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For the Raman interaction between an atom and a two-mode cavity field prepared in the state |01) or |10), the

atom and the field can be disentangled periodically. Such a property of Raman atom—field interaction allows the full

entanglement transfer among many atoms and bimodal cavities. In the calculations, each atom is assumed to interact

with its own cavity at a different time and so non-identical atoms can be treated conveniently. Entanglement sudden

death is discussed too. Though atom—field interaction greatly changes the values of the concurrence for two atoms,

configuration of the concurrence is almost not affected. When there is entanglement sudden death, atoms and cavities

can still be entangled with one another. However, full entanglement transfer cannot be achieved for such systems with

Raman atom—field interaction.
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1. Introduction

Quantum entanglement displays nonlocal cor-
relations between different quantum systems. In
quantum information processing such as quantum
communication!! 3! and quantum computation,4—6
entanglement plays the key role. Often, quantum in-
formation needs to be transferred between different
systems. Therefore, there are many investigations on
entanglement transfer from light to qubits(’—'8 and
from atoms to fields.'"19) The linear entropy!20:2%]
and the von Neumann entropy?2=24 are usually used
to measure the entanglement in pure states. For two
qubits in mixed states, entanglement can be measured
by the negativity of the partial transposition of the re-
duced density matrix[?526! or the concurrence,?7—2
which is defined as C' = max [0, 2max [A;] — Zf )\Z},
where \; are the square roots of the eigenvalues of the
matrix R = pSp*S with p being the density matrix
of the system and S = 01y ® o2, (01, and o, are
Pauli matrices). In the studies of entanglement trans-
fer, atoms are assumed to interact with cavity fields
simultaneously. Actually, such a requirement is un-
necessary. Within a quantum network, entanglement
may evolve among atoms and cavity fields freely. So,
we discuss the case that each atom interacts with its
own cavity field at a different time.

Recently, the phenomenon of entanglement sud-
den death[°—34 has become another hot topic. If

two atoms, say atoms 1 and 2, are initially entan-
gled, atom—field interactions in lossless cavities can
cause the atom—atom entanglement to fall abruptly
to zero and remain zero for a period of time before
entanglement recovers.!3%31 However, in these cases,
the atom—atom entanglement is calculated after trac-
ing over the field variables. So, zero of atom-atom
entanglement does not mean that states of atoms 1
and 2 have nothing to do with each other. Actually,
atom 1, atom 2 and the field are correlated with one
another. To reflect the entanglement properties of the
whole system, we further study the atom-field entan-
glement and the entanglement of each atom with the
rest part of the system.

Light fields in maximally entangled number states
can maximally entangle atoms initially prepared in
ground states.['6] For other initial states of atoms,
there is no such result. Intensity-dependent coupling
may improve the entanglement transfer.''J But, such
a model of atom—field interaction needs to be tested
experimentally. In this paper, we discuss entangle-
ment transfer and entanglement sudden death in sys-
tems of atoms and cavities by using the Raman atom-—
field interaction,®=37 which turns out to be able to
allow full entanglement transfer among atoms and cav-
ities. In the next section, we describe the model we
use. The third section is the entanglement transfer
among atoms and cavity fields. The phenomenon of
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entanglement sudden death3—33 is discussed in the

fourth section. The final section is a summary.

2. The model

We consider the system with many two-level
atoms and high-Q) cavities prepared in the zero- and
[10). Initially, the atoms
Then, each
atom is injected into one cavity and interacts with

one-photon state |01) or
and the cavity fields do not interact.

the field independently. Adjusting the velocity of
l

the atom, the time that the atom stays in the cav-

cos(A,t), —i

int

U; (t) = exp (—iH.(j)t) =

NsaTh.
—1)\jajbj 5

ity or the corresponding atom—field interaction time
can be controlled. In the interaction picture, the on-
resonant interaction Hamiltonian for the Raman cou-
pled model®>—37] reads

HY) = Nj(a;bt les) gil + lgg) (elafby), (1)

where a;', b;-" and a;, b; are the creation and anni-
hilation operators of the two-mode fields in the j-th
cavity, respectively A; is the atom—field coupling con-
stant. We have assumed that the j-th atom enters the

j-th cavity. The evolution operator is found to be

. sin(A;t)
’ (2)
sin(A;t) cos(B,1)

A

where A; = \j4 /aja;'b;'bj and B; = A a;'ajbjbj. By some calculations, we have the following results

U;(t5)19;) 01); = [g;) |01);, U;(t;) lej) 110); = [ej) [10)
Uj(t;) 1g5) 110); = |g;) [10); cos(Ast;) —ile;) [01), sin(A;t;),
Uj(t;) lej) 101); = [e;) [01); cos(A;t;) —ilg;) [10), sin(A;t;),

where ¢; is the time of the j-th atom interacting with
the j-th cavity field. For the benefit of following dis-
cussions, we define the scaled time T} = A;t;. For the
scaled time, the period is 27. It is easy to see that
at the times T; = 7/2, m, 37/2, and 27, the atom
and the field are disentangled. Such properties allow
full entanglement transfer among atoms and cavities,

which is displayed in the following section.

3. Entanglement transfer among

atoms and cavities

Here, we first consider an example that there are
two atoms (named atoms 1 and 2) and one cavity
(named cavity 1). The two atoms are initially in the
entangled state

—~ o~
T = W
= T

The concurrence of this state is Ci2 = 2 |cos asina.
Assuming that atom 1 enters cavity 1 prepared in
the state |01), the wave function of the whole system

evolves into

19 (t1))

Ui(t) [12) [01),
|g1g2) |01), cos o + |e1ez) |01), sin v cos Ty

—ilgiez2) [10), sinasin T, (7)

where T7 = A1ty is the scaled time. When T = 7/2,
the state (7) becomes

[¥(t1)) = lg1) (cos ar[g2) [01), —isiner[10), |e2)), (8)

which means that atom 1 is disentangled from the sub-
system formed by atom 2 and cavity 1, which has the
concurrence 2 |cos asin . The entanglement of atoms
1 and 2 is completely transferred to atom 2 and cavity
1. For the state (7), the reduced density matrix for

[{12) = cosa|g1g2) +sinaleres) . (6)‘ the two atoms is
.2 2 L.
sin“ avcos?* Ty, O, 0, 3 sin(2«) cos Ty
0, 0, 0, 0
pi2(t1) = ) (9)

0, 0, sin? asin® 77, 0

1

3 sin(2«) cos T1, 0, 0, cos? o
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where the matrix basis is chosen as |ejes), |e192),

g1€2) and [g1g2).
2|cos asin v cos Th|. Within one period, this concur-

The concurrence is Ci2(Ty) =

rence is zero only when 77 = /2, 37/2. So, there is

no phenomenon of entanglement sudden death.[39:31]
If there is another cavity (say cavity 2) and atom

2 is injected into this cavity, the wave function of the

two atoms and the two cavities will become

[ih(t1,t2)) = Ultz) [¢(t1)) [10),
= |g1g2) |01), |10), cos acos T
—1i|g1e2) |01), |01), cos asin T
+ lerea) [01), |10), sin cvcos Ty
—i|g1e2)[10), |10), sin arsin 77, (10)

where cavity 2 is supposed to be in the state |10) ini-
tially. At Ty, To = /2, 3w /2, the two atoms and the
two cavities are disentangled. The two cavities are
now in the state

|01), |01), cos o £ |10}, |10), sin cx. (11)

The state of the two atoms is |g1e2), or one atom is in
the ground state and the other in the excited state.
The concurrence of state (11) is also 2|cosasin .
That is to say, entanglement of the two atoms is fully
transferred to the two cavities. Here, Ay = Ay and
T1 = Ty are not needed. At T3, To = m, 2w, the two
atoms and the two cavities are also disentangled. The
state of the two atoms is

cosa |g1g2) + sina|ejes) (12)

which has the same degree of entanglement as that of
the cavity state (11). In other words, if treating the
cavity state (11) and the atomic state |gies) as the
initial states, entanglement of the field can be fully
transferred to the atoms. When the state of the two
atoms is |ejea) or |g1ge), full entanglement transfer
can be achieved too. From the atomic state (6) to the
cavity state (11) and then to the atomic state (12),
full entanglement transfer happens among the atoms
and the cavities. The one-mode atom—field interac-
tion cannot induce the complete entanglement trans-
fer when the two atoms are not both in the ground
states. 16

Next, we consider the case that atoms are initially
in mixed states. To be specific, we suppose that there
are three atoms and three cavities. The evolution op-
erator is U (t1,t2,t3) = U(t1)U (t2)U (t3). We assume
that initially each cavity is in the state |10) and the

three atoms are in a general state represented by the
density matrix

8
Pa(0)= D puvldua) (Sval,

wv=1

(13)

where |$14) = [e1e2e3), [P2a) = |e1€2g3), |h3a) =
le1gaes), [Paa) = |g1€2€3), |#50) = |€19293); |P6a)
lg1€293), |¢7a) = [g192€3), |dsa) = |g19293) form
a basis for an eight-dimensional space. The ma-
For a pure

trix elements p,, are all constants.
state, the density operator for the three atoms has
the form pq(0) = [14(0)) (o (0)], which is a spe-
cial case of the mixed state (13). Two typical pure
states are the Greenberger-Horne—Zeilinger (GHZ)
state (1/v/2)(|ereaes) + |g19293)) and the W state
(1/v/3)(|e1eags)+|e1gaes)+|g1ezes)). The initial state
of the whole system is described by the density oper-
ator

3
p(0) = pa(0)ps(0), pr(0) = H [10); (10];. (14)

Choosing t; = t; = 0 means that atoms 1 and
2 are not injected into the corresponding cavities and
only atom 3 interacts with cavity 3. For T3 = 7/2,
the density matrix of the whole system becomes

p(0,0,7/2) = U(0,0,7/2)p(0)U*(0,0,7/2)
= paj'(0,0,W/Q)
« (TR0, 10l ) lea el 15)
where

8
Pas(0,0,7/2) = > puv|bpas,m/2) (Guas /2| .(16)

Hyv=1

The functions |¢,, ¢, m/2) are derived from |¢,,) by
making the following transformations: |e3) — [10),
and |g3) — —i|01);. In matrix form, the density op-
erator p, 7(0,0,7/2) in Eq. (16) and the initial atomic
density operator p,(0) in Eq. (13) have the same ma-
trix elements p,, , and thus have the same entangle-
ment, as the entanglement is determined by the den-
sity matrix for a multipartite system.?938 So, en-
tanglement of the three atoms is fully transferred to
atoms 1, 2, and cavity 3.

After atom 3 exits cavity 3, we inject atom 2 into
cavity 2. If choosing the interaction time T, = 37/2,
the state of the whole system will further become
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pl0.35/2.7/2) = U(0,37/2.00p(0.0.5/2)U* 0.37/2.0) = o5 0.35/2:5/2) T] e te]) 110 (10,47

where

8
paf(0737‘—/277‘—/2) = Z Puv ‘¢Maf7377/2a 71—/2> <¢uaf7 371—/2771—/2' : (18)

pyv=1

The functions |¢, 4 f,37/2,7/2) are obtained from |¢, 4 f,7/2) by carrying out the transformations: |es) — [10),

and |g2) — 4]01),. Now, the entanglement is fully transferred to atom 1 and cavities 2 and 3.

Further, injecting atom 1 into cavity 1 after atom 2 is out of cavity 2 and choosing the interaction time to

be T1 = 3m/2, the state of the whole system is then

3
p(37/2,37/2,7/2) = U(37/2,0,0)p(0,0,7/2)U* (37/2,0,0) = paf(37r/2,37r/2,7r/2)(H lej) (ej|), (19)

j=1
where
8
Par(3m/2,37/2,7/2) = > puv|buar,37/2,37/2,7/2) ($uar,37/2,37/2,7/2|. (20)
pn,v=1

The functions |¢,qf,37/2,37/2,7/2) are obtained
from |¢,qf,37/2,7/2) by the substitutions: |e;) —
|10); and |g1) — i|01),. Entanglement of the initial
atoms is completely transferred to the cavities.

If injecting the three atoms simultaneously into
the corresponding cavities, the states (16), (18) and
(20) will correspond to choosing the interaction times
(a) Ty =0, 2m, T, =0, 27, T3 = 7 /2; (b) T} =0, 2,
Ty =3mw/2, Ts = 7/2; and (¢) Th = 37/2, Ty = 37/2,
T5 = 7/2 respectively. If choosing Ty = 2k, To =
2kom, T3 = 2ksm (k1, ko, k3 are all integers), the sys-
tem will return to its initial state. So, through the Ra-
man atom—cavity-field interaction, entanglement can
be transferred among the atoms and cavities freely
and completely. For more atoms and cavities, there
are similar results.

4. Quantum states when entan-

glement sudden death happens

At first, we still focus our attention on the case
that there are two atoms (named atoms 1 and 2) and
one cavity (named cavity 1). The initial state of the
cavity is assumed to be |[n+1,n); (n is an integer)

\
and the two atoms are initially in the maximally en-
tangled state

[¥12) = (le1ga) + lgrez))/ V2. (21)

Injecting atom 1 into cavity 1, the wave function at
any time is found to be

[Y(Th)) = x1(Th) |eige) In + 1,n),
+x2(Th) [gre2) [n +1,n),
+a3(Th) [9192) [n +2,n — 1),
+z4(Th) lere2) In,n+ 1), , (22)

where

x1(Th) = = cos(v/n(n+2)T1),

V2
2a(T1) = %cos((n-l— V1),
73(T1) = = sin(v/n(n+ 2)11),
24(T)) = —%sin((n +1)Ty). (23)

Tracing over the field variables, the reduced density

matrix for the two atoms is derived

|lza(T1)[? 0 0 0
0 2 (TV)]* @1(Ty)z3(Ty) 0
1a2(Th) = 24
paraa(hy) 0 wTei() |e@P 0 >y
0 0 0 |lzs(T1)|?
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The concurrence for state (24) is found to bel3"]

Caraz = 2max{0, [z (T1)z2(T1)| — |z3(T1)za(T1)[}

= max{0, [cos((n + 1)T1) cos(v/n(n + 2)T1)‘ - ‘sin((n + 1)Ty) sin(y/n(n + Z)Tl)’}.

When n = 0, the concurrence reduces to Cpaias =
|cos Ty |, which is similar to the case in the above sec-
tion. For n = 1, the concurrence versus the scaled
time 73 is plotted in Fig. 1. Clearly, entanglement

sudden death appears.

1.0
{ \
5]
Q
5 0.6
=
]
3
o 04+
S
0.2 4 A
NIwS
0 2 4 6 8 10

T

Fig. 1. Concurrence for atoms 1 and 2 versus the scaled
time T7.

However, that the concurrence is zero does not
mean that states of atom 1 and atom 2 have nothing
to do with each other, as the system described by the
density matrix pa1a2(71) is not completely equivalent
to that described by the wave function (22). For ex-
ample, when n = 1 and T1 = 7 /4, the matrix element
x2(Ty) = 0, which results in Ca1a2 = 0. Now, the
wave function (22) has the form

W(TL)) = % cos(v/3/4) |erga) In + 1,m),

i
V2
i

V2

which means that atoms 1, 2, and the cavity field are

sin(\/gﬂ/4) l9192) [n +2,n — 1),

lerez) [n,n+1);, (26)

entangled with one another. To reflect such properties
of the original wave function (22), we should further
study the entanglement between each part and the
rest of the system.

pa1(Th) = Traz[paiaz(Th)] =

\xz(T1)‘2+|x4(T1)‘2 0

(25)

Next, we use the von Neumann entropy?2=24 to
measure the entanglement between the two atoms and
the cavity field, which can be derived from the reduced
density matrix (24)

Sa1a2(Th) = —Tr[paiaz(T1)Ibpaiaz(T1)]

= = [Bu(T1)IbB(TY)],

pn=1

(27)

where 3, (T1), p =1, 2, 3, 4, are the roots of pa1a2(71)

BL(Ty) = |ea(T0))?,  Bo(Ty) =0,
B3(T1) = |1 (T1)[* + |22(T1)|?

Ba(Th) = |as(Th)|*. (28)

As B9(Ty) = 0, the corresponding term in the sum
in Eq. (27) is taken as zero. For a pure state con-
taining two parts A and B, it is known that the von
Neumann entropy for part A is equal to that for part
B.[22-24] The von Neumann entropy for part A or part
B measures the entanglement between these two parts.
For the present system described by the wave function
(22), if part A is chosen as the two atoms, part B will
be cavity 1. Hence, the von Neumann entropy (27) for
the two atoms is equal to the von Neumann entropy
Sc1(Th) for cavity 1.

The reduced density matrix for atom 2 is further
calculated as

1 1 0
paz(Th) = Trai[paiaz(Th)] = vATE

(29)
Entanglement of atom 2 with the subsystem formed
by atom 1 and the cavity is measured by the von Neu-
mann entropy Saz2(71) = —Tr[paz(T1)bpaz(T1)] = 1.
That is to say, atom 2 is always maximally entangled
with the subsystem formed by atom 1 and cavity 1.

The reduced density matrix for atom 1 has the form

) ) (30)
0 lz1(Th)[" + |23(Th)|
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Entanglement of atom 1 with the subsystem formed

by atom 2 and the cavity is measured by the von Neu-

mann entropy

—Tr[pa1(T1)Ibpar(T1)]
—[lz2(T1) [ + [a(T0)*|Ib[Jz2(T1) |
+|za (1)) = (|2 (T1)
+ |23(T1) Pl (T1) [
+ |2s(T1) ).

Sa1(Ty)

(31)

The von Neumann entropies (27) and (31) are
shown in Fig. 2. Besides the initial time, the entropies
are nonzero all the time. Thus, each part of the sys-
tem is always entangled with the rest of the system.
In other words, atom 1, atom 2 and the cavity are
inseparable forever. Now, the initial entanglement of
atoms 1 and 2 cannot be completely transferred to

|

atom 2 and cavity 1 even if the concurrence (25) is

Z€ro.
1.6 = -
’ &
ﬁn’l ' e 'I':l‘ I"T" lﬂ‘ h

> III ‘.f 1] .'Ill [ ||‘ 1
B i 1 HE I H roLg '
e I L S A LA
| oy oy P g g
o . 1 Ly A
a I

2 0s4s

g '

8 i

= H

g 044

>

o

-
-
-

T

Fig. 2. von Neumann entropies versus the scaled time 7.
The solid and dashted curves correspond to Sa1(71) and

Sa1a2(Th) = Sc1(Th) respectively.

Now, we turn to the case that there is another cavity, say cavity 2 prepared in the state |m + 1, m), (m is
an integer), and atom 2 is injected into this cavity. The wave function (22) further evolves into

1Y(Th, Tz)) = 21(T1) cos[(m

)
—ix3(Ty)sin[(m

+ DTl le1ga) In + 1,m), Im + 1,m),

)
—iza(Th)sin[v/m(m + 2)T] lerga) In + 1,n); Im +2,m — 1),
( + 1)T3]|gre2) [n+2,n —

1), fm,m + 1),

+xo(Th) cos[v/m(m + 2)Ts] |giez) In + 1,n), |m + 1, m),

)
+xz3(Ty) e
—iza(Th)

)

— iz (Th)sin[(m

os[(m + 1)T3] [g1g2) In +2,n —

sin[y/m(m + 2)1s] |g192) [n + 1,n), [m +2,m — 1),

+ 1)1 |eres) In + 1,n); |m,m + 1),

1), m+1,m),

The reduced density matrix for the two atoms is derived as

pa1az(T1,Tz) =

where the matrix elements are

= |@4]? sin?

Z4 = |$2|2 SiIl2

+a4(Th) cos[v/m(m + 2)Ts] |erez) n,n + 1), |m + 1,m), . (32)
z1 0 0 0
0 0
Z2 223 ’ (33)
0 Z;S zZ3 0
0 O 0 24
|4 cos?(y/m(m + NTy) + |z1] s1n2((m + 1)Ty),
m(m + 2)Ts) + |21|* cos?((m + 1)T3),
m(m + 2)T3) + |zs|* sin?((m + 1)Ty),
m(m + 2)Ts) + |a3|* cos?((m + 1)T3),
1)T3) cos(v/m(m + 2)Ts). (34)

(
(
= |x2|20052(
(
(

zo3 = x125 cos((m +

The square roots of the eigenvalues of the matrix R =

paiaz(Th,T2)Sparaz(T1,T2)*S are

094206-6
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A1 = |z23] + V2223, A2 = |[223] — /2223],
)\3 = )\4 = \/Z124. (35)

The concurrence is significantly affected by the inter-
action of atom 2 with the cavity 2. When (m+1)T, =
(2k2 4+ 1)7/2, the matrix element zo3 and so the con-
currence are zero for arbitrary 77. The density ma-
trix (33) now describes a disentangled mixed system
for the two atoms. For T, = 0.57 and 27, the concur-
rence is plotted in Fig. 3. Entanglement sudden death
still happens. For different interaction times T5, ex-
treme values of the concurrence are different. But the
configuration keeps basically the same. Change of m
does not change the configuration either.

-1

Concurrence
--f---

Fig. 3. Concurrence for atoms 1 and 2 versus the scaled
time 77 when Th = 0.57 (solid line), 27 (dashed line).

The wave function still reveals the permanent correlation among the atoms and cavities. For example, for

the parameters m = n = 1, Ty = 215 = 7/2, the concurrence is zero and the wave function (32) takes the form

[Y(Th, Tz)) N

1
— ——sin[V3n/4] [gies) |n + 2,n — 1), [m,m + 1),

' .
75 cos[V/3/4] grea) [+ 1)y [m + 1,m)y + —=[giga) [+ 1), [m + 2,m — 1),

V2

V2

_ i cos[V3m/4] lerez) [n + 1,n), [m,m + 1),, (36)

V2

which shows that the atoms and the cavities are entan-
gled with one another. The von Neumann entropy for
atom 1 is the same as that given by Eq. (31). Chang-
ing n and 77 in Eq. (31) into m and T5 respectively,
we obtain the von Neumann entropy for atom 2. From
the above discussions related to Fig. 2, we know that
each atom is always entangled with the rest part of
the system. Entanglement of atoms with the cavities
is quantified by the entropy

Sa1a2(Th, T2) = —=Tr[paraz(T1, T2)bparaz(T1, T2)]
1
= = [au(T1, To)lbay, (T1, To)], (37)
p=1
where «,(T1), (0 = 1, 2, 3, 4) are the roots of
paia2(T1,Tz) given by Eq. (33)

041(T1,T2) = 2‘1(T1,T2)7

1 1
02T, ) = 5 (2 + 28) = 5/ (22 — 20)2 + 423,

1 1
0s(T1, Te) = 3 (22 + 2) — 51/ (22 — 20)2 + 425,
Oé4(T1) = Z4(T1,T2). (38)

For Th = m/2, the entropy versus the interaction time
T, is plotted in Fig. 4. Numerical calculations show

that this entropy is nonzero except that at the initial
time. That is to say, atoms and cavities are always
entangled.
1.6
14

1.2

1.0

|

Ts

von Neumann entropy

o
=
.
-
-
-
-
o

Fig. 4. von Neumann entropy Saiaz(71,72) versus the
scaled time T» for T1 = /2.

5. Summary

Transfer and sudden death of entanglement in sys-
tems of atoms and bimodal cavities are investigated.
When the cavity is initially prepared in the state |01)
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or |10), the atom and the field can be disentangled
periodically for Raman atom—cavity-field interaction.
Such a property of atom—field interaction allows full
entanglement to transfer among atoms and bimodal
cavities, no matter whether the atoms are initially in
excited or ground states. Each atom is assumed to
interact with its own cavity at a different time, and
When the cavity field
is not prepared in the state |01) or |10), entangle-

atoms can be non-identical.

ment sudden death may occur. Atom—field interac-

tion greatly changes the values of the concurrence for
two atoms, but configuration of the concurrence is al-
most not affected. Entanglement of each atom with
the rest part of the system and the atom—field entan-
glement are calculated too. These calculations show
that atoms and cavities are correlated with one an-
other even when there is entanglement sudden death,
which is also true for many other systems such as that
discussed in Refs. [30] and [31].
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