & — Hé = —G.
So we have
b=b=6=8=4=6=86=0,=1,=0,G =—d°, (61)
§0=0,&=18=0&=1,86=0,=1,§=E6=E6&=0, Gy =—a. (62)
Equation (38) gives the conservation quantities of the system as follows:
I, = —a® = const, (63)
I, =a*t +a” —a' = const. (64)

Secondly, we use theorem 2 from the given first integral to implement the corresponding quasi-symmetric
transformation. Assume that the system has an integral (64), then from Eqgs. (44) and (46) we will obtain

Gi=t+d%, &=d%, &=1 &=0, &=1 & =d*, (65)
&= (a5 — a3) &, & =—a', ad*t+ad —a' =a36 + a6+ a5+ aB — HE + G
Let
G = —ad', (66)
then we will have
=0, &=t &=0, &=1, &=0, &E=1, =& =&6=0. (67)

From theorem 2, we can conclude that the transformation determined by expression (67) must be the
generalized quasi-symmetric transformation of the system.

010204-7



Chin. Phys. B Vol. 20, No. 1 (2011) 010204

References

(1]

2]
(3]
[4]

Noether A E 1918 Nachr. Akad. Wiss. Géttingen Math.
Phys. K T IT 235

Liu D 1990 Sci. China A 21 1189 (in Chinese)

Mei F X 1993 Sci. China A 23 709 (in Chinese)

Li Z P 1993 Classical and Quantal Dynamics of Con-
strained Systems and Their Symmetrical Properties (Bei-
jing: Beijing Polytechnic University Press) pl (in Chinese)
Zhang Y and Mei F X 2000 Applied Mathematics and
Mechanics 21 59

Zhao Y Y and Mei F X 1999 Symmetries and Invari-
ants of Mechanical Systems (Beijing: Science Press) pl
(in Chinese)

Mei F X 1999 Appliications of Lie Groups and Lie Al-
gebras to Constrained Mechanical Systems (Beijing: Sci-
ence) p90 (in Chinese)

(8]
[9]

(10]

(11]
(12]
(13]
(14]

(15]
[16]
(17]
(18]

010204-8

Zhang H B 2001 Acta Phys. Sin. 50 1837 (in Chinese)
Wu H B and Mei F X 2006 Acta Phys. Sin. 55 3625 (in
Chinese)

Lu K, Fang J H, Zhang M J and Wang P 2009 Acta Phys.
Sin. 58 4650 (in Chinese)

Zhang Y 2009 Chin. Phys. B 18 4636

Luo S K 2002 Acta Phys. Sin. 51 1416 (in Chinese)

Li A M, Jiang J H and Li Z P 2003 Chin. Phys. 12 467
Li A M, Zhang Y and Li Z P 2004 Acta Phys. Sin. 53
2816 (in Chinese)

Judith G K and Joseph A S 1965 Amer. J. Phys. 33 140
Zhang Y, Shang M and Mei F X 2000 Chin. Phys. 9 401
Zhang Y 2001 Acta Phys. Sin. 50 2059 (in Chinese)

Dong W S 2006 Journal of Qufu Normal University 32
63 (in Chinese)



