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The invariant subspace method is used to construct the explicit solution of a nonlinear evolution equation. The

second-order nonlinear differential operators that possess invariant subspaces of submaximal dimension are described.

There are second-order nonlinear differential operators, including cubic operators and quadratic operators, which pre-

serve an invariant subspace of submaximal dimension.

A full description of the second-order cubic operators with

constant coefficients admitting a four-dimensional invariant subspace is given. It is shown that the maximal dimension

of invariant subspaces preserved by a second-order cubic operator is four. Several examples are given for the construction

of the exact solutions to nonlinear evolution equations with cubic nonlinearities. These solutions blow up in a finite

time.
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1. Introduction

The invariant subspace method was proposed in
Refs. [1] and [2] to construct explicit solutions for
nonlinear differential equations and is related to con-
ditional Lie-Bécklund symmetry and the differen-
tial constraints method.?=1% The partial differential
equation (PDE) can be reduced to an ordinary differ-
ential equation (ODE) using that method.[1%! Syir-
shchevskii made an important observation regarding
the nonlinear ordinary differential operators that ad-
mit a given subspace.!'2~16! Recently, a systematic ac-
count of the approach, including some new results and
many potential applications, was given in Ref. [10].
It shows that many important solutions with both
physical and geometrical applications can be obtained
through this method. Using the method, Qu and Zhu
successfully constructed solutions for generalized thin
film equations!'” and systems of nonlinear diffusion

18] Structure theorems for linear and non-

equations!
linear differential operators admitting invariant sub-
spaces of a polynomial form were obtained in Ref. [19],
which can be used to construct the polynomial solu-
tions of nonlinear evolution equations. Indeed, it is
noted that the fundamental solutions of heat equa-

tions and porous medium equations belong to polyno-
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mial invariant subspaces in a variable transformation
sense.[10]

The purpose of this paper is to describe nonlin-
ear second-order operators that possess invariant sub-
spaces of a submaximal dimension. We can then con-
struct explicit solutions for the corresponding nonlin-
ear evolution equations. It has been proven that the
dimension of an invariant subspace admitting non-
linear k-th order operators cannot be greater than
2k + 1.11022] Tn Ref. [12], the first- and second-order
nonlinear operators that admit a subspace of maxi-
mal dimension were studied, and it was shown that
they were quadratic operators. Svirshchevskii ob-
tained a full description of the second-order quadratic
operators with constant coefficients, which admit five-
It is implied that
there are second-order nonlinear differential opera-

dimensional invariant subspaces.

tors that admit invariant subspaces of maximal di-
mension. The second-order quadratic operators that
admit lower-dimensional invariant subspaces are de-
scribed in Ref. [10].
shown that there are second-order operators, includ-

In the present paper, it is

ing quadratic operators and cubic operators, which
possess invariant subspaces of four dimensions. A full
description of the cubic operators that have constant

coefficients possessing four-dimensional invariant sub-
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spaces is presented, proving that the maximal dimen-
sion of invariant subspaces preserved by a cubic oper-
ator is four. The exact solutions of the corresponding
nonlinear evolution equations can then be obtained.
Some of these solutions blow up in a finite time.

The remainder of the present paper is organized
as follows. In Section 2, we give a brief discussion
of the invariant subspace method. In Section 3, we
present the expression of the second-order ordinary
operators possessing invariant subspaces of submaxi-
mal dimension. In Section 4, we fully investigate cubic
operators with constant coefficients that admit four-
dimensional invariant subspaces. Several examples are
presented for the construction of exact solutions to
nonlinear partial differential equations with cubic non-
linearities. These solutions blow up in a finite time.

2. Invariant subspace method

Consider the general evolution equation
up = Flul, (1)

where F[u] is a kth-order ordinary differential oper-
ator and Flu] = F(x,u, Uy, Uyy, - ..) is a sufficiently
smooth function of indicated variables. The essence
of the approach is presented by the following lemma
as expressed in Refs. [2], [10], and [12].

Lemma 1 Let the n-dimensional linear subspace

W, = ‘C{fl(x)vmfﬂ(x)}
= {Zcifi(x)‘ci ER} 2)
=1

(a linear hull of linearly independent functions
f1(x), ..., fu(x)) be invariant with respect to the op-
erator F, ie., F[W,] C W, (the operator F' is said to
preserve or admit W,,), which means

i=1 i=1
for any C; € R,

where {F;} are expansion coefficients of F[u] in the
basis {f;(z)}. Then Eq. (1) has solutions in the form
of

n

u(z,t) = Zcz(t)fz(x) (3)
i=1
By substituting Eq. (3) into Eq. (1), Eq. (1) is re-
duced into the system of ODEs

Ci(t) = F(Ci(1),..., Cult)),

1=1,...,n.

Invariant subspace W, is defined as the space of
solutions of a linear nth-order ordinary differential
equation (ODE)

Lly] = 4™ + ap_1(x)y™ D + ...
+a1(z)y + ao(z)y = 0. (4)

If the operator F' admits the invariant subspace de-
fined by the linear ODE (4), then the invariant condi-
tion with respect to F' takes the form of

LIF[u]l| =0, (5)

where [H| denotes the equation Lu] = 0 and its dif-
ferential consequences with respect to x. As pointed in
Ref. [10], condition (5) is actually the invariance cri-
terion for Eq. (4) with respect to the Lie-Bécklund
operator X = F[y|l0/0y. Therefore, all the results
can be interpreted in terms of symmetries of linear
ODEs.['314 On the other hand, invariant condition
(5) implies that Eq. (1) has conditional Lie-Bécklund
symmetry or conditional symmetry with the charac-
teristic 0 = L[y],l*>' and linear differential con-
straint L[y] = 0.5-8) Invariant condition (5) leads
to the following theorem on the maximal dimension
of the invariant subspaces preserved by Ff[u], which
plays an important role in the approach.[t:2:10,12-17]

Theorem 1 Assume that a linear subspace W,
is invariant under a nonlinear ordinary operator F' of
order k, then n < 2k + 1.

The nonlinear

operators  preserving five-

dimensional invariant subspaces defined by ODE (4)

are described by the following theorem.[10:12]
Theorem 2 Any operator F(x,u, Uy, Uyzy) POS-

sessing a five-dimensional invariant subspace can be

represented in the form of
Flu] = Fyu] + Fi[u] + Folu],
where

Fylu] = Mau?, + Misutig, + Miyu,
+ Moyuug + Moou?,
Fl[u] = Mng;w + Mluw + M0u7 F()[’LL] = M’

with M;;, M;, and M (i,j = 0,1,2) being functions
of x.

There are second-order quadratic operators with
constant coefficients that admit five-dimension invari-
ant subspaces.['? Therefore, for k = 2, the maximal
dimension of the invariant subspaces W,, admitted by
a nonlinear operator is five. The quadratic operators,
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which admit invariant subspaces of lower dimension,

are given in Ref. [10]. In Sections 3 and Section 4,

we study the second-order nonlinear differential op-
erators preserving invariant subspaces of submaximal

(four) dimension.

3. Second-order operators admit-

ting invariant subspaces of

submaximal dimension

In this section, we give the expression of nonlinear

operator of the second order
F[’U,] = F(:E?u?uxvuxx)a

which admits an invariant subspace of submaximal di-
mension defined by the ODE

"

Lly] = y@ + ag(x)y” + az(x)y”
+ai(z)y + ag(x)y = 0. (6)

In this case, the invariant condition takes the form of

D*F + a3(2)D*F + ay(z) D*F
+a1(z)DF + ag(z)F =0 (7

holding for the solution of manifold of Eq. (6). From
the invariant condition (7), we have the following the-
orem.

Theorem 3 Any operator Flu] = F(x, u, g,
Uy, ) Possessing a four-dimensional invariant subspace
defined by (6) can be expressed in the form of

Flu] = Fslu] + F2[u] + Fi[u] + Fo[u],
where

F3 [U] = Fgouix —+ Fgluxuim —+ F201uuix + Flguium
+ P11t gy + Froou? g, + Fosous
+ Fogruu? + Forouu, + Foozu?®,

Fylu] = Faoou2, + FiioUztizy + Fiotttie,
+ Fozoui + Foruug + Fooau?,

Filu] = Figougs + Forus + Fooru,

Fylu] = Fyoo,

with Fj;r, and Fj; being functions of x.

Proof following notation is used throughout the
paper ‘
u

9 for all j > 0 (ug = u).

Uj:

The left-hand side of identity (7) is a polynomial in
variable ug, while the coefficient of u3 equals 9*F/0u3.
Equating this coefficient to zero and solving the result-
ing equation lead to

F(x,up,uy,us)
= F3(w,ug, w1 )us + Fo(w,u,ur)uj
+ Fi(x, ug, u1)uz + Fo(z, ug, uz). (8)
Substituting Eq. (8) into Eq. (7), then the left-hand

side of identity (7) is a polynomial in variables ug and
uy. Collecting the coefficients of usuj and u3u2, we

obtain

OF:

’UQU% : Ti(x’uovtu) = 07
F: 2F
udu? : 775a3(1')g—12(z,u0,u1) + 3988u%2(:17,u0,u1)
OF3 0’ F;y
48 — 108
+ Fu (2, uo, u1) + 920u; (2, uo, u1)

2F3

8U06’LL1

+ 108w (z,up,u1) =0,

which imply that

OF. OBF.
a—uf(x,uo,ul)zo, 8732(3377107“1):0-
1

Thus F(z,u,u1,us) can be expressed as follows:

F(x,ug,u1,uz)
= F3(z,up)us + [Fao(x, uo)u?
+ o (2, uo )ur + Fao(, uo))uj
+ Fi(x, ug, ur )ug + Fo(x,ug, ur). 9)

Substituting Eq. (9) into Eq. (7) and equating the co-
efficients of u3u? and u3 to zero, we obtain

OF:
uju3 : 486)—1;(56,%) + T8F5s(x,up) = 0,

OF:
ug : 12F21(.I‘, UO) + 2487;($, uo)u1 + 24F22(.13, uo)ul
0

OF:
+ 248—3(95,%) — 30a3(x)F3(x,up) =0,
x
which leads to
OF. OF:
—auj (z,u9) =0, Faa(x,ug) =0, aTzol(x,uo) =0.

Expressing F3(z,up) and Fb(x,ug) as follows:
F3(x,u0) = F30(x), Fai(z,u0) = Fai(z),
taking into account the above results, collecting the

coefficient of u2u§ and differentiating in u; lead to
0P (
ou3

1

15 x,ug,uy) =0, (10)
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which implies that
By (2, ug,u1) = Fia(2, uo)ui +Fi1(z, uo)ur+Fio(x, uo).

Then equating the coefficient of uj to zero gives

0*Fy
dui

OF;
(z,u0,u1) + 12—12(95,140) +3 55
oug

6‘u0 (x,U()) = 0)

which implies that Fy(z,ug,u;) can be expressed as
follows:
Fo(z,up,u1)
= Fou(x,uo)ui + Foz(z,uo)u’ + Foo(x, ug)u?
+ Fo1 (@, uo)ur + Foo(z, uo).
In view of the above results, the left-hand side of iden-

tity (7) is a polynomial in variables ug, ug and w.
Coefficients of ujudus, ugu3 and usug yield

82F20 8F12

upuiuz @ 28 52 (x,uo) +9Qa—u0(x,uo)
0
+ 144F04(I, UO) = 0,
2 8F20
’U,QU3 N QOTuo(z,Uo) —+ 30F12((E,’U,0) —+ Bl(l‘) = O,
82F20 8F12
uiu3 : 12 2 (z,up) —|—28a—uo(m,uo)
+ 36F04(LL‘,U0) =0, (11)

where Bj(z) is a function of  dependent on Fj, Fby,
and ag. From Eq. (11), we obtain

82F20 8F12
Ou? dug

which yield

(x,u9) =0, (w,up) =0, Foa(z,up) =0,

Fao(x,ug) = Fao1(x)uo+Fao0(x), Fra(x,ug) = Fra(x).

Then collecting the coefficient of uju%, equating it to
zero, differentiating with respect to wug, and equating
the coefficient of uju3 to zero, we have

0°Fyq 0Fus3
16 811/3 (SL’,U()) —+ 18871“)(%“0) = O,
and o2 oF
1 11 03 _
5 2 (x,up) —I—GOTUO (z,u0) =0,

which implies that we can obtain the following for-

mula:

Fii(z,u0) = Fiii(z)uo+Frio(x), Fos(z,u) = Foz(z).

Consider the above results. Equating the coefficient
of ujusus to zero, differentiating with respect to wg
and equating the coefficient of uZu3 to zero, we obtain

0*F, 0*F
g9 Fo 10

92 (x,u0) + 16 R (z,up) =0,

O%F, OF
02 6710(1',’LL0) =0,

39
oud oud

which yields

Flo(x, Uo) = F102($)U% + F101($)u0 + F100(if),
Foo(x,u0) = Foo1(x)ug + Foo(x).
In view of the above results, equating the coefficient

of u2us to zero, differentiating with respect to ug and
collecting the coefficient of u}, we obtain

83F01
8u% (xaUO) _Oa
83 01 0 0
a’3()ag(’0)+ 8é(x’u0)
64F01
Fudoz ) =0

which leads to

Foi(w,u0) = Forz(@)ug + For1(x)uo + Foro(z),
Foo(I7U0) = Foog(:ﬂ)ug + FOOQ(I)U(Q)

+ Foo1(x)uo + Fooo(z).

By the above computation, the theorem 3 follows.

4. Cubic

four-dimensional

operators admitting

invariant

subspaces

Theorem 2 implies that the second-order operator
with cubic nonlinearities does not preserve invariant
subspaces of five dimensions. In this section, we con-
sider the cubic operators with constant coefficients

Flu] = byul, + bouyuZ, + byuu?,
+ b4uium + by Uty Uy
+ beu g, + b7ui + bguui + bouluy + bigu®,

b eR(i=1,...,10), (12)

which admits the four-dimensional invariant sub-
spaces defined by Eq. (6). We find that there
are second-order cubic operators that admit four-
dimensional invariant subspaces. Thus the maximal
dimension of the invariant subspace admitted by cu-
bic operators is four.

Firstly, we obtain the following lemma.

Lemma 2 If the subspace defined by linear ODE
(6) is invariant under operator (12), then the coeffi-
cients of ODE (6) do not depend on z.
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Proof If the subspace defined by linear ODE (6)
2), then the left-hand

side of the invariant condition (7) is a polynomial in

is invariant under operator (1

variables ug, us, u; and ug. Equating the coefficients

of u3, ugu3, uyu3 and uu3 to zero yields

—30byas(z) + 12by = 0, (13)
—32bsaz(x) — Hdbiaz(x) — 24bias(x)
+24bya2(x) + 20bs + 30by = 0, (14)
—14byas(x) — 18bsas(x) — 8beaj(x)

+8bsas (l‘)2 — 6bsas (3?)

—36b1a:1 () + 18by + 16bs = 0, (15)
—8bsaly(w) — Thsaz(w) + 8bzaj(w) — 6bsaz ()
~36b1a(x) + 8bg + 6bs = 0. (16)

B [u] = (2ugy + 3u, +u)(12u2,

Flu] =

9 9

Fi[u] = (10U, + 9u)(10u2,
Fylu] = (10ugy + 9u) (30uty, —

1

— 4 n
(L[y] A T A

+ 12UpUpy —

V10 . (V10
Wi=L {cos (mx ,sin Was
y =

m

Formula (13) implies that as(x) does not depend on z.
Assume that as(z) = ag, where a3 is a constant. Sub-
stituting it into Eq. (14) leads to as(x) = ag, where
5) and (16),
we obtain that a;(x) and ag(z) do not depend on x.

ao is a constant. Similarly, from Egs. (1

The lemma is proved.

The next theorem provides a full description of
the cubic operators with constant coefficients that ad-
mit the invariant subspaces defined by Eq. (6).

Theorem 4 Operators (12) possessing four-
dimensional invariant subspaces defined by (6) with
constant coefficients belong to the following list:

2
Filu] = ud,, Falu] = Uy, (uug,£ - Ui) )
1[ } 2[ } 3 (17)
Wy = L{1,2,22,2%} (Lly] = y®* = 0),

6UUL — u2 — Buug + 2u?),

p[u] = (2ugs + Bug + u) (Bute, — 4uf + uug — u?),

=L {1 exp ( ) exp (;) ,exp(—x)} (18)
(L[y] =y 4y — iy“ - iy’ =0

(6Ugy + Tuz + 1) (3ugy + 2uy — u)?,

W,=L {l,exp (—g) , exp (%) 7eXp(—$)} (19)
L) =y +" — 5o = 5/ =0

Flu] = (6uss + 5uy +u)?,
S A T ) -
(L[y] =y +y" + %y" + %y’ =0),

— YUty + 18u2),
20u2 + 9u?),

) cos (Wx> sin (Wz> } (21)
’ 10 ’ 10

18u2),

310 3v10 (22)
, exp Tm , exp —Tac

[u] = (10U — 9u)(10u2, + iy, —
blu] = (10uz, — 9u)(30un,, — 20u2 — 9u?),
-7 B
{exp < ) , eXp ( 0%
— o -0
vyt 100y )
F[u] = (64, + 32uy — 5u)(64u,, + 64u2 + 15u),

Wi = £ {exp (<32 ) o () o (~5) e <_§x)} 23)

T L 15,
V'~ 51Y ~ 1096Y
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Proof In view of lemma 2, we consider operator (12) admitting invariant subspaces defined by (6) with

constant coefficients. In this case, the left-hand side of the invariant condition (7) is a polynomial in variables

ug, uz,u; and uo,

(—30agby + 12b2)u3 + (30bs — H4azby + 24bia + 20bz — 32a3bs)ugu?

+(18a3bs + 8aZby + 16b5 — 6agbe — 14agby + 18b7 — 36b1ay )uiu3

+(=Tazbs + 6bg — 6azbs — 36agb; + 8aZbs + 8bg)ugu3

+(—6agbs + 42a3b1ay — 48asby — 24bya; + 2a3by — 8azby + 22bs + 36b7)udus
+(—=52a1by — 24asbs + 14asbaas + 2a§b3 + 2a§b4 — 6asb; — 28asb3 + 42brasaq

+44bg — 10a3bs + 32bg — 24apby )usugus + (42brasag — 8ai1bs — 6asbg — 12a2bs
—2azbs + 14agbzas + 20bg + a3bs — 44byag)ugugus

+(—24a1b3 — 20a1by — 8baag — 2asbs + 14azbaa; — 6azbs + a3bs — 2azbs + 20bg )udus
+(—2agbg — 32bzag — 10a1bs + 1dagbgag + 24b1o + 14azbsa; — 20bsag + 2a3bg
—4agbg)uguiuz + (—10bsag + 14azbzag)udus + (6bs + 18b1a3 + 2azbeaz + 12bg
—2apby — 12a3b3 — 18asby + 3azbs + 6asbr — 8a1by)us + (6asbg — 20azbs + 6boa’
+2asbsas — 20a1b3 — 18asby + 12a3bg + 2asbsa; — 28a1bs + 2a3bsas + 36b1aszaq
—10bgag + 30bg)uju3 + (36byazag + 6azbg — 12a2bg — 6azbg — 14bsag + 2azbzag
+azbsag — 20bgag + 6a3bs + 18b1g — daibs)ugus + (—4azbs — 26a1bs — 8bzag + 36b1o
—10a2bg — 10bgag — 24a1by + 12a3bg + 12bsaza; + 18b1a2 + azbsas + 2azbzas
+2bgazayr)uus + (azbsay — 4asbg + 2azbgas + 2azbzag + 2aszbsag + 18azbio — 20a1bg
+36byarag — 8arbg + 12bsasag + 12asbza; — 24brag — 28bsag)ugui ug

+(—8bgag + 12azbzag + 18b1a + asbsag — 14agbg)udus

+(2aby — 8a1bg + 6boa? + 6asbyg + azbsa; — 2brag — 4bsag — 12a;1bg)us

+(2asbgay + 6b3a? + 6agbig — 10bgag + agbsag — S8aibg + 12bsaiag — 20agbg )uu?
+(12bza1ap — 10agby + 6baad + 2azbsag)udur + (6bsa — 2agbio)us.

Equating all the coefficients to zero, we obtain an algebraic system for a;,b;, (: = 0,...,3,7 = 1,...

Solving the system, we obtain the following five solutions:

1 1 5 17 2
ag =0, a; = —Zaﬁ, az = —Za§, by = 5(1351, by = Ebm% - gb?n
1 3 Ly 1, I g
by = 5(50,3[)3 - 2&3()1), bg = —ﬁasbl + §a3b3, by = —asbs — gasbl,
1 1
bs = —ﬁagbg — gagbl, bg = ﬂagbl — 6(1%()3, b10 = E(agbl — Oébg),
with arbitrary constants as, by and bs;
1 . 1 5 1
apg = 07 a1 = 7§a§, a9 = 7§a§, b2 = 5&31)1, bg = 7§b1a§,
14 4 1 . 1
by = 2b1a3, by = —ajbi, bg =0, by = ﬁagbl, bg = fgaébl, by = Eagbl, bip = 5—4a§b1,
with arbitrary constants az and by;
1 11 5 1 25
ap =0, a1 = %aé, as = %aﬁ, by = §a3b1, b3 = §b1a§, by = 5516137
5 1 125 25 5 1
bs = éaibl, be = Eaébh by = %aibl, bg = Eaéblv by = 73a§b1, bio = ﬂagbl,
with arbitrary constants az and b; and bs;
9 9 2
aozﬁag, a1 = a3 = by = bs = by = by = 0, b4:ga2b1—§b3,

010201-6
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81 6 3 81 27
b = ———bra3 + —agbs, by = ——agbs + —bra3, byg = ——a3b 27
6 100 1a5 + 5a2 3, g 5@2 3 + 50 1a3, 010 100(12 3, (27)
with arbitrary constants as, by and bs;
15 1 7 5 25
ag = —ma§7 ay = —@a& a2 = 33@3 by = iagbl’ b3 = 6*451%2),,

35 75 1 5
by = 2b1a3, by = &agbl, b6 = ——aiby, by = 5agbl, b8 = —ajzby,

4096 32
75 1125
bg = — b =———" 4 28
97 T8102"7 P10 T Toga144 M7 (28)
with arbitrary constants az and b;.
Substituting the first solution (24) into Egs. (12) and (6), we obtain
a? a3
Flu] = biFilu] + bsFofu],  Lly) = y™ +asy” — " = Ty =0, (29)
where
1
Fiu] = ﬂ(2um + 3azuy + azu)(12u2, + 12a3u,Us, — 603U, — a3u> — Sasui, + 2a§u2),
1
Folu] = E(2um + 3asug + a?,}u)(Guum - 4ui + azut, — aguz), (30)

by and b3 are arbitrary constants. Therefore there ‘Substituting Eq. (32) into Egs. (31), then Eq. (31) is

exist two operators Fij[u] and Fh[u] admitting the  reduced into the following system of ODEs:
invariant subspaces defined by ODE (29).  For

54 12
az = 0, Filu] = uj, and Ky = wui, — c(t) = ﬁ%(cf —c3)+ ﬁq(c% +¢c3)
(2/3)uuy,, which admit the invariant subspace Wy = 162 108
L{1,z,22 2%} (L[y] = y® = 0). Then we obtain re- + ﬁcl(cg +c3) + o5 CLe2¢
sult (17) in theorem 4. For as # 0, performing the 12 54
~ . . _ - . h(t) = ——ca(ch 4+ c3) + ——ca(cd — c3)
variable transformation X = agz in Eqgs. (29) and (30) 2 125 01T T o5 Yt 2
i i i 162 108
yields the sec?nd result (18) in theorem.4. Without + @) = 2B e,
loss of generality, we denote by u, the ux in Eqs. (17)- 4125 125
(23). By a similar computation to the above, inserting c(t) = 15%@3 (2 +c3)+ o5 (3¢5 — c2),
the solutions (25)—(28) into Egs. (6) and (12) yields 54 5
the other results (19)—(23) respectively. Thus the the- c(t) = ECAL(C% +c2) + 1252 (c3 — 3c3).

orem 4 is proved.
Example 1 Theorem 4 implies that the equation  For ¢3(t) = c4(t) = 0 and ¢;1(t) = 3c3(t), solving the

3 9 5 81 81 system yields the 2+/10m-periodic separate variables
Up = Upy + —UGUgy — —— U Ugy + ——uuy  (31) N . .
5 100 50 similarity solution of Eq. (31), i.e.,
has an exact solution of the form
3
V10 ) ) (\/ 10 ) 100 V10
u = cy(t)cos | —x | + co(t)sin | —=x u(x,t) = cos x| , 33
1(®) ( 10 2(t) 10 @0 = =300 10 (33)
3v10
+cs(t)cos | —— |z . . s ] .
10 where T is an arbitrary positive constant. Noting
3710 that solution (33) is equal to zero at the points xj, =
+ey(t)sin | ——x ). (32) V10
10 (2k + 1)7/2, we take the one-hump

3
100 cos 10:5 for |z| < v10
a(z,t) = { VT — 4320t ’ -

0, for |z| > —,

(34)
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which is a localized standing wave (a kind of blow-up
standing compacton). It exhibits regional blow-up in
the interval (—v/107/2,/107/2). The compactly sup-
ported function @(z,t) is a standard weak solution of
the Cauchy problem for Eq. (31) in R x (0,7/4320)
with corresponding initial data u(x,0).

Similarly, we can obtain the following examples.

Example 2 The dual
(20]

porous medium

equation

3

Ut = Ugy

has a solution

(C — 3z)? 9 3
)= Y cw, = £{1, 2,42, 2%), (35
e t) = o r—agar © V= ALt e (35)

where C' and T are arbitrary positive constants. Solu-
tion (35) is positive for © < C'/3 and blows up at the

time t = T/432.
Example 3 The full nonlinear equation
1

_ 3
= 216(6um+5u$+u)

Ut

has a positive solution

u(z,t) =

1 Cc? x C?
VT =31 [meXp (-3)* 5
X exp (*%) + Cexp (*%) + 18}

4= 2 (-5) cxn (-5) cxn (-2) ).

where C' and T' are arbitrary positive constants. This
solution blows up at the time ¢t = T'/3.
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