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conserved quantity of Appell equations in a
dynamical system of relative motion*

Xie Yin-Li(f#4R W), Jia Li-Qun(¥{FE#E)» T, and Luo Shao-Kai(Z4iHl)»)
a) School of Science, Jiangnan University, Wuxi 214122, China

b) Institute of Mathematical Mechanics and Mathematical Physics, Zhejiang Sci-Tech University, Hangzhou 310018, China

(Received 19 June 2010; revised manuscript received 29 June 2010)

Special Lie symmetry and the Hojman conserved quantity for Appell equations in a dynamical system of relative
motion are investigated. The definition and the criterion of the special Lie symmetry of Appell equations in a dynamical
system of relative motion under infinitesimal group transformation are presented. The expression of the equation for
the special Lie symmetry of Appell equations and the Hojman conserved quantity, deduced directly from the special
Lie symmetry in a dynamical system of relative motion, are obtained. An example is given to illustrate the application
of the results.
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1. Introduction

Symmetries and conserved quantities in dynami-
cal systems play an important role in modern math-
ematical science.l! =151 ITn 1899, Appell equations for
first-order linear nonholonomic constraint systems
were developed. The have now become an impor-
tant kind of equation for analytical mechanics. In re-
cent decades, studies based on Appell equations and
their application have been carried out and important
results have been obtained.['6=26] The present paper
studies the special Lie symmetry and the Hojman con-
served quantity deduced directly from the special Lie
symmetry of Appell equations in a dynamical system
of relative motion. Also presented is the structural
equation and the expression for the Hojman conserved
quantity of Appell equations in a dynamical system of
relative motion. Finally, an example is given to illus-
trate the application of the results.

2. The Appell equation and dif-
ferential equations of motion
in a relative motion dynamics

system

Suppose that the velocity of a base-point O in
a carrier is v and its angular velocity is w, that a
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mechanical system consists of N particles each with
mass m,; and position vector r;, and that the configu-
ration of the mechanical system is governed by n gen-
eralized coordinates ¢s (s = 1,...,n), then the Appell
equations will be written as follows: (16!

oS, 0 o .

— o w w I’v
Bds Qb aQS (V v ) M Qs M
(s=1,---,n), (1)

where S, = (1/2)m;a;, - a; is the energy of accelera-
tion for the system; Qs = Qs (t,q, q) are the general-
ized forces;

VY= M (v +w xvg) -7, (2)

is the potential energy in an uniform field, with M be-
ing the total mass for the system, 7. the vector of the
mass point of the relative motion system with respect
to the base point O, v§ the relative derivative of vg;

1
V‘”:—iw-ﬂo-w

(3)
is the potential energy of centrifugal force, with 6°
being the inertial tensor of the system at point O;

or!

9. (4)

Q¢ = — (w x myT;)

is the generalized Coriolis inertial force;

or}
945

y ar;> )

I, = ’Yskq'ka Vsk = 2w - (mz aqk
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is the generalized gyroscopic force.
From Eq. (1), we can solve all §, as

qs:as(tv‘LQ)v (5:17“"”)' (6)

3. Structural equation of special
Lie symmetry of Appell equa-
tions in a dynamical system of

relative motion

Taking the special infinitesimal transformation in
which the time is invariable as

tr=tqr(t")=qs (t) + Ags, (s=1,...,n). (7)

Equation (7) can be extended into

t=t,q;(t") (s=1,...,n),

(8)

where € is an infinitesimal parameter, and & is an

=ds (t) +e&s (t, q, Q) )

infinitesimal generator.

The invariance of the differential equations un-
der the special infinitesimal transformations (Eq. (8))
is called special Lie symmetry. The structural equa-
tion of the special Lie symmetry of Appell equations
(Eq. (1)) in a dynamical system of relative motion can

i

be written as

where
d€
xXW = 3 - 10
¢ qs dt 8qs (10)
d d¢ 8
X =xW® 4 — 55— 11
+ 3 at g (11)

The structural equation for the special Lie sym-
metry of Eq. (6) under special infinitesimal transfor-
mations (Eq. (8)) can be expressed as

Oayg das d

7 — &k +8q e (12)

id
Tac "

where

a0 00
dt ot @ Aq k Aqi”
If the generators &, of Eq. (6) under the special in-

(13)

finitesimal transformations (Eq. (8)) satisfy Eq. (12),
then the symmetry is called special Lie symmetry of
Appell equations in a dynamical system of relative

motion.

4. Hojman conserved quantity
deduced directly from the spe-
cial Lie symmetry of Appell
equations in a dynamical sys-

tem of relative motion

In a dynamical system of relative motion, the Ho-
jman conserved quantity can be deduced directly from
the special Lie symmetry.

Proposition If the generators £, under special
infinitesimal transformations (Eq. (8)) satisfy Eq. (12)
and there is a function p = p (¢, g, ) such that the fol-
lowing equation holds:

. d
as 4 =0,

0gs  dt (14)

then the Hojman conserved quantity deduced directly
from the special Lie symmetry of Appell equations in
a dynamical system of relative motion is

d
(udt§5> = const. (15)

Proof Substituting Eq. (15) into Eq. (6), and
deriving the resulting equation with respect to ¢, we

d d [(18p

it = (once)
d /10p d

T (M g, dt>*

And we can prove easily

1 0

IH 1 aqs (,U/SS)

1o
w04

have

dee,
dt 0gs

o d
8%&53) . (16)

dod,9d(dy o4
dt9g, dt>*  9g, dt \ dt>* Oqs dt>*
- aaak ( a €€> )
gs \ dt
a 355 o 0 d 8ak ags
qdg, g > g 04 7

Taking the partial derivative of Eq. (12) with respect
to ¢s and the summation of terms with subscript s,

0d(d,
g, dt \ dt>*

9 [ das 9 [das d
= 9 <6qk 5’“) 9, (6% dtf’“) - 18

we have
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Substituting Egs. (17) and (18) into Eq. (16), we have

d B d [/10p d /10p d
EIH o dt (u&‘qsgs) * dt (uaqs dt S)

8%ay, 0%a, d
—¢&. 1
" 90000, T 040G ar (19)
Using Eq. (14), we obtain
d (1u,
dt \ pudgs*
0?a; 10p d 1 Op Oay
= - e+ — 58— — 558 (20
8qk8q5£k u0qs dt 1 Oqx qug (20)
i,
dt \ pdgs dt>*
__ Qo d, 100:0ud,
T 0404, At 1 s Ogy At
1op d /d 1op d
+ ;343 a (dtfs> ;8% T (21)

Substituting Egs. (20) and (21) into Eq. (19), we have

d
ai'”
1 0u d /d das d Oag
= an: L (@)~ e s
= 0. (22)

5. Illustrative example

Consider the Appell function for the system, ex-
pressed as

1 L2 a2
Sp=gm (G + 8 + ) (23)
The generalized forces are given as
Q1 = mgs,

Q2 =—mgq;, and Q3 =0, (24)

and the potential energies as

Vi=Q¥=r1,=0, (25)
1
VY = —im (qf + q%) w2 (26)

Now, we study the special Lie symmetry and Hojman
conserved quantity deduced directly from the special
Lie symmetry of Appell equations.

Substituting Eqgs. (23)—(26) into Eq. (1), we ob-

tain
) .
@1 =w'q1 +qa,
Go = wiq2 — i,

g3 = 0. (27)

Substituting Eq. (27) into Eq. (12), we have
d

& =w + o
d

o = w6y — afla

—&=0. (28)

e e 2a
TR

Take the infinitesimal generators

51 = 52 = 0763 = 17 (29)
€1=6=0,& = (4st — g3)°, (30)
&1 =86 =0, =q3 (43t — q3), (31)

§1 =8 =0,
&= (dst —q3) [¢7 +d5 —w” (a1 +43)] - (32)

Obviously, they all satisfy Eq. (28) and they are all
infinitesimal generators of special Lie symmetry. The
Appell equations of the system are, then, Lie symmet-
ric.

From Eq. (14), we obtain

d
— Inp=0. 33
3 A (33)
Obviously
w=1, (34)
p = gst —gs, (35)

1= (g3t —q3) [df + 45 —w* (¢t + ¢3)] (36)

are all the solutions of Eq. (33).
Substituting Egs. (29) and (35) into Eq. (15), we
have a Hojman conserved quantity

Iy = (g3 — qgt)fl = const.

Substituting Eqgs. (30) and (34) into Eq. (15), we have
a Hojman conserved quantity

Iy = 2(g3 — gst) = const.

Substituting Eqgs. (31) and (34) into Eq. (15), we have
a Hojman conserved quantity

Iy = —¢3 = const.

Substituting Eqgs. (32) and (34) into Eq. (15), we have
a Hojman conserved quantity

In = w? (¢ + 43) — 47 — ¢5 = const.

Substituting Eqgs. (29) and (36) into Eq. (15), we have
a Hojman conserved quantity

In = {(g3 — dgst) [d] + 45 — w* (a1 + ¢7)] }71 = const.
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