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Discrete Alfvén eigenmodes in international
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Discrete Alfvén eigenmodes in steady-state operation scenarios with negative magnetic shear in the international

thermonuclear experimental reactor are investigated in this paper. These magnetohydrodynamic eigenmodes are trapped

by the α-induced potential wells along the magnetic field line. Here α = −q2Rdβ/dr with q being the safety factor, β

the ratio between plasma and magnetic pressures, and R the major radius, and r the minor radius. Due to negligible

continuum damping via wave energy tunneling, these Alfvén eigenmodes could be readily destabilized by energetic

particles.
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1. Introduction

Since Hannes Alfvén discovered Alfvén waves in

1942,[1] these waves have been found to play an im-

portant role in the dynamics of magnetised plasmas.

It has been realised that Alfvén modes could be a se-

rious threat to the classical confinement of energetic

particles in tokamak plasmas. Significant progress

has been achieved in both theoretical and experi-

mental studies of Alfvén modes. Various eigenmodes

have been observed and identified in experiments,

such as toroidal-induced Alfvén eigenmode (TAE),[2]

energetic-partical continuum mode (EPM),[3] and so

on. Nowadays Alfvén waves are also important in fu-

sion plasmas.[4−6] Tokamak fusion research has been

progressed into negative magnetic shear regime, e.g.

JT 60-U, JET, DIII-D and the international ther-

monuclear experimental reactor (ITER). The ITER

is an important step on the road to fusion power

plants. It is designed as an experimental device with

extensive diagnostics and considerable flexibility in fu-

sion power, and will be the first fusion device with

significant Q (the ratio of fusion power to heating

power). Several steady state operation scenarios are

designed for the ITER. Some of them operate with

negative magnetic shear.[7−9] Since Alfvén waves in

fusion plasmas are very important, different types

of Alfvén eigenmodes are investigated in the ITER.

The α-induced toroidal Alfvén eigenmode (αTAE),[10]

where α = −q2Rdβ/dr with q being the safety factor,

β the ratio between plasma and magnetic pressures,

and R the major radius, and r the minor radius, is one

type of discrete Alfvén eigenmodes, which are trapped

in ballooning-drive potential wells in toroidal plasmas.

These modes present a potential danger to fusion reac-

tors because they can eject high energy alpha particles

from the plasmas before their thermalisation. These

particles can carry considerable energy that may dam-

age the first wall of reactors. We, thus, are motivated

to investigate the stability features of discrete Alfvén

eigenmodes in steady state operation scenarios with

negative magnetic shear in the ITER. We have in mind

the (s, α) model equilibrium,[11] with s = r(dq/dr)/q

being the magnetic shear.

The rest of this paper is organised as follows. The

basic model is presented in Section 2. The result and

analysis are displayed in Section 3. In Section 4 we

give the conclusions.

2. Basic model

We adopt the ballooning mode formalism[12,13]

and the (s, α) model equilibrium[11] for an axisym-

metric toroidal plasma with a large aspect ratio (i.e.,
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ε = r/R << 1) and shifted circular magnetic surface

in the ideal magnetohydrodynamic (MHD) descrip-

tion. The high-n shear Alfvén wave is then governed

by the vorticity equation,

d2δϕ/dθ2 + Ω2(1 + 2ε0 cos θ)δϕ− V (θ)δϕ = 0, (1)

where Ω = ω/ωA, ωA = vA/qR with vA being the

Alfvén speed, ε0 = 2 (ε+d∆/dr), ∆ is the Shafranov

shift, f = 1+(sθ−α sin θ)2, and V (θ) is the potential

given by

V = (s− α cos θ)2/f2 − α cos θ/f (2)

with −∞ < θ < ∞ being the extended poloidal angle

coordinate along the magnetic field.

Physical eigenmodes can be obtained by solv-

ing Eq. (1) with appropriate boundary conditions.

From Eq. (2), we have V → O(1/θ2) as |θ| → ∞.

Thus, for large |θ|, Eq. (1) asymptotically reduces to

the standard Mathieu’s equation. According to Flo-

quet’s theorem, its solution is represented by δϕ =

exp(µθ)M(θ), where µ is a complex number and M(θ)

is a periodic function. The αTAE solution is obtained

with the help of the causality boundary condition.

In the ideal MHD stable domain, this condition cor-

responds to the outgoing wave boundary conditions

and, thus, makes it able to describe tunneling leak-

age of wave energy. Equation (1) is then solved by a

numerical shooting code incorporating the boundary

conditions.[10]

3. Results and analysis

There are several steady state operation scenar-

ios of ITER with negative magnetic shear. The inter-

nal transport barrier (ITB) appears in the discharges

with negative magnetic shear. We study two typical

cases in this paper. In the first case we choose the

plasma parameter profile at the current flat-top phase

(t > 1000 s) for the weak negative magnetic shear

(WNS) operation scenario.[7] The safety factor profile

in this scenario is similar to those in ITB experiments

of other tokamaks. We focus on the negative magnetic

shear regime, corresponding to the normalised minor

radius range of 0.5–0.65. The associated s and α vary

in ranges of [−0.6, 0] and [1, 2.5], respectively.

Numerical results demonstrate that αTAEs can

indeed be trapped in the α-induced potential wells in

the negative magnetic shear case. The potential struc-

tures are displayed in Fig. 1(a). A complex eigenmode

frequency, Ω = Ωr + iΩi = 0.713 − i 5.88 × 10−6, is

obtained for the αTAE with an even parity. The corre-

sponding eigenmode structures are shown in Fig. 1(b).

The eigenmode is trapped in potential wells. The neg-

ative Ωi indicates a small damping rate for energy

leakage via tunneling through the potential barriers,

shown in Fig. 1(a). The αTAE is a quasi-marginally

stable mode and can even survive without the toroidal

Alfvén frequency gap. The αTAE can also exist with

an odd parity. Figure 1(c) shows the odd eigenmode

structures. The corresponding complex eigenmode

frequency is Ω = Ωr + iΩi = 0.9595 − i 5.02 × 10−4.

It is a higher-order eigenstate next to the even αTAE,

shown in Fig. 1(b). The out-going wave nature is indi-

cated by phase difference between the real and imag-

inary components of δϕ. We can see that the eigen-

mode is well trapped in the wells.

Fig. 1. (a) Potential V versus θ, (b) even eigenmode structures versus θ, (c) and odd eigenmode structures

versus θ for ε0 = 0.2, s = −0.25, and α = 2.3. Solid and dot lines are, respectively, real and imaginary

components in both (b) and (c).
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As α increases, the real frequency of eigenmodes will increase. Figure 2(a) shows the dependence of the

even-parity eigenmode frequency on ballooning driving term by α for ε0 = 0.2, s = −0.25. It is independent of

toroidal Alfvén frequency gap, denoted by the two dot-dash lines . When α is bigger than 1.4, the eigenmodes

are out of the toroidal Alfvén frequency gap. Odd-parity eigenmode frequencies are shown in Fig. 2(b). Higher

frequencies are also observed for these odd modes in the negative magnetic shear case.

Fig. 2. (a) Even-parity eigenmode frequencies (ΩU and ΩL denote the toroidal Alfvén frequence gap) and (b)

odd-parity eigenmode frequencies versus α for ε0 = 0.2, s = −0.25. The solid line and dot line represent the

real and the imagine parts, respectively.

We plot the potential and the eigenmode structures for s = −0.25 and α = 1.57 in Fig. 3(a). The

corresponding complex eigenmode frequency is Ω = Ωr + iΩi = 0.596− i 1.123× 10−4. The case for s = −0.25

and α = 2 is displayed in Fig. 3(b). The corresponding complex eigenmode frequency is Ω = Ωr + iΩi =

0.67− i 2.23×10−5. We can see that the damping rate of waves (absolute value of the imagine part of the mode

complex frequency) becomes small as α increases. The reason is that as α increases, the potential well becomes

deeper as shown in Fig. 3(c). The deeper potential well can better trap the eigenmodes so that the damping

rate decreases as α increases.

Fig. 3. (a) Potential and eigenmode structures for s = −0.25 and α = 1.57; (b) potential and eigenmode structures for

s = −0.25 and α = 2 (the solid line represents the real part of δϕ, the dot line refers to the imagine part of δϕ, and the

dot-dash line denotes the structure of potential), and (c) the potential structures for s = −0.25 with α = 1.0 (dot-dash

line), 1.57 (solid line), and 2.0 (dot line).
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From Figs. 4(a)–4(c), we can see that the mode damping rate becomes small as the absolute value of s

decreases. The reason is that as the absolute value of s decreases, the potential well becomes deeper, which is

shown in Fig. 4(d). The deeper potential well can better trap the eigenmodes so that the damping rate decreases

as the absolute value of s decreases.

Fig. 4. (a) Even-parity eigenmode frequencies versus s for ε0 = 0.2 and α = 1.45; (b) potential and eigenmode

structures for s = −0.1; (c) potential and eigenmode structures for s = −0.3 (in panels (b) and (c), the solid

line is the real part of δϕ, the dot line is the imagine part of δϕ, and the dot-dash line is the potential); (d) the

potential structures for α = 1.45, with s = −0.1 (dot line), −0.2 (solid line), and −0.3 (dot-dash line).

The other steady-state operation scenario is for the case where an internal transport barrier exists.[8] It is

a long time(> 3000 s) steady-state discharge with negative magnetic shear. In this case the absolute value of s

is higher than that in the first case. From Figs. 5(a)–5(c), we can see that for s = −0.8 and α = 4 there indeed

exist discrete Alfvén eigenmodes with small damping rates. They are well trapped in the potential wells.

Fig. 5. (a) Potential structures versus θ; (b) even eigenmode structures versus θ; (c) odd eigenmode structures

versus θ for ε0 = 0.2, s = −0.8, and α = 4. The solid line represents the real part of δϕ, the dot line refers to

the imagine part of δϕ in both panels (b) and (c).

We use parameters s and α in the high |s| operation to investigate the stability features of the discrete

Alfvén eigenmodes for this long-time steady state operation scenario. First, we scan s for α = 3.5 and plot the

even and the odd eigenmode frequencies in Fig. 6(a) and 6(c), respectively. We then scan α for s = −0.8 and

display the even and the odd eigenmode frequencies in Figs. 6(b) and 6(d), respectively. We can see that there
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exist plenty of discrete Alfvén eigenmodes in this scenario.

Fig. 6. (a) Even-parity eigenmode frequencies versus s for α = 3.5; (b) even-parity eigenmode frequencies versus α for

s = −0.8; (c) odd-parity eigenmode frequencies versus s for α = 3.5; (d) odd-parity eigenmode frequencies versus α for

s = −0.8. ε0 = 0.2 is used for all the four cases. The solid and the dot lines represent real and imaginary components,

respectively.

We have studied the discrete Alfvén eigenmodes and presented the stability features in the two steady

state operation scenarios. There exist plenty of αTAEs, which are quasi-marginally stable. They could, thus,

be readily excited by energetic particles and become unstable. Therefore, the αTAE is important in ITER

operation with negative magnetic shear.

4. Conclusions

Based on the ideal MHD description and the (s, α) tokomak model equilibrium, we investigate the αTAE

in two typical operation scenarios of ITER with negative magnetic shear. There exist plenty of discrete Alfvén

eigenmodes in both typical cases. We study the stability features of the eigenmode in these scenarios. We can

see that the discrete Alfvén eigenmodes in negative magnetic shear cases are similar to the positive magnetic

shear case. They are independent of the toroidal Alfvén frequency gap, and they are also trapped in α-induced

potential wells with negligible tunneling damping rate. These quasi-marginally stable eigenmodes could be

readily driven to be unstable by energetic particles. Therefore, our studies indicate that these discrete Alfvén

eigenmodes are important in the ITER operations with negative magnetic shear.
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