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Optical transmission through basic-structural-unit
superlattices™
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In this paper, by the transparent-component-decimation (TCD) method we obtain three kinds of new basic-

components (BCs) through simplifying and decomposing the BCs of three-component Thue-Morse (3CTM) sequence.

Based on these new BCs we propose a type of basic-structural-units (BSUs) and investigate the optical transmission
of the one-dimensional (1D) superlattices composed of these BSUs. It is found that if the substrates of the 1D BSU
superlattices are certain, the optical transmission at the central wavelength (CW) will be determined completely by the

number and the type of BSUs and has nothing to do with the marshalling sequence. In particular, if the substrates

are identical, the numbers of different types of BSUs are all the same and the middle two elements of BSUs constitute

a cycle, then no matter whether the system is periodic, or quasiperiodic, or aperiodic, or unordered, or even random,

it will be transparent at the CW. The conclusion is confirmed by the numerical results. Similar to the even layers of

neighbourhood identical elements in TCD method, such a kind of optical BSU subsystem can also be decimated from

the chain in the process of transmission investigation. There would be a potential application in the designing of some

interesting optical devices.
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1. Introduction

Much attention has been paid to the investiga-
tions on the structural and the physical properties
of quasicrystals and quasiperiodic superlattices since
the fundamental discovery of quasicrystal.!=3! Par-
ticularly, optical transmission through quasiperiodic
multilayers has been extensively studied. Kohmoto
et all¥ studied the light propagation through Fi-
bonacci (FC(1)) system, and their theoretical re-
sults were confirmed by the experiment of dielectric
multilayers.l”! Following these studies, many results of
optical transmission through aperiodic superlattices
have been reported. The optical transmission prop-
erties for generalized Fibonacci (GF(m,n)) sequences
were investigated®~8! and it was found that their char-
acteristics are much richer than those of FC(1) system.
Fu et al.l”! constructed Fibonacci-class (FC(n)) mod-
els, which possess perfect self-similarity, and Yang et

al.[10]

studied the transmission of light through the
superlattices following these one-dimensional (1D) se-
quences.

On the other hand, being a bridge between linking

periodic models and quasiperiodic systems in a geo-
metrical structure Thue-Morse (TM) model has been
extensively investigated over a long period of time.
Riklund et all'Y studied the electronic properties
of TM system and found Block-like electronic states
which are different from those of FC(1) chain. Chat-
topadhyay and Chakrabarti'? researched the optical
transmission through the 1D TM superlattices and
discovered that this aperiodic structure presents a
unique kind of positional correlation between its con-
stituents, leading to an unattenuated transmission of
light as well as electrons through it. Furthermore, one
has also paid much attention to the investigations on
the physical properties and the optical transmissions
for generalized Thue-Morse (GTM(m, n)) models, the
extended sequences of TM chain.'3=16 The three-
component Thue-Morse (3CTM) model, another in-
teresting extension of TM sequence, was proposed by
Tong!'”) and the electronic energy spectra were ob-
tained to be self-similar, i.e., they have a Cantor-like

structure.l!'”18] It can be generated by the following
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substitution rules:*7]
A— AB, B— BC, C = CA. (1)

Afterwards, Hu et al['?) studied the 3CTM system
and found that it possesses an interesting transmis-
sive characteristic.

Based on the theory of electromagnetic propaga-
tion one can define the optical transmission coefficient
(TC) asl¥

4

T = (@
mi11?2 + mia? +mar? + mag? + 2 ®

where m;; (1,7 = 1,2) is an element of the optical
propagation matrix (PM) M. Another parameter,
the quasi-phase §, which is the optical phase differ-

4]

ence between the ends of a layer,'* is denoted as

- ’I’lelk
" cosb;’

(3)

where n; is the refraction index of material i, d; is
the thickness of layer i, k is the wave number in vac-
uum, and 6; is the incident angle in layer . Usually,
one considers the simplest experimental settings and
takes into account the cases of vertical incidence and
identical optical phase difference for each layer (con-
dition 1). On the other hand, in order to make the
quasiperiodicity of the multilayer systems most effec-
tive, wavelengths should satisfy the following quasires-
onance condition:!

Ac

njdj = == (4)

where A¢ is the central wavelength (CW) (condition
2). In this paper we take into account the cases of
normal incidence and calculate PMs and TCs at Ac.
Under this condition, we choose

0=0,=0,
s

then the corresponding PMs can be written as

10
M;; = M = : (6)
0 Nji
0-1
1 0

where M;; denotes the PM from layer 7 to layer j, M;
is the PM through the single layer 7, and Nj; is the

ratio between the indices of refraction for two media
j and 7 and can be defined as
nj

Ny =22 ®)

From Eqs. (6)—(8) one can calculate the PM for light
to pass through the 1D optical superlattices and ob-
tain the corresponding TC by use of Eq. (2).

Based on the theory of electromagnetic prop-
agation one studied optical transmissions through
many kinds of 1D aperiodic superlattices by analyt-
ical derivations and numerical calculations, but the
relationship between the optical transmission proper-
ties and the structural characteristics for aperiodic se-
quences has been rarely reported yet. Are there any
tight correlations between them? Is it possible to fore-
cast directly the optical transmission properties of 1D
aperiodic superlattices only by analysing the corre-
sponding structural characteristics, without through
any conventional analytical derivation and numerical
calculation? Based on this idea Yang[??! proposed
a so-called transparent-component-decimation (TCD)
method and demonstrated that under the two afore-
mentioned conditions, even layers of neighbourhood
identical elements are transparent and can be deci-
mated from the chain in the process of transmission
investigation. Taking advantage of this interesting
characteristic the TCD method can simplify arbitrary
1D optical superlattices without through any numeri-
cal calculation and/or analytical derivation, then one
can predict directly the optical stabilities, circulations
and/or pseudo-circulations by analysing the symme-
try and/or the circularity of the structure for the cor-
responding simplified sequences. As one of the se-
ries studies of our group, Hu et al.l'® proposed a so-
called decomposition-substitution (DS) method and
studied optical transmissions through 3CTM multi-
layers by this method. Unlike TCD method’s simpli-
fying sequences directly, the DS method analyses the
structural characteristic of 3CTM chain. It is found
that" from the 5th generation on, 3CTM sequence is
composed of three kinds of basic components (BCs),
«a, B and v, and further on, «, 8 and ~ constitute
three kinds of effective components (ECs), {21, {2
and (23. Optical transmission through BC is equiv-
alent to that of EC. Based on this structural prop-
erty, without through any complicated calculation on
total sequence one can predict the optical tristability
of 3CTM optical superlattices by analysing the rela-
tionship between the three kinds of BCs and the total
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chain. Obviously, the DS method provides a new way
for investigating optical transmission, i.e., if the ape-
riodic optical superlattices consist of some BCs one
can predict the optical transmission (or other physi-
cal) properties by analysing the relationship between
the BCs and the total sequence. Simplifying arbitrary
aperiodic sequence freely, the TCD method will not
be limited by any sequence order and possesses gen-
eral applicability. Although the DS method analyses
the BCs of aperiodic sequences, different models may
possess different BCs. Therefore, the expressions of
BCs are not uniform. The idea of seeking for BCs of
aperiodic sequences may be an effective method.

As another one of the series studies of our group,
by TCD and DS methods we simplify and decompose
the BCs of 3CTM sequence and obtain three kinds
of new BCs. Generalizing these new BCs we propose
a type of basic-structural-units (BSUs), which possess
interesting optical transmission properties. It is found
that at the CW, no matter what the order of BSUs is,
the optical transmission through the 1D BSU super-
lattices will be determined completely by the number
and the type of BSUs. Particularly, if the numbers of
different types of BSUs are all the same and the middle
two elements of BSUs constitute a cycle, then no mat-
ter whether the system is periodic, or quasiperiodic,
or aperiodic, or unordered, or even random, it will
be transparent at the CW. Similar to the even layers
of neighbourhood identical elements in TCD method,
optical BSU subsystems of this kind can also be dec-
imated from the chain in the process of transmission
investigation. There would be a potential application
in the designing of some interesting optical devices.

The rest of this paper is organized as follows. In
Section 2, we introduce the origin and the characteris-
tics for BSUs. The properties of optical superlattices
constructed by interesting BSUs are studied in Section

3. And a brief summary is given in Section 4.

2. Basic structural unit

From Ref.[20] if follows that under the aforesaid
two conditions, the even layers of neighbourhood iden-
tical elements in TCD method are transparent and can
be decimated from the chain in the process of trans-

mission investigation. By the TCD method one can

simplify the BCs of 3CTM, !9 «, 8 and ~, as follows:
a=ABBCBCCABCCACAAB

& ACBABACB,
B =BCCACAABCAABABBC

——
& BACBCBAC,
v =CAABABBCABBCBCCA

———
= CBACACBA, 9)

3

where ‘<’ means ‘be equivalent to’, ‘_’ denotes
the even layers of neighbourhood identical elements,
which can be decimated by the TCD method. ‘~~’
refers to a new BC. From Eq. (9) one can see that

three kinds of new BCs are obtained as follows:

BC, = ACBA,
BC, = BACB,
BC; = CBAC. (10)

They are all composed of four elements, where the 1st
and 4th ones are identical. Generalizing these new
BCs we propose a type of so-called BSUs, which pos-

sess the following form:
BSU; = wiwaiws;was, (11)

where ¢ is a positive integer and wi; = wy;. By
Egs. (6)—(8) one can obtain the following PM of BSU;
under the two aforementioned conditions:

xZ; 0
Mpgsy, = K (12)
0 z;
where the PM element
N,
;= —22 13
= (13)

If a BSU; is sandwiched between two layers of medium
u, the PM

M, _Bsy,—u = ] (14)
0 =

If the substrates on the left- and right-hand sides are
media u and u’, respectively, the PM

.0
o My, (15

M, _BSU;,—w = .
0 z;

where the substrate PM from medium v to medium v/,
M.+, can be obtained from Egs. (6) and (8). From
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Egs. (12)—(15) one can see that even if the bound-
ary conditions have been taken into account, the TC
of BSU; depends only on the relative refractive index
of the 2nd and 3rd elements of the BSU,;. Similarly,
the PM for 1D optical BSU superlattices arranged by
following the BSU; BSUy
substrates can be written as

...BSU,, sequence without

X 0
MBSUS = ) (16)
0 X!

where the PM element
X =[]z (17)
i=1

and z; can be obtained from Eq. (13). If the BSU
system is sandwiched between two layers of medium
u, the PM

X 0
MufBSUsfu = . (18)
0 X!
If the substrates on the left- and right-hand sides are
media u and v/, respectively, the PM

X 0

- My (19)

Mu—BSUs—u' =

Obviously, from Egs. (16)—(19) one can see that even if
the boundary conditions have been taken into account,
the TC of a 1D optical BSU superlattices arranged
...BSU,, de-
pends mainly on the product of the PM element x;
for each BSU; (i = 1,2,...
of the substrate PM is independent of the optical

in the following sequence: BSU; BSU,
,m) while the influence

transmission. Therefore, for 1D optical BSU super-
lattices, only when the number and type of BSU; are
determinate, will the optical transmission be certain
no matter what the marshalling sequence of BSU; is.
In short, the wonderful BSUs are just as the color-
ful glasses in a kaleidoscope, arbitrary rollings form
numerous and complicated magnificent patterns, but
all of the combination optical superlattices possess a
certain TC at the CW.

3. Optical BSU superlattices

From the aforementioned introduction it is easy
to know that a BSU system with m types of BSU;
(i = 1,2,...,m) possesses a variety of combination

forms. In this section, we mainly study two types

of 1D typical optical BSU superlattices. For the 1st
type of BSU systems, we do not limit the type and
the number of BSUs and investigate the optical gen-
eral character. For the 2nd type of BSU systems, the
numbers of all types of BSUs are required to be iden-
tical and we confirm the transparent property.

3.1. General BSU systems

By the theory of permutation and combination
one knows that three kinds of elements can construct
six kinds of BSU systems. In this subsection, taking
arbitrary four kinds of BSU systems as an example,
we study the general character of the optical transmis-
sion of the 1D ternary BSU superlattices, where the
structure of the BSUs can be written as

BSU, = ABCA —> a,
BSU, = BACB —» b,
BSU; = BABB — ¢,
BSU, = CBAC — d, (20)

where in order to simplify the expression we express
BSU; (i =1,2,3,4) as a, b, ¢, and d, respectively. We
choose randomly five a’s, four b’s, two ¢’s, and one d to
construct the following four kinds of BSU sequences:

S1 = aaaaabbbbecd,
So = abcdaababeab,
S3
S4 = abacbabacabd, (21)

dbbabaacbaac,

where S is an overlapping sequence, Ss is a quasiperi-
odic one arranged by following the 4CF order (which
is similar to 3CF model™® and its substitution rules
are A—> AB, B —- C,C — D, and D — A, respec-
tively), S3 is an aperiodic one arranged by following
the 4CTM order (which is similar to 3CTM model!!”]
and its substitution rules are A — AB, B — BC,
C — CD, and D — DA, respectively), and Sy is a
random one generated arbitrarily by computer. Ran-
domly we choose media A and C as the substrates.
By use of the conventional optical transmission the-
ory introduced in Section 1, one can obtain the PMs
at the CW of these four kinds of 1D optical BSU su-
perlattices as follows:

Mg, = Ms, = Mg, = Mg,

TLA5TLB4 0 10
= e 9 ne |-
0 nc 0 — (22)
nAsnB4 nA
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Consequently, these four kinds of systems possess the
following identical TCs:
Ts, =Ts, =Ts, =Tg,
4
= s 5 . (23)
g t2

natng nc?
18

nc nat?ng
The numerical simulations are illustrated in Fig. 1,
with the indices of refraction being np = 1.2, ng =

2.0, and ng = 3.0. At the CW the TCs are
Tg, =Tg, =Tg, =Tg, = 2.6185 X 1076, (24)

Obviously, substituting the values of the indices of re-
fraction into Eq. (23) one can deduce that the values
of TCs are in accord with the results in Eq. (24). The
analytic results are confirmed by numerical simula-
tions.
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Fig. 1.
and the quasi-phase § for four kinds of optical BSU su-

Relationships between transmission coefficient

perlattices, with the indices of refraction being na = 1.2,
ng = 2.0, and nc = 3.0. At the point of §/7 = 0.5,
the values of transmission coefficients are all equal to
2.6185 x 1076.

From Fig. 1 one can also see that for the sys-
tems composing of four kinds of BSUs, a, b, ¢, and
d, when their numbers are determinate, whether they
are arranged by following periodic, quasiperiodic, ape-
riodic, unordered, or random sequences respectively,
the optical TC at the CW will be uniform. This is
the general character of optical BSU superlattices. In
brief, if the substrates are certain, the optical trans-
mission through 1D optical BSU superlattices will be
completely determined by the number and the type of
BSUs and has nothing to do with the order of BSUs.

3.2. Transparent BSU systems

By the theory of permutation and combination
one knows that four kinds of elements can construct

twelve kinds of BSU systems. In this subsection, tak-
ing arbitrary four kinds of BSU systems as an exam-
ple, we study the transparent character of the opti-
cal transmission of the 1D quaternionic BSU superlat-
tices, where the structure of the BSUs can be written
as

BSU, = BABB —» a,
BSU, = ABCA — b,
BSU; = CCDC —> ¢,
BSU, = BDAB —» d, (25)

where in order to simplify the expression we denote
BSU; (i = 1,2,3,4) as a, b, ¢, and d, respectively.
Here the two middle elements of the four kinds of
BSUs constitute a cycle. For example, the four 2nd
elements of BSU; (i = 1,2,3,4) constitute a cycle of
A — B —C — D, and the four 3rd elements constitute
a cycle of B — C — D — A, where the two cycles are
both the same. Our research shows that if the 1D
optical BSU superlattices possess transparent feature,
the numbers of all types of BSUs should be equal to
each other. In order to fulfill the requirement of BSU
number, we choose randomly four a’s, b’s, ¢’s, and d’s,
respectively, to construct the following four kinds of
BSU sequences:

S1 = aaaabbbbcecedddd,
Sy = abedabedabedabed,
S3 = abbcbeededdadaab,
S4 = abededabebaadbde, (26)

where S7 is an overlapping sequence, Ss is a periodic
one, S3 is an aperiodic one arranged by following the
4CTM order, and Sy is a random one generated arbi-
trarily by computer. Randomly we choose medium A
as the substrates. By use of the conventional optical
transmission theory introduced in Section 2, one can
obtain the PMs at the CW of these four kinds of 1D
optical BSU superlattices as follows:
10
Mg, = Mg, = Mg, = Mg, = . (27)
01
Therefore, these four kinds of systems possess the fol-
lowing identical TCs:

Ts, =Ts, =Ts, =Ts, = 1. (28)

The numerical simulations are illustrated in Fig. 2,
with the indices of refraction being na = 1.2, ng =
2.0, and nc = 3.0. At the CW the TCs are

Ts, = Ts, = Ts, = Ts, = 1.0000. (29)
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Obviously, the values of TCs in Eq. (28) are in ac-
cordance with the numerical results in Eq. (29). The
analytic results are confirmed by the numerical simu-

lations.
S1 = aaaabbbbcccedddd So = abcdabedabedabed
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Fig. 2. Relationships between transmission coefficient

and the quasi-phase § for four kinds of optical BSU su-
perlattices, with the indices of refraction being na = 1.2,
ng = 2.0, and nc = 3.0. At the point of §/7 = 0.5, the
values of transmission coefficients are all equal to 1.0000.

From Fig. 2 one can also see that for the systems
composing of four kinds of BSUs, a, b, ¢, and d, if their
numbers are all the same, the substrates are identi-
cal, and the middle two elements of BSU constitute
a cycle, then whether they are arranged by following
periodic, quasiperiodic, aperiodic, unordered, or even
random sequences respectively, the optical TC at the
CW will forever be equal to 1.0000 and the total BSU
system can be regarded as a transparent component.
Generally, for the optical BSU superlattices with iden-
tical substrates, if the numbers of different types of
BSUs are all the same and the middle two elements
of BSU constitute a cycle, then no matter how many
kinds of BSU and BSU elements there exist and no
matter whether the BSUs are arranged by following
periodic, quasiperiodic, aperiodic, unordered, or even
random sequences, the optical TC at the CW will al-
ways be equal to 1.0 and the total BSU system can
be regarded as a transparent component. Similar to
the even layers of neighbourhood identical elements
in TCD method, optical BSU subsystems of this kind
can be decimated from the sequence in the process of

transmission investigation.

4. Conclusion

In this paper, by the TCD method we obtain three
kinds of new BCs by simplifying and decomposing the
BCs of the 3CTM sequence. Based on these new BCs
we propose a type of interesting BSUs and investigate
the optical transmission through the 1D BSU super-
lattices.

It is found that even if the boundary condi-
tions have been taken into account, the TC of 1D
optical BSU superlattices arranged by following the
BSU; BSU; ...BSU,, sequence depends mainly on
the product of the PM element z; for each BSU;
(i = 1,2,...,m) while the influence of the substrate
PM is independent of the optical transmission. There-
fore, for 1D optical BSU superlattices, only when the
number and type of BSU; are determinate will the
optical transmission be certain no matter what the
marshalling sequence of BSU; is. As an example,
we investigate arbitrary four kinds of BSU systems,
where the systems are arranged by following overlap-
ping, quasiperiodic 4CF, aperiodic 4CTM, and ran-
dom sequences, respectively. The analytic results are
confirmed by numerical simulations.

In particular, if the substrates are identical, the
numbers of different types of BSU are all the same
and the middle two elements of BSUs constitute a cy-
cle, then no matter whether the system is periodic, or
quasiperiodic, or aperiodic, or unordered, or even ran-
dom, the BSU systems will be transparent at the CW.
Similar to the even layers of neighbourhood identical
elements in TCD method, optical BSU subsystems of
this kind can also be decimated from the chain in the
process of transmission investigation. As an example,
we investigate arbitrary four kinds of BSU systems,
where the systems are arranged by following the over-
lapping, periodic, aperiodic 4CTM, and random se-
quences, respectively. The analytic results are con-
firmed by numerical simulations.

For these significant optical BSU superlattices,
there would be a potential application in the designing

of some interesting optical devices.
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