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Effective elastic properties of spherically anisotropic piezoelectric composites, whose spherically anisotropic piezo-

electric inclusions are embedded in an infinite non-piezoelectric matrix, are theoretically investigated. Analytical solu-

tions for the elastic displacements and the electric potentials under a uniform external strain are derived exactly. Taking

into account of the coupling effects of elasticity, permittivity and piezoelectricity, the formula is derived for estimating

the effective elastic properties based on the average field theory in the dilute limit. An elastic response mechanism is

revealed, in which the effective elastic properties increase as inclusion piezoelectric properties increase and inclusion di-

electric properties decrease. Moreover, a piezoelectric response mechanism, of which the effective piezoelectric response

vanishes due to the symmetry of spherically anisotropic composite, is also disclosed.
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1. Introduction

Effective elastic properties of composites have
attracted much attention due to their technologi-
cal importance.! =3 Because the elastic properties
of composites are related to their constituents, mi-
crostructures, physical properties and external fields,
such as the elastic, piezoelectric and thermoelastic
composites, it is hard to find an analytical method
The-
oretically, it becomes a major research field in ma-

of calculating the effective elastic properties.

terial science to predict and analyse the compos-
ite elasticity. For pure elastic composites, many
theoretical methods were developed for investigat-
ing the effective elastic properties. For example,
based on the Eshelby solutions for a composite having
an isolated ellipsoidal particle embedded in an infi-

[4] self-consistent methods,[® the Mori-

nite medium,
Tanaka model,[”! the Bruggeman method,® the inter-
action direct derivative method and the phase—field
microelasticity method were proposed under different
effective medium approximations and homogenization

processes.® "1 Moreover, to deal with the problem

of complex inclusion structure composites, a trans-
formation field method was developed for estimating
the elastic properties of periodic composites.'?) Re-
cently, the perturbation expansion method for the ef-
fective stiffness tensors and Causius—Mossotti-type ap-
proximations for the effective elastic modulus of cu-
bic array of spheres were also presented.'3—15] Al-
though these investigations have solved some prob-
lems of pure elastic composites, they are not suitable
for directly estimating the effective elastic responses
of coupled composites, such as the piezoelectric and
thermoelastic composites, due to the coupling effects
of other physical properties. Piezoelectric composites
are abundant in nature, from the tissue of live-forms
to the piezoelectric ceramics (and some crystals).[1%]
Because piezoelectric material can induce electric po-
larization under external mechanical stress and me-
chanical deformation under external electric field, they
have wide applications in ultrasonic transducers, un-
Thus, theoretical
and experimental investigations of the effects of cou-

derwater acoustics, biologics, etc.

pling phenomena between elastic, dielectric and piezo-
electric properties of the constituents on the effec-
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tive properties become very important. Recently, the
effective responses of piezoelectric composites were
investigated with various methods for different re-
search interests.1718] With the effective-medium ap-
proximations, explicit formulas were obtained for the
effects of electric conductivity on the effective piezo-
electric coefficients of 0-3 composites.['9:2) For fibrous
piezoelectric composites, universal relations between
effective response and local field were obtained by
means of virtual work theorems.l?1:22] Green’s func-
tions and Eshelby’s tensor methods were also devel-
oped to investigate the effective properties of piezo-

electric composites.23:24]

For random piezoelectric pe-
riodic composites having arbitrary inclusion shapes,
a transformation field method was developed to esti-
mate the effective elastic tensors, dielectric and piezo-
electric constants.?®! In the present paper, in order
to further investigate the bulk effective elastic re-
sponses of piezoelectric composites analytically, we
attempt to derive analytical solutions for a spheri-
cally anisotropic piezoelectric composite consisting of
a piezoelectric spherical inclusion embedded in an in-
finite non-piezoelectric matrix, under the action of a
uniform external strain.

Many piezoelectric materials, for example, piezo-
ceramics, exhibit transverse isotropy after poling, with
the unique axis aligned along the poling direction.
As a special case, if a ceramic spherical inclusion is
poled along its radial direction, it will possess a special
kind of transverse isotropy on the spherical surface,
which is called spherically anisotropy. For a trans-
versely isotropic piezoelectric inclusion sphere embed-
ded in an infinite non-piezoelectric matrix, analyti-
cal solution has been obtained based on the Green’s
function.[?6] For spherically anisotropic piezoelectric
composites, the effective piezoelectric and dielectric
coefficients have been derived recently.?”) However,
the effective elastic response problem for this kind
of spherically anisotropic piezoelectric composite is
not yet solved, although the vibration property was
studied.[28:29] Therefore, according to our previous
work, for solving the effective elastic response of radi-

ally polarized cylindrical piezoelectric composite,3%!

it is worth investigating and discussing the effective
elastic responses of this kind of spherically anisotropic
piezoelectric composite and disclosing its coupling re-
sponse mechanism. In this theoretical research, our
aim is to derive analytical solutions of the local elas-
tic displacements and the electric potentials in the in-
clusion and the matrix regions and give out formulas
for the effective elastic coefficients. In addition, we
also discuss, through numerical calculations, the effec-
tive elastic response mechanism in the dilute inclusion

limit based on our analytical solutions.

2. Analytical solutions

Consider an infinite isotropic non-piezoelectric
matrix, which is assumed to be elastically and dielec-
trically isotropic, containing a spherically anisotropic
piezoelectric particle, with its centre acting as the ori-
gin of a spherical coordinate system. The linear con-
stitutive equations in inclusion {2; and host (2, regions
are, respectively,

i i i i i
i = Cijki Vel — ekijEkv

i i i i
D; = €V + €y, In (4,

(1)
(2)

h _ h _h h_ _h ph
05 = Cijki VKl D =¢ej By, in (A,

where subscripts i, j, k,l = 1,2, 3 denote the 6, ¢, r di-
rections, respectively, and superscripts i and h denote
the quantities of the inclusion and the host regions,
respectively. o, v, D and E are the stress, the strain,
the electric displacement and the electric field, respec-
tively, and ¢, e, € are the elastic stiffness, the piezo-
electric coefficient, and the dielectric constant, respec-
tively. In the absence of both body force and free elec-
tric charge, the governing equations for the inclusion
and the host regions are of; ; = 0 and Df; = 0 (a=i,
h), respectively. The boundary conditions at the in-
terface between inclusion and matrix are the continu-
ity of the elastic displacement, the electric potential,
the normal traction, and the electric displacement. In
spherical coordinates, the governing equations are

0oy 1807«9 1 Joy | 200 — 009 — Opp +0rgcotl 0

or r 90  rsinf Jy r ’
00,0 18099 1 Oog, (060 —0py)cot + 3000 0

Or r 90  rsinf Oy r ’
00 1 00¢y 1 0Oopp  209,c0t0+ 30, 0

or r 00 rsinf Oy r ’
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1 0 (sinfDy)

1 oD,

2
r2 or (T DT) + rsin @

For a spherical particle with a radial polarization,
which is termed a spherically anisotropic piezoelectric

particle, the constitutive relations inside the particle

are given in spherical coordinates as follows:!¢

099 = C11766 + C12Vpp + C13Vrr — €315,
Tpp = C12700 T C117Vpp + C137rr — €31 E0,
Opr = C137060 + C13%Vpp + €337Vrr — €33E;,

Opr = 2C44Ypr — €15,

org = 2c4a7r9 — €15Ep,

Ogp = (611 - 812)%;97

Dy = 2e157r9 + €11 Ey,

D, = 2e157pr +11E,,

(4)

In this section, we have omitted superscript i (inclu-

D, = e31760 + €317pp + €33%Vrr + €33 E;.

sion) from the above equations for convenience. Sub-
scripts 4, j in coefficients c¢;; and e;; are replacement
indices according to Nye’s rule. Because the matrix
is a non-piezoelectric and isotropic material, the con-
stitutive relations in the host region can be obtained

from Eq.(3) by omitting the piezoelectric coefficients

o0 rsing Oy 3)

‘In the following, we will derive analytical solutions for
the elastic displacement and the electric potentials of
the composite under an external uniform strain acting
along the z-direction.

In order to solve the governing equations in the in-
clusion region, we introduce three unknown functions

(0, p,1), G(@,p,7) and W(0,p,r) for the displace-

ment components,[z&zg] ie.
1 9y 0G
T sinfdp 90’
918G B
u¢_%_sin0%7 and u, = W. (6)

Substituting Eq. (6) into Eq.(4), it is easy to ob-
tain four partial differential equations about (6, ¢, ),
G(97 SOV /,1)7

tial function @(0, ¢, r). Furthermore, the general so-

W (0, @, r) and the unknown electric poten-

lutions of these four unknown functions ¥, G, W and

@ are assumed to take the following forms:

and letting c;jp = A0ij0m + u(éikéﬂ + 5il(5jk) and o
€11 = €29 = €33, where A and p are Lame constants v = an(T)Yn (6, ),
and §;; is the Kronecker delta. Strain tensor v are o
expressed by the elastic displacements as follows: G = Z Gn(r)Y, (0, p),
ou,
Yrr = or ) o0
1 8’&9 W= Z WW(T)Yn (95 Qa)a
Y00 = ~ | p T Ur|,
r | 00 O &
ur  ugcoth 1 Ouy, ¢ = = 20 P (r)Y, (0, ), (7)
Tee T, r rsin® Op’ -
1710u, Oug g " ) i
e =5 o0 Freied where Y"*(6, p) are spherical harmonics, a.nd U (1),
1 1 Oug  10u, uycotd Gr(r), Wy (r) and &, (r) are unknown functions. Sub-
Vo =5 rsnd 9o ' r 00 | stituting Egs. (7) and (6) into Eq.(3), we have a set of
1 [0u, u, 1 Ou, linear differential equations for the unknown functions
Tor =35 {37« " rsind a@] ' (5) Y (r), Gn(r), Wy, (r) and &,(r) as follows:
|
ow, oPW,, 09, 82 7“86'
—f1Wn—f2T —r? 5,2 + far o +rP "t — fa®y — f5 - feG
My, 5 0%,
f7¢n+f37”i+ 81/) =0,
Gn 8 ow, od,
—[sGn + f3r 3 +7? —f97“ —f10Wn—f117“7—f12¢n—
0P, , 0%, ow, 8 W, oG,
Con _ p.a, W, G, , 8
or a2 - h + f16 +f37“ +1? o2 + f17Gn + fisr or (8)
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where

fi = [2e31 — n(n + 1)eis]/ess,
fo=2+2e31/e33, f3=2,
fa=n(n+1)e11/ess,

fs =n(n+1)(es1 + e15)/ess,

fo =n(n+1)[es1 — e1s]/ess,

fr =2+ (c11/caa — c12/cas)(n® + 1 — 2) /2,
fs =n(n+1)cir/caa +2 — c11/cas + c12/caa,
fo=1+ci3/ca,

fio =2+ (c12 + c11)/cua,

J11 = eszers(1 + e31/e1s)/(e33Ca4),

fi2 = 2e33e15/(e33¢44),

J13 = 2es3e33(1 — e31/e33)/(e33¢33),

f1a = eszess/(e3zca3),
fis = n(n + )eszers/(e33ca3),
fi6 = [2(c13 — c11 — c12) — n(n + 1)caa] /e33,
Jfir =n(n+1)(c13 — c11 — c12 — caq)/c33,
fis =n(n +1)(cas + c13)/c33.
We assume that the unknown functions ¢, (r),
Gy (r), Wy,(r) and &,(r) can be expressed in the fol-
lowing forms:
Gn(r) = A,r™,
@, (r) = Cpr,

W, (r) = Bpr»,
Yn(r) = DnrA", (9)
where A,,, B,, C,, D, and v,, are unknown constants

to be determined. Substituting Eq. (9) into Eq. (8),
we obtain a set of linear equations

Fi; X; =0, (10)
where

Xj = (An, Bn,Co)", Fii=—fsvn — fo,
Fio = —fovn — f1 —vn(vn — 1),
Fi3 = favn — fa+vn(vp — 1),
For = favy — fs +vn(v, — 1),
Fao = —fovn — f10,
Fos = —fuivn — fi12,  Fs1 = fisvn + f17,
Fy = favn + fi6 + vn(vn — 1),
F33 = fi3vn — fi5 + frava(vn — 1).
For Eq. (10) to have non-zero solutions, eigen-

values v,, should be determined from eigen-equation
|F3j| = 0. Also, for a stable material, eigenvalues

vy, should have non-negative real part solutions, and
the valid solutions of v, inside the spherical inclusion,
namely v,;, must have Re(v,;) > 0 (i = 1,2,3). Thus,
the following relationships between A,,, B,, and C,, are
obtained from Eq. (10):

Bni =K A, Cni=K2 Ay, (i=1,23), (11)

where the matrices K}, and K2, are obtained from
Eq. (10), corresponding to eigenvalue v,;. It is noted
that eigenvalue A, can be determined from equation
—frtfsAnt+An(An
with the present boundary conditions, we can demon-

—1) = 0 for non-zero D,,. However,

strate that eigenvalue A, and coefficient D,, should
have no effects on the stress and the electric fields in
the composite under an external strain, i.e. coeffi-
cients D,, should be zero. In addition, we should note
from governing Eq. (3) that Eq. (10) will reduce to

Eq. (12) if parameter n = 0.

a] az 130 . 0 (12)
az a4 Cb 0 ’

where a1 = 2e31/es3 + 2(1 + e31/es3)vo + vo(vo — 1),
as = —vp(vo+1), az = 2(c13 —c11 —c12)/c3z +vo(vo +
1), as = 2es3(ess — e31)v0/(€33¢33) + eszessro(vo —
1)/(esscss), and vy is the eigenvalue of Eq. (12) for
non-zero coefficients By and Cy. Then, once eigen-
value v is found, relationship By = T(vp)Cy can
be obtained from Eq. (12).
ues g1 and vgy of the inclusion region solutions, we

For the two eigenval-

have then two unknown constants Cyp; and Cjps in the
solutions, Wy(r) = Bp1r"°* 4+ Boar®? and $y(r) =
Co1r70t + Car¥©2, where

az(UOi) .
13i = — 6717 (3 ::1,2.
0 ar(vo;) ( )

If external strain 7y is applied along the 2-
direction, the solutions should be independent of vari-
able ¢ because of the axial symmetry of the spherical
inclusion. Inside the inclusion region, the elastic dis-
placement and the electric potentials can be expressed
in terms of Legendre polynomials P, (cos ) as follows:

co 3
&= 2 00(r) + 83 5 3 KE Auir" Py (cos0),

€33

n=11:=1
Uy = — Z Z Apir?mt — Pp(cost),
n=11:=1
Uy = Z D,,r™» — P, (cosb),
n=1
oo 3
ur = Wo(r) + Z Z K} A Py(cos®),  (13)
n=11i=1
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where unknown coefficients A,,; (i = 1,2,3), Co; and
Clz should be determined by the boundary conditions.

For external uniform strain Ty applied along the
2-direction, the general solutions of elastic displace-
ments, u? “9 and u! »» and electric potential o in
the isotropic host region can be derived from pure
isotropic elastic and dielectric governing Eq. (3) with
infinite boundary conditions u, = Tz and u, =

rTo[3 4+ 2 P>(cos 0)], respectively.

+[§(‘;’:;ﬁf§’ - fj) +ul(2 )T]PQ(COSH),
up = |3 <f§ +3f42> +u2(2)r] 0P (cos)/00,
u?, =0, o= % %B—:?PQ(COSH), (14)
|
u () =t (1), wp () =ug (N)],_,,
0 (r) = o0g (M), onp () =00, ()], _,

Here, note that the two boundary conditions about ¢-direction ufp (r)=u

i
©

where u%(0) = 1Ty, w2(2) = 2T, and u)(2) = 1Ty;

b= AB/2(uP + AP) is the Poisson ratio, and A" and
p? are Lame constants of the elastic isotropic host ma-
terial; unknown coefficients B; (i = 1,2,3,4,5) each
can be determined by the boundary condition at the
interface between spherical inclusion and the host ma-
terial.

Based on the above solutions of the elastic dis-
placements and the electric potentials, the stress ten-
sors and the electric displacements can be expressed in
terms of the unknown coefficients in Eq. (4). In the fol-
lowing, we use the inclusion interface boundary condi-
tions to find unknown coefficients A,; (i = 1,2,3), B;
(i=1,2,3,4,5), Co; and Cpz. The continuity bound-
ary conditions for a spherical inclusion with radius a

are as follows:

(N =ug (M| _,. o ()=0} ),
951(7“)=4”h()lr o Di(r) = Dh()|T:a-
2’ (r)"r:a and 0—'}"90 (T) = 0—7}399 (T)|r:a

are satisfied automatically. A set of closed-form equations for the ten unknown coefficients is obtained as follows:

Cma”‘” + OozaV02 - B4a71€33/633 =0,
3
Z (K3;Azia") — za™>Bsess/es3 = 0,
i=1
2 4 1
Z Agia"* +4a"*By + §a72B3 = —gaTo,
i=1
GQ(VOQ) 2 _9 1 _9 5— 4l/h 1
C2a"2 — ¢ 2B — za 2B; [ ——2 ) =
ar(v2) ° @ "B =g B g0 ) = —gToa
2 4 54\ 2
K3;Agia”? + 1207 By — —a™?Bs | ——— T,
; 2o LA 3¢ 1) T 370
633@1/01001(11/01—1 + m1Coea”? ™! — 4p"a™3 By — maa™3 By = m3 Ty,
€33
2 16 4
ZmMAQZ—a”zFl — 960,75/14]]32 + 3073m533 = gToﬂ,h7
i=1
> 4 2
ZmGiAgia”“_l + 32a_5uth — ga_guh’ﬂng = g/,LhTo,
i=1

E mgia””*lAgi - 4@746hB5 = 0,
i=1

e33101a”" 1 Co1 + mga” ' Coa + e"a”

B, =0, (15)

where €" is the dielectric constant of isotropic host material.
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mp = 633%%2 - (2c13 + 0331/02)%» ma = _§%7

ms Hh(ﬁ _ %), ma; = 6c13 + 2c13K3; + c33 K30 + 633 s 2 K3,
ms = uh1<§ ;l;h) , mei = caa(Ky; +1— ) + €15 233 K3,

my = 21(1_25:) ; = (K3 — K3;)eaavai + 2e1(Kg; + 3),

my = 2e31 Z?EZT; + e33vp2 [ngzgzi + 1]-

Solving Eq. (15) yields the analytical solutions in the host region and the inclusion region, under an external
uniform strain acting along the z-direction. The solutions in the inclusion region are as follows:

€33 633
P =—9 K3, Agir"? Py(cos 0), g Agir” P cos 0
- (r) ; 2i A2 Po( Z 27 2(cos 0),
3
up = Wo(r) + Y K3, Agr™> Py(cos ), u, = 0. (16)
=1

These solutions will be used to find the effective elastic coefficient and the effective piezoelectric coefficient later.

3. Effective elastic and piezoelectric responses

The strain tensor and the electric field in the inclusion region can be derived by means of the solutions of
the elastic displacements and the electric potentials obtained in Section 2. Effective elastic and piezoelectric
responses, ¢;;;; and efy,; can be estimated from the effective constitutive equations, the equations that govern
the effective properties, 7;; = cf;, Yk — ezijEk and D; = €S, Yk + €5, Bk, where A = V1 fﬁi+(2h AdV and V is
the total volume occupied by inclusion (2, and host (2, regions. We have

1 . ) _
v /Q [(C;jkl - C?jkl) Vel — (elm'j - e}l;ij) Ek] dV =05 — C?jkﬁ/kl + elﬁijEka (17)

1 . . _
v / [(eikz - e?kl) Ykt + (EEk - E?k) Ek] dV =D; - e?kl:)/kl - ElijkEkv (18)
£2;

where superscripts i and h denote the quantities of the inclusion region and the host region, respectively.
Combining the effective constitutive equations with Eqs. (17) and (18), we have

_ _ 1 ) )
ek Tk + 5 Er = E?kEk + v / [e;kl’Ykl + (E;k - 5];1@) Ek] dv, (19)
2
e = e I =~ 1 i i
Cijki Ykl — ekijEk = C?jkﬂkl + v /Q [(Cijkl 1ykl) Vel — ekijEk} dv. (20)

Because external strain Ty is applied along the 2-direction (i.e. 72, = Tp) and applied external electric field

Ey is zero, effective elastic response cf.,, and piezoelectric responses ef,; can be estimated in the dilute limit

1jzz J
as follows:
e 1 i h i
Cijzz = z]zz + 7VT0 [(Cijkl - cijkl) Ykl — ekijEk] dv, (21)
1 - i .
e(iezz = VTO / [eékl’ykl + (E;k: - E?k) Ek] dV’ (%Ja k?l =,Y, Z)7 (22)
£

where the quantities in Eqgs. (21) and (22) are represented in Cartesian coordinates. Thus, based on the solutions
of the strain tensor and the electric field in the inclusion region, the effective elastic coefficient and piezoelectric
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coefficient, ¢, and €S, (1,7 = x,y, ), can be calculated from Eqs. (21) and (22), respectively. For example,

1J22 122
e

effective elastic coeflicient ¢,,, and piezoelectric coeflicient e$,, are given by the following formulas:

zZZzZZ

1

szzz = C}zlzzz + ViTvO o [(Cizzkl - Clzlzkl) Ykl — elkzzEk] dV? (23)
1 . .
€., = VT, /Qi [elzkﬁkl + (5lzk - E}zlk) Ek] dv. (24)

Using the tensor transformation from spherical coordinates to Cartesian coordinates, for example, o), =

vkl — €., Ex = 0, cos? 0 — 201 ) cos O sin 0 + o, sin? 6, we have,

i h i _ (= ~ ~ i 2
(szkl - szkl)’ykl - ekzzEk - (613’790 + C13Ypp + C33Yrr — 633Er) cos“ 6
~ i . ~ ~ ~ i )
-2 (QC447T9 - 615E9) cos 0sin 6 + (011799 + C12Vpp + C13Yrr — 631Er) sin“ 0,
where ¢13 = o — by, G335 = cha — s, 611 = =y, 10 = oy — b, G4y = ¢y — B, and host elastic coefficients
13 = €13 —C13, €33 = C33 —C33, C11 = C11 —C11, C12 = C10 — C19, C44 = Cyq — Cyy,

ng are calculated from formula C?jkl = M6,k + P (8ikdj1 + 8410,1) according to Nye’s rule. Substituting the
above transformations into Eq. (23), we obtain the effective elastic formula in the dilute limit to be

ngzz = C}zlzzz 7pTO_1(2N01 + NO2 - N03)CO2 +pTO_1NO4COl
3
2
“rngO 1 Z (Nlj + 6N2j — N3j + 3N4j)A2j, (25)
j=1

where p is the inclusion volume fraction,

(chy + ¢y + iz — Ay — by — ) ax(vpy)

Nor = a’> 1,
Vo2 + 2 a1(vo2)
Noo = vos (2dk5 + by — 2cl3 — c3) az(vo2) a1
Vo2 + 2 a1 (voz ’
: : ei Vo2 1 : : 653 o1 1
Nos = (ehq + 26k, )22 2 _gro2=1 Ny, = (e, + 2eh, )22 2 _groi—1
03 = (€53 31)%3 vos 12 04 = (€53 31)5}33 B
avai—t 1 i h 1 h i € 2
Ny = [(2K5; +6)(ci3 — c13) + vo Ky (33 — c33) + e33 =12 K55],
Vaj +2 €33
N. ayzjil [(KI +1 )( i h )+ i eéSKQ]
;= - —a)(chy — ¢ els— -
25 Vaj + 9 25 25)\C44 44 15 &%3 2415
Noo — avat KL (4 i h h KL h i € K2
35 = 72[ 2;(C11 + clp — €y — ey) + v K (cls — i) + ez 5 Ko va4),
voj + €33
as i I h
1 1 1
Ny; = Vot 2 [(e12 = 3c1q) — (e1 — 3eqy)]-
j
To derive the effective piezoelectric coefficient, e5,,,  Similarly, we have ef,, = 0 (i = z,y). The results
the vector transformation formula, D) = e,;vs +  show that the vanishing piezoelectric response is due
exBr = D) cos — Djysinf, from spherical coordi-  to the symmetry of the spherically anisotropic piezo-
nates to Cartesian coordinates is used. We have electric composite system, even though external strain
; i g is applied in the - and the g-directions. If the spher-
vkt T (e — €22) Bk . . S .
i X ) N ically symmetry of the piezoelectric system is broken,
— [p! 1 1 .
= les1 (900 + Ypp) + €337 + (€33 — €7) Er] cosf effective piezoelectric properties of the composite will
) ) b )
— [2€i57r0 + (€11 — ") Ep] sin 6. appear. For example, if a transversely isotropic piezo-

electric spherical inclusion is employed in the non-
Substituting this formula into Eq. (24) and consider- ) p. ' ) ] ploy ) )
piezoelectric matrix, there will be effective piezoelec-

ing the orthogonality, we can show that (26]

tric responses.

e, =0. (26) In the following, we will discuss, through nu-
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merical calculations, the coupling effects of dielec-
tric, elastic and piezoelectric properties of the con-
stituents on the effective elastic constants by using
Eq. (25). In order to test the validity of our effec-
tive elastic formula, we have investigated the case of
a pure elastic isotropic spherical composites by set-
ting the inclusion piezoelectric coefficients to be zero
in Eq. (25), and our results are compared with those
obtained from the formulas found by Bruggeman for
the first order inclusion fraction of isotropic spheri-
cal composites.>® As shown in Fig. 1, it is clear that
good agreement is, indeed, obtained in the dilute limit.
Here, it should be noted that in the dilute limit, our
results are also consistent with Causius—Mossotti-type

approximations.[141°]

= 1.12
03
Q
-
g
42 1.04
=]
8
S 0.96 ——our formula p = 0.08
z : - Brugg-formula p = 0.08
@
< —— our formula p = 0.1
2 (ss - Brugg-formula p = 0.1
] ’ -~ our formula p = 0.12
B —o- Brugg-formula p = 0.12
€3]

0.80

0 5 10 15 20

Elastic factor m

Fig. 1. Curves for effective elastic constant 033/033
(cS,,/cl,,,) versus elastic constant factor m of the
isotropic spherical inclusion, where the Poisson’s ratios
and the shear modulus of the host material and the in-
clusion material are v = v = 0.30, " = 32 GPa and
u = 8 x m GPa, respectively; the inclusion elastic
factor is noted by m;, the Bruggeman effective elas-
tic formula of first order inclusion volume fraction p
of isotropic elastic spherical composite is denoted by
‘Brugg-formula’.

Furthermore, from Fig. 2 to Fig. 4, we have cal-
culated the effective elastic property c5,,, [Eq. (25)]
by taking a small inclusion volume fraction (p = 0.1),
sphere radius a = 1, elastic parameters and the dielec-
tric constants of host region v* = 0.25, u* = 32 GPa
and " = 3 x 10710 C2N-1.m~2

elastic, dielectric and piezoelectric constants in spher-

Also, inclusion

ical coordinates are taken to be ¢i; = 16.6 x m GPa,
cly = 7.7 x m GPa, ¢i3 = 7.8 x m GPa, c}; = 16.2 x
m GPa, ci, = 4.3 x m GPa, ei; = by, = 1.13 x n x
10719 C2N"Ltm=2 el, = 1.4xnx10710 C2.N~t.m~2
e33 = 0.186xs C-m~2, e5; = —0.044x s C-m~2, and
e15 = 0.116 x s C-m~2, where m, n and s are mul-
tiplying factors for the elastic, the dielectric and the

piezoelectric constants, respectively. For a given inclu-
sion dielectric constant, the effects of inclusion piezo-
electric coefficients on bulk effective elastic constant
are shown in Fig. 2. As shown in the figure, the ef-
fective elastic responses increase with inclusion elastic
constants increasing. The results indicate clearly that
the inclusion piezoelectric coefficients can enhance the
effective elastic property, especially for small inclusion
elastic coefficients.

1.1

1.0

—a— piezoelectric factor s = 1

Effective ¢§4/clly

—— piezoelectric factor s = 40
—o— piezoelectric factor s = 80
—a— piezoelectric factor s = 200

1 5 9 13 17
Elastic factor m
i ; ; h
Fig. 2. Curves for effective elastic constant c§s/cgq
(cS,,./ct,.,) versus elastic constant factor m of the

spherically anisotropic inclusion, where inclusion di-
electric constant factor n is fixed at 10, i.e. n = 10.

On the contrary, from Fig. 3, it can be seen
that, in general, the inclusion dielectric constant can
reduce the effective elastic coefficients for given in-
clusion piezoelectric and elastic coefficients. However,

1.14
—e— piezoelectric factor s =1
—— piezoelectric factor s = 40
1.12 | —o piezoelectric factor s = 80
—— piezoelectric factor s = 200
—o— piezoelectric factor s = 400

H e h
Effective ¢§3/c35

1 5 9 13 17

Dielectric factor n

Fig. 3. Curves for effective elastic constant c§5/ 523
(S,,,/cl,..) versus dielectric constant factor n of the
spherically anisotropic inclusion, where elastic con-
stant factor m of inclusion is fixed at 10, i.e. m = 10.

for the case of small piezoelectric coefficients, the di-
electric constant seems to have no significant effects
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on the effective elastic constants. The above results
show that the piezoelectric coefficients can play an im-
portant role in modulating the coupling effects of the
dielectric and the elastic properties on bulk effective
elastic response. Moreover, the effects of piezoelectric
and dielectric coefficients on effective elastic constant
are related to the inclusion elastic constant.

In order to further investigate the coupling ef-
fects, in Fig. 4, we have given an example showing
how the effective elastic constants vary with inclu-
sion piezoelectric constant for different, fixed dielectric
and elastic constants. Also, it is clearly that the ef-
fects of inclusion piezoelectric, dielectric and dielectric
constants on effective elastic properties are coupled.
Therefore, we conclude that the effective elastic con-
stant of this type of piezoelectric composite is affected
by elastic, piezoelectric and dielectric properties of in-
clusion. In particular, piezoelectricity is an important
parameter for modulating the effect of inclusion dielec-
tric constant on effective elastic response. In general,
the piezoelectric (or dielectric) constant enhances (or
reduces) the effective elastic response of a piezoelectric
composite system.

1.9 —a— factors m =1, n = 20
’ —e— factors m = 10, n = 20
-+ factors m=5,n=1

= W»

a3 \
0
~ A
$ 1.0 /
Z —— factors m =5, n = 20
3 o factorsm=1,n=1
ES‘ ——factors m =10, n =1

0.9

0.8

1 21 41 61 81

Piezoelectric factor s

Fig. 4. Curves for effective elastic constant c§3/c§‘3
(cS,,,/cl,,,) versus piezoelectric constant factor s of
the spherically anisotropic inclusion, where elastic con-
stant factor m and dielectric constant factor n of in-
clusion are given in this figure, respectively.

4. Conclusions

Spherically anisotropic piezoelectric composites,
whose matrixes are each of isotropic non-piezoelectric

material, are investigated theoretically. Analytical so-

lutions of the local elastic displacements and the po-
tentials are exactly derived each under the boundary
condition of a uniform external strain acting along the
Z-direction. The stress tensors and the electric fields
are derived based on the constitutive relationships and
the local analytical solutions of the elastic displace-
ments and electric potentials obtained in Section 2.
Furthermore, in the dilute limit, formulas for estimat-
ing effective elastic and piezoelectric coefficients are
obtained by average field method. The results in this
paper show that the spherically anisotropic piezoelec-
tric composites do not have bulk effective piezoelec-
tric behaviours due to the symmetries of the spher-
ical composite systems and the radial polarizations
The bulk effective elas-
tic responses are demonstrated to be affected by the

of the spherical inclusions.

piezoelectric constant and the dielectric constant of
inclusion. In general, the piezoelectric (or dielectric)
constants can enhance (or reduce) the effective elastic
coefficients and the coupled effects are also dependent
on inclusion elastic constants. The inclusion piezoelec-
tric constant plays an important role in the coupling
effects and the dielectric constant seems to give rise
to its effect on the effective elastic properties through
the inclusion piezoelectric properties. Clearly, in the
absence of the piezoelectric constants, the dielectric
constant will not produce any effect on effective elas-
tic behaviour. This means that the piezoelectric com-
posites can be designed for controlling the elastic re-
sponses of composite materials in the technological ap-
plications by increasing (or decreasing) the piezoelec-
tric constant and the dielectric constant of inclusion.
Thus, we disclose the coupled effective elastic response
mechanism of spherically anisotropic composites.
Based on the analytical solutions, the effective re-
sponses at high inclusion concentrations can be devel-
oped in the effective-medium approximation. Because
the spherically anisotropy implies the gradient pro-
files of inclusion properties in Cartesian coordinates,
the graded spherically anisotropic piezoelectric com-
posites, for example, the radial power-law and the
exponential profile of inclusion, can be studied.3:32
In addition, it is possible to develop some existing
methods of solving nonlinear problems of composites
to further investigate the effective elastic responses of
nonlinear piezoelectric composites due to the electroe-
lastic interactions related to the nonlinear dielectric

responses. 33735
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