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Interference phase of mass neutrino in
Reissner Nordström de Sitter space time∗
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In Reissner–Nordström–de Sitter space–time, we calculate the interference phase of mass neutrino along geodesic

in the radial direction, and then investigate the effects of the cosmological constant Λ on the phase. Morever, the

expression of the interference phase can be reduced to that in Reissner–Nordström space–time when Λ approaches to

zero.
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1. Introduction

On account of the great success of the Super–

Kamiokande atmospheric neutrino experiment to as-

sure the neutrino mass,[1] the mass neutrino oscillation

has been a hot topic recently. Due to the theoretical

considerations, the desciption of neutrino oscillation

in the flat space–time should be natrually extended

to that in the curved spacetime as the gravitational

background is taken into account. Various theoreti-

cal considerations on the gravitationally induced neu-

trino oscillation were proposed to deal with the above

case.[2,3] More recently, the gravitational effects on the

neutrino have received much attention of a number of

authors to calculate the interference phase of mass

neutrino in different gravitational fields,[4−10] includ-

ing plane wave approximation, wave packet treatment

and standard treatment.[3−5]

In 1996, Fornengo et al.[5] studied the interference

phase of relativistic neutrinos in the cases of radial and

non-radial propagations, by using plane wave anal-

ysis, in Schwarzschild space–time. In 1997, Cardall

and Fuller[6] developed a simple formalism for treating

neutrino oscillations in a curved space–time. In 2001,

Zhang and Beesham[7] used a unified description of the

phases for both high energy particle and low energy

particle to calculate the gravitationally induced inter-

ference phase of mass neutrino, and they found that

in the high energy limit, the phase along the null is

equivalent to the half phase along the geodesic. In re-

cent years, our group have made an effort to study

the neutrino oscillation. Huang and Wang investi-

gated the interference phase of mass neutrino in Kerr

space–time in Ref. [8] and Reissner–Nordström (RN)

space–time in Ref. [9]. According to the previous re-

search, we extend our work to Reissner–Nordström–de

Sitter space–time.

In this paper, we calculate the interference phase

of the mass neutrinos in the Reissner–Nordström–de

Sitter space–time, and analyse the effects on the inter-

ference phase because of the existence of the cosmolog-

ical constant in the gravitational field. In addition, we

will discuss the reduced expressions of the phase un-

der some particular conditions. We set G = c = ~ = 1

throughout this paper.

2. Geodesic phase of mass neu-

trino in Reissner Nordström de

Sitter space time

Reissner–Nordström–de Sitter space–time is writ-

ten as [11]

ds2 = g00dt
2 + g11dr

2 + g22dθ
2 + g33dφ

2, (1)

where

g00 = 1− 2M

r
+

Q2

r2
+

Λr2

3
,

g11 = −(1− 2M

r
+

Q2

r2
+

Λr2

3
)−1,

g22 = −r2,

g33 = −r2 sin2 θ, (2)
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where M and Q are the gravitational mass and the

electric charge of the star respectively, and Λ is the

cosmological constant.

We consider the phase of the mass neutrino in

Reissner–Nordström–de Sitter space–time by using

the following particle geodesic equations:

d2xλ

ds2
+ Γλ

µν

dxµ

ds

dxν

ds
= 0, (3)

Γλ
µν =

1

2
gλτ (gµτ,ν + gτν,µ − gνµ,τ ). (4)

Along the radial direction, dθ = dφ = 0, and the non-

trivial time-like equation is

d2t

ds2
+ 2Γ 0

01

dt

ds

dr

ds
= 0, (5)

Γ 0
01 =

1

2
g00

dg00
dr

. (6)

Subsituting Eq. (6) into Eq. (5), we obtain

d

ds

(
g00

dt

ds

)
= 0. (7)

Equation (7) gives

g00
dt

ds
= const, or

E = P0 = mg00
dt

ds
= const. (8)

Equation (8) represents that the covariant energy is

the motion constant along the geodesic, with which

the calculation of the phase is proceeded. It is neces-

sarily noticed that it is the covariant energy P0, the

constant of motion, and the value of this constant E

is the asymptotic energy of the neutrino at r = ∞.[12]

The mass shell condition can be written in

Reissner–Nordström–de Sitter space–time as

gµνP
µP ν = m2. (9)

Considering the radial direction, dθ = dφ = 0, Eq. (1)

can be rewritten as

1 = g00

(
dt

ds

)2

+ g11

(
dr

ds

)2

. (10)

According to Eqs. (8) and (9), we obtain

ds

dr
=

[
− g00g11/

(
P 2
0

m2
− g00

)]1/2
= [−g00g11/(k + 1− g00)]

1/2

=

[
k +

2M

r
− Q2

r2
+

Λr2

3

]1/2
, (11)

where k = (P0/m)2 − 1.

In the curved space–time, the interference phase

can be written as[13]

Φ =

∫
mds =

∫
Pνdx

ν =

∫
gµνP

µdxν , (12)

where Φ is the covariant phase, and m is the mass of

neutrino. Then we obtain

Φ(geod) =

∫
m

ds

dr
dr

= m

∫ [
k +

2M

r
− Q2

r2
+

Λr2

3

]1/2
dr.(13)

As the cosmological constant Λ is a small quan-

tity, expanding Eq. (9) in terms of Λ, we obtain

Φ(geod) ≃
∫

mdr√
k −Q2/r2 + 2M/r

−
∫

mΛr2dr

6(k −Q2/r2 + 2M/r)

=
mr

k

√
kr2 + 2Mr −Q2 − Mm

k3/2
ln[M + kr +

√
kr2 + 2Mr −Q2]

−mΛ

3

{
1

6k
√
kr2 + 2Mr −Q2

r4 − 7M

12k2
√
kr2 + 2Mr −Q2

r3

+

(
2Q2

3k2
√

kr2 + 2Mr −Q2
+

35M2

12k3
√
kr2 + 2Mr −Q2

)
r2

−15M(7M4 + 10kM2Q2 + 3k2Q4)

4k9/2(M2 + kQ2)
ln(M + kr +

√
k(kr2 + 2Mr −Q2))

}
. (14)

(15)

Expanding Eq. (11) in terms of electric charge Q, we obtain

Φ(geod) ≃ m

k

√
kr2 + 2Mr − Mm

k3/2
ln(kr +M +

√
k(kr2 + 2Mr))

+
m

2
√
k

√
kr2 + 2Mr +

√
k√

kr2 + 2Mr(kr +M +
√
k(kr2 + 2Mr))
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− 2mΛ

k
√
k + 2M/r

r3 +
7MmΛ

k2
√
k + 2M/r

r2 −
(

35M2m

k3
√

k + 2M/r
− mQ2Λ

4k(k + 2M/r)3/2

)
r

− 5M2mQ2Λ

k3(k + 2M/r)3/2
r−1 − 210M2mΛ

k4
√
k + 2M/r

− 10MmQ2Λ

3k2(k + 2M/r)3/2

+
35M3mΛ

12k9/2
ln(kr +M +

√
k(kr2 + 2Mr)) +

5MmΛ

4k7/2
ln(kr +M +

√
k(kr2 + 2Mr)) + o[Q4]. (16)

The first three terms on the right-hand side of Eq. (14) is analogous to the expression of the phase in RN

space–time. And the rest describe the contributions by the cosmological constant.

When r ∼ ∞, the gravitational field is quite weak. Substituting the upper integral limit r and lower limit

r0 into Eq. (14) separately, the interference phase is reduced to

Φ(geod) ≃ m√
k
(r − r0)−

Mm

k3/2
ln(

2kr +M

2kr0 +M
) +

mQ2

k3/2

(
1

r
− 1

r0

)
− 2m

k3/2
(r3 − r30)Λ+

7Mm

k5/2
(r2 − r20)Λ

−
(
35M2m

k7/2
+

mQ2

4k5/2

)
(r − r0)Λ− 5M2mΛQ2

k3

(
1

r
− 1

r0

)
Λ

+

[
35M3m

12k9/2
ln

(
2kr +M

2kr0 +M

)
+

5Mm

4k7/2
ln

(
2kr +M

2kr0 +M

)]
Λ+ o[Q4]. (17)

If we consider the high energy limit, which means that k is a large quantity, the phase will be approximately

rewritten as

Φ(geod) ≃ m√
k
(r − r0)−

Mm

k3/2
ln

(
2kr +M

2kr0 +M

)
+
mQ2

k3/2

(
1

r
− 1

r0

)
− 2m

k3/2
(r3 − r30) + o[Q4]. (18)

Here, those terms with higher orders about k have been ignored. The first three terms play a principal role in

the interference phase, and the last term can be regarded as the correction of the cosmological constant acting

on the phase in RN space–time.

3. Conclusion and perspective

In this paper, we calculate the interference phase

of the mass neutrino propagating in the radial direc-

tion along the geodesic in the Reissner–Nordström–de

sitter space–time. On condition that the energy of the

neutrino is extraordinarily high, we find that the cos-

mological constant Λ will, to some extent, affect the

interference phase. Especially, if Λ = 0, the phase in

the Reissner–Nordström–de Sitter space–time will na-

trually reduce to that in the RN space–time. Further-

more, if Λ = 0 and Q = 0, the phase in the Reissner–

Nordström–de sitter space–time will ultimately reduce

to that in the Schwarzchild space–time. At present,

the mass neutrino oscillation has been attracting more

comprehensive attention, and is frequently related to

other fields of physics.[14,15] With the further research

on it, we are convinced that it will inevitably be a

promissing topic in the future.
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