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Propagation of partially coherent beams
carrying an edge dislocation through
atmospheric turbulence along a slant path*
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This paper derives the explicit expressions for the average intensity, beam width and angular spread of Gaussian

Schell-model (GSM) beams with edge dislocation propagating through atmospheric turbulence along a slant path. The

propagation of GSM beams with edge dislocation through horizontal atmospheric turbulence can be treated as a special

case through a slant one. The propagation properties of GSM beams with edge dislocation through slant atmospheric

turbulence are studied, where the influence of edge dislocation parameters including the slope p and off-axis distance d

on the spreading of GSM beams with edge dislocation in atmospheric turbulence is stressed. It shows that the spreading

of the intensity profile of GSM beams with edge dislocation along a slant path is smaller than that along a horizontal

path in the long-distance atmospheric propagation. The larger the slope |p| and the smaller the off-axis distance |d| are,

the less the beam-width spreading and angular spread of GSM beams with edge dislocation are affected by turbulence.
The GSM beams with edge dislocation is less affected by turbulence than that of GSM beams without edge dislocation.
The results are illustrated numerically and their validity is interpreted physically.
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1. Introduction

The propagation of laser beams through atmo-
spheric turbulence is a topic that has been of con-
siderable theoretical and practical interest for a long
time because of its connection with many important
applications including remote sensing, optical com-
munications, imaging and targeting systems etc.!"]
It was examined both theoretically and experimen-
tally that partially coherent beams are less sensi-
tive to the effect of turbulence than fully coherent
ones.[275 For some practical applications the prop-
agation of laser beams through atmosphere along a
slant path is required.[6=1% Zhang and Wang calcu-
lated the average intensity of finite laser beams in
slant atmospheric turbulence.l! By using the aver-
age structure constant C2, the propagation of multi-
Gaussian beams through slant atmospheric turbulence
was studied by Chu et al.l”} The effect of atmospheric
turbulence on the spatial coherence property of Gaus-
sian Schell-model (GSM) beams propagating along a
slant path was dealt with by Wang et al.[®!

On the other hand, particular attention has been
paid recently to optical beams carrying phase singu-

larities (wavefront dislocations). There exist differ-
ent kinds of wavefront dislocations, i.e., the screw
dislocation (often called the optical vortex) with spi-
ral phase, edge dislocation with m-phase jump lo-
cated along a line in the transverse plane, and hy-
brid dislocation.'*) The vortex generation and prop-
agation dynamics of optical vortex beams have been
studied extensively.l''=14 An edge dislocation can be
produced experimentally by using a phase plate to em-
bed a m-phase jump in the host beam. The vortex-
edge dislocation interaction in a nonlinear defocusing
medium, a linear medium and in the presence of an
astigmatic lens is found in Refs. [15]-[17]. The dy-
namic evolution of an edge dislocation through aligned
and misaligned paraxial optical ABCD systems was
analysed in Ref. [18].

One of the important subjects is the propagation
of optical beams carrying phase of the singularities
through atmospheric turbulence and the potential ap-
plications. More recently, Gbur and Tyson dealt with
the propagation of vortex beams through weak-to-
strong atmospheric turbulence and suggested that the

topological charge of vortex beams could be used as in-
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formation carrier in optical communications.!'%) Wang
et al. demonstrated that the spreading of partially co-
herent vortex beams is less influenced by atmospheric
turbulence than that of partially coherent vortex-free
beams.[?% It is interesting to ask what will happen if
partially coherent beams carrying an edge dislocation
propagate through atmospheric turbulence? How does
the edge-dislocation affect the spreading of partially
coherent beams in atmospheric turbulence? This is
just the purpose of the present paper. In Section
2 the theoretical formulation of the propagation of
partially coherent beams carrying an edge dislocation
through atmospheric turbulence along a slant path is
presented, where GSM beam is taken as a typical ex-
ample of partially coherent beams. Section 3 describes
the evolution behaviour of GSM beams with edge dis-
location in slant atmospheric turbulence. The beam
width and angular spread of GSM beams with edge
dislocation in slant atmospheric turbulence are illus-
trated in Section 4. Finally, Section 5 summarised the
main results obtained in this paper.

2. Theoretical formulation

Consider a Gaussian beam with edge dislocation

whose field at the source plane L = 0 islt1:13:18]

2 2
Ulp, L =0) = (ppe — py +d) exp (ﬂj”) (1)
where p and d denote the slope and off-axis distance
of the edge dislocation, respectively, p = (pz, py) is
the two-dimensional (2D) position vector at the source
plane L = 0 and wy specifies the waist width of Gaus-
sian beam.

Introducing the Schell-model correlator,?!]

we
can express the cross-spectral density of a GSM beam

with edge dislocation at the plane L =0 as

W(O) (p17 P2, O)
= [p2p1x02$ - p(pleZy + szply) + dp(plx + sz)
_d(Ply + p2y) + pryp2y + dZ}

con[- () o257

where o(p denotes the spatial correlation length and
Pi = (piz, piy) (i = 1,2 unless otherwise stated).
According to the extended Huygens—Fresnel
principle,[!l the cross-spectral density of GSM beams
with edge dislocation propagating through atmo-
spheric turbulence along a slant path is given by

W<p/17 p/2v L)

]{i 2
N (%L) // dzpl/ d?p W (p1, p2,0)

<exp {21061, — )" — (01— pa))}
x (exp[t* (p1,p'1) + ¥ (P2, P'2)]), (3)

where k is the wave number related to the wave length
Aby k=2m/), p} = (pl,, pi,) is the 2D position vec-
tor at the L plane, * is the complex conjugate, (-)
denotes the ensemble average, and ¢(p, p) represents
the random part of the complex phase of a spherical

wave due to the turbulence. We can writel2?]

(exp[™ (p1, p'1) + (P2, P'5)])

1
= exp {—QDw(Pl - P27P/1 - Plz) ) (4)

where Dy (p1 — p2,p’' — p'5) is the phase structure

function:(1+8:23]

Dy(p1 —p2,p'1—P'3)

H
= 2014k sec() [ CRMIA =)ot ~ ')

+n(p1 — P2)|5/3dh~ (5)

In the quadratic approximation, the following phase
structure function is used in place of Eq. (5), and is

shown to be a good approximation for practical situ-

ations, namely!?2:24]

Dy(p1 — p2,0'1 — ps)
= Bi(p', — p'3)* + Ba2(p'y — P'2) - (p1 — p2)
+ Bs(p1 — p2)°, (6)

where

By = 2.914k? sec(€) " C2(h)(1 —n)*dh, (7)

ho
H

By = 2.914k> sec(g)/ 2C2(h)n(1 —n)dh, (8)
ho
H

Bz = 2.914k%sec(&) [ C2(h)n*dh. (9)
ho

In Egs. (7)-(9), n = (h—ho)/(H —hg) for the downlink
propagation, hg is the altitude between the ground
level and the receiver, H is the height above ground
level of the transmitter, L = (H — hq) sec() is propa-
gation distance along a slant path, and ¢ is the zenith
angle, C2(h) describes the variation of the structure
If C2(h) is given,
Egs. (7)—(9) can be integrated analytically, one of the

constant versus the altitude h.
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most widely used models is the Hufnagel-Valley (H- Equations (5)—(9) are also applicable to the uplink
V) model which is given by!!l propagation, for such a case n = 1—(h—hg)/(H — ho),

) o 510 where hg is the altitude between the ground level and
Cr(h) = 0.00594(v/27)"(107"h) " exp(—h/1000) the transmitter, H is the height above ground level of

+ 2.7 x 10710 exp(—h/1500) the receiver.

+ C2(0) exp(—h/100), (10) To simplify the calculation of the two new vari-

ables of integration, we introduce
where v is the wind speed, C2(0) is a nominal value

at ground level. In our calculations, we use the H- uw = p1+ p2’ v=p — po. (11)
V57 model with v = 21 m/s and C2(0) = 1.7 x
10714 m=2/3, Substituting Egs. (2), (4) and (6) into Eq. (3), we have

E\? ik B
W(p'1,p's L) = (m) exp [—M(p’f—p’i)} exp [—;(p’l —p’2>2] // dQu// d?v
2

2 V2
X (pQui — p:x — 2puguy + pv;vy + 2dpuy — 2duy, —|—u§ — Zy +d2)
X e —1u2 e %(’— ') ule —%uv
Xp wg Xp 7 P1=P2 Xp 7
ik BZ / /
X exp(—Av®) exp 2L(P1+Pz) exp _7(131—92)"0 ; (12)
with
1 1 B
A= 4 43 13
22 T T2 (13)

Equation (12) is the cross-spectral density of GSM beams with edge dislocation propagating through slant
atmospheric turbulence. For the case that C2 is independent of the altitude h, i.e., By = By = Bs, Eq. (12)
reduces to the cross-spectral density of GSM beams with edge dislocation through horizontal atmospheric
turbulence. If no turbulence is presented (C? = 0), i.e., By = By = B3 = 0, Eq. (12) can be simplified to the
cross-spectral density of GSM beams with edge dislocation in the free-space propagation.

3. Evolution of GSM beams with edge dislocation in atmospheric

turbulence along a slant path

Substituting p’; = p’y = p’ into Eq. (12), we obtain the average intensity of GSM beams with edge
dislocation at the L plane as

I(p',L) = W(p',p',L)

02
B <27TL> // d*u // d*v < 4 — 2puguy + pv;vy + 2dpuy — 2duy + “73 - Zy + d2>

X exp ( w2u2> exp (—Lu v) exp(—Av?) exp [lfp’ . ’U:| . (14)

0

Recalling the integral formulal?®!

2 n
/zn GXP(—p:L’2 + 2gx)dx = nlexp (q) \/? (q>
p P AP
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and integrating Eq. (14), we obtain

I(p 0y, L)

Dw? o2 o
—-D|E= L ¥

2F eXpl <F tF

Dy’
CA

pDp,
CA

where
C= u?g + 37 (17)
-5 (13)
F=A+ Dng. (19)

Equation (16) provides the closed-form expression for
the average intensity of GSM beams with edge dis-
location through slant atmospheric turbulence, which
depends on the altitude between the ground level and
the receiver H, the height above ground level of the
transmitter hg, the zenith angle &, the wavelength A,
the spatial correlation length o, and the edge dis-
location parameters including the slope and off-axis
distance of edge dislocation p and d.

The normalised average intensity distributions
I(p',0,L)/I(p5,0,0)max of GSM beams with edge
dislocation through atmospheric turbulence along a
slant path with £ = 45° versus the p’,, axis are plotted
in Fig. 1 for selected values of the slope p = 2 (solid
curves) and 5 (dotted curves), where I(p;,0,0)max de-
notes the maximum intensity in the p, direction at
the source plane L = 0, the calculation parameters
are A = 1.06 ym, wg =5 cm, g =2 cm, d =1 cm

2 P+l pP 41
2C 8F

-5) as)

and hg = 0. Figure 1 shows that the Gaussian inten-

2 /
PP &

d D| —
+ ) + (2F

sity profile disappears and there is an intensity profile
with a central deep and two maxima at the source
plane L = 0 due to the modulation of the edge dislo-
cation. The two intensity maxima are not equal and
the second maximum of the GSM beam with p =5 is
larger than that of the GSM beam with p = 2. In the
evolution process the second maximum decreases and
the minimum at the central deep increases. Finally,
the second maximum vanishes and the intensity pro-
file becomes a Gaussian-like one with a slight asym-
metry when the propagation distance is sufficiently
long. In comparison with the evolution of GSM beams
with p = 2 and 5 we see that the larger the slope p
is, the longer the evolution distance for the evolution
into a Gaussian-like profile is required. For example,
the evolution distance at which the intensity mini-
mum is equal to a half of the second maximum, i.e.,
Imin = I2 max/2 is 1.55 km and 1.9 km for p = 2 and
5, respectively, and the evolution distance at which a
Gaussian-like profile appears is 4.7 km and 7 km for
p = 2 and 5, respectively. The physical reason is ev-
ident, because the larger second intensity maximum
for p = 5 results in the larger evolution distance at
which Iiyin = 2 max/2 is achieved than that for p = 2.

0.6 1
0.8
1.0 4
:
= 0.8
2
& 0.6 ; .
E P 4
3 041 S _
S
~& 027 o —0a1 01
= L=0
0 4 .
—0.1 0 0.1
p/m

0.1 0
\_L = 155 km

0.1

Fig. 1. The evolution of normalised average intensity distributions I(p’,,0,L)/I(pz,0,0)max of GSM beams with edge
dislocation through atmospheric turbulence along a slant path for selected values of p, ‘“—’ for p = 2 and ‘- - -’ for p = 5.
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Figure 2 gives the normalised average intensity distributions I(p’,,0,L)/I(pz,0,0)max of GSM beams with
edge dislocation through atmospheric turbulence along a slant path with & = 45° versus the p/, axis for selected
values of the off-axis distance d = 1 cm (solid curves) and 3 cm (dotted curves), and p = 3. The other calculation
parameters are the same as those in Fig. 1. As can be seen, the larger the off-axis distance d is, the shorter the
evolution process is. For example, the evolution distance, at which Iyin = Iz max/2 and Gaussian-like profile
takes place, is 1.75 km, 6 km for d = 1 cm and 1.4 km, 4.5 km for d = 3 cm, respectively. The reason is similar
to that in Fig. 1, because the second intensity maximum for d = 1 cm is larger than that for d = 3 cm at the
source plane L = 0.
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Fig. 2. The evolution of normalized average intensity distributions I(p’,,0,L)/I(pz,0,0)max of GSM beams with edge dislocation
through atmospheric turbulence along a slant path for selected values of d, ‘“—’ for d =1 cm and ‘- - -’ for d = 3 cm.
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Fig. 3. The evolution of normalised average intensity distributions I(pl,0,L)/I(pz,0,0)max of a GSM beam with edge
dislocation along a slant path with £ = 45° (—), and along a horizontal path (- - -).
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Figure 3 gives the normalised average intensity
distributions I(p,,0,L)/I(pz,0,0)max of a GSM beam
with edge dislocation along a slant path with £ = 45°
(solid curves) and along a horizontal path (dotted
curves) versus the p/, axis, and p = 3. The other cal-
culation parameters are the same as those in Fig. 1.
A comparison between the two curves shows that the
intensity profile along the slant and horizontal paths
is similar at the propagation distance L <1 km. With
increasing propagation distance, say L >5 km, the
spreading of the intensity profile along the horizontal
path is larger than that along the slant path. In other
words, the propagation of partially coherent beams
with edge dislocation through atmospheric turbulence
along a slant path is more beneficial than that along
a horizontal path. It can be explained by means of
Eq. (10), which indicates that the structure constant
C2(h) decreases with increasing altitude h. Therefore,
the influence of turbulence on the beam propagation
along the slant path is less than that along the equal
horizontal path.

4. Beam width and

spread

angular

The root mean square beam width is defined asl®!

S, L)a%y

L) = 20

C =\ a (20)
Making use of the integral formulal29]
/me exp(—Bz*™")dx
2 1 m

:F< ";: )/nﬁza“ (21)

with I'(e) being the Gamma function, by straightfor-
ward integral calculations we obtain

w(L)

I 1/2
w, 4wy, L? + 5.828 sec(€) L2 / Ci(h)vfdh] ,
ho

(22)
where
2 4
Wo Wo
% 23
Ve Ty Tl RB /(P 1 1) (23)
11 1 2
_(1 .1 2 (4
wb(%+ﬁ+%+wmmw>w<)

Equation (22) indicates that the beam width
of GSM beams with edge dislocation in turbulence
consists of three terms. The first two terms under
the square root on the right-hand side represent the
beam-width spreading in free space due to diffrac-
tion. The first term w, is independent of the propaga-
tion distance L, the second term wy,L? increases with
L?, where w3 /2 + (1/w + 1/03)(2/k?)L? describes
the beam-width spreading of GSM beams with-
out edge dislocation, and wg/(2wg + 8d42/(p? + 1)) +
[1/(wg +4d?/(p® + 1))](2/k*)L? describes the effect
due to edge dislocation on the beam-width spread-
ing in free space and increases with decreasing d and
increasing p. The third term under the square root
on the right-hand side 5.828sec(€)L? [;' C2(h)n*dh
characterises the influence of turbulence on the beam-
width spreading which depends on the parameters H,
ho, &, L, but does not depend on the beam and edge-
dislocation.

Substituting C2 = 0 into Eq. (22), the beam
width of GMS beams with edge dislocation in free
space turns out to be

w(L)free

I 1/2
= |w,L* + 5.828 sec(¢) L2 Cﬁ(h)nth] .
ho

(25)

By letting L = 0 in Eq. (22), the beam width of
GSM beams with edge dislocation at the source place
L =0 is expressed as

w(0) = /i,

Equation (26) implies that the beam width of GSM
beams with edge dislocation is larger than that of
GSM beams without edge dislocation at L = 0 due
to the edge dislocation.

(26)

The angular spread is defined asl®)

(27)

L—oo

From Egs. (22) and (27) the angular spread of
GSM beams with edge dislocation in turbulence is
given by

H
O, = \/wb+5.828sec(§) / C2(h)yPdh. (28)
ho

From Eq. (28) we see that the angular spread of
GSM beams with edge dislocation in turbulence is
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composed of two terms. The first term wy repre-
sents the diffraction-induced angular spread in free
space, where (1/w3 + 1/02)(2/k?) decreases the an-
gular spread of GSM beams without edge disloca-
tion, and [1/(w2 + 4d?/(p? + 1))](2/k?) describes the
angular spread due to the edge dislocation and de-
creases as d increases and p decreases. The sec-
ond term 5.828 sec(&) f}i C2(h)n?dh characterises the
turbulence-induced angular spread, which depends on
the parameters H, hg and &.

If C2 = 0, from Eq. (28) the angular spread of
GSM beams with edge dislocation in free space is given
by

SN

To intuitively describe the resistance of a beam to

(29)

SPfree

turbulence, the relative angular spread can be used,
which is defined as the ratio of the angular spread
Osp,.., of a beam in turbulence to 6y, of the same
beam in free space, i.e.,

H
Oupe _ \/1 | 5828 sec(€) [1y CR(hPdh.
SPfree Wp

(30)

Physically, the smaller relative angular spread means
the less sensitivity to turbulence.

1.000930
W~ A .
O ) {1.000925
1.368 | \ i
g Osbiree ‘\' 3“
g 13651 11.000920 3
S =
¢ &
=) ac n
13621 { 1.000015 =
1.359 1
' . . 1.000910
—10 -5 0 5 10
P

Fig. 4. The angular spreads 0

SPturb
versus (a) the slope p, and (b) the off-axis distance d.

Figure 5 gives the relative angular spreads of GSM
beams with edge dislocation (solid curve) and with-
out edge dislocation (dotted curve), versus the spatial
correlation length og, where p = 5 and the other cal-
culation parameters are the same as those in Fig. 1.
Figure 5 indicates that for the both cases Ogp, , /Osp,...
increases with increasing og. It means that the GSM
beams with smaller o (worse spatial coherence) is less

affected by turbulence irrespective of the presence of

Ospy,.., and relative angular spread Osp, . /0

The angular spreads g, , 0sp, . and relative an-
gular spread 6, . /0sp.  of GSM beams with edge
dislocation at L = 10 km versus the slope p and
off-axis distance d, are depicted in Figs. 4(a) and
4(b), respectively, and the other calculation param-
eters are the same as those in Fig. 1. As expected
from Egs. (28) and (29), both angular spreads 0,
and Osp, _of GSM beams with edge dislocation in tur-
bulence and in free space increase with increasing |p|
and decreasing |d|. However, the relative angular
spread Ogp, . /Osp, .. decreases as |p| increases and |d|
decreases. It means that the larger the absolute value
of the slope |p| and the smaller the absolute value of
the off-axis distance |d| are, the less the influence of
turbulence on the angular spread of GSM beams with
edge dislocation. The result is physically reasonable,
because the existence of any substantial original angu-
lar spread will reduce the effect of turbulence. Equa-
tions (24) and (29) indicate that the larger |p| and
smaller |d| will result in the larger original substan-
tial angular spread, namely, the effect of turbulence is
masked by the larger angular spread in free space,!
so that the angular spread of GSM beams with larger
|p| and smaller |d| is less affected by turbulence than
that of GSM beams with smaller |p| and larger |d|.

1.375
AT 11.00094
a N\ 3
13651 \ SPeurb £
g Oopron 11.00093 <
3 Ospyrt, / Osptroo 3
< 1.355 {1.00002 <&
41.00091
1.345 +—— . ‘ . .
-4 -2 0 2 4
d/cm

of GSM beams with edge dislocation

SPfree

the edge dislocation. In addition, a comparison of
solid and dotted curves shows that the angular spread
of GSM beams with edge dislocation is less affected
by turbulence than that of GSM beams without edge
dislocation, which can be also interpreted by using
Egs. (24) and (29) like that in Fig. 4.

The beam-width spreading of GSM beams with
edge dislocation in turbulence can be analysed in a

similar way by using Egs. (22)—(26), and the same
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conclusion will be drawn. The illustrative numerical
examples are omitted here for saving the length.

1.004

1.003

1.002

esl)turb /6SP|'ree

1.001

1.000

po/cm

Fig. 5. The relative angular spread Osp,, .\, /Osppe. VErsus
the spatial correlation length og. The ‘“— denotes GSM
beam with edge dislocation, whereas ‘- - -> denotes GSM
beam without edge dislocation.

5. Concluding remarks

In this paper, by using the extended Huygens—
Fresnel principle and the quadratic approximation of
the phase structure function, the explicit expressions
for the average intensity, beam width and angular

spread of GSM beams with edge dislocation propagat-
ing through atmospheric turbulence along a slant path
have been derived, and the propagation of GSM beams
with edge dislocation through horizontal atmospheric
turbulence can be treated as a special case through
slant one, where C? is independent of the altitude.
The spreading of the intensity profile of GSM beams
with edge dislocation along a slant path is smaller than
that along a horizontal path in the long-distance atmo-
spheric propagation. Therefore, the slant path is more
beneficial to the long-distance atmospheric propaga-
tion of GSM beams with edge dislocation in compar-
ison with the horizontal propagation. The larger the
slope |p| and the smaller the off-axis distance |d| are,
the less the beam-width spreading and angular spread
of GSM beams with edge dislocation are affected by
turbulence. The GSM beams with edge dislocation is
less affected by turbulence than that of GSM beams
without edge dislocation. A deep understanding of
the propagation properties of partially coherent beams
with phase singularities (optical vortex and/or edge
dislocation) through atmospheric turbulence would be

useful for some applications.
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