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Low dimensional chaos in the AT and GC skew profiles
of DNA sequences∗
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This paper investigates the existence of low-dimensional deterministic chaos in the AT and GC skew profiles of

DNA sequences. It has taken DNA sequences from eight organisms as samples. The skew profiles are analysed using

continuous wavelet transform and then nonlinear time series methods. The invariant measures of correlation dimension

and the largest Lyapunov exponent are calculated. It is demonstrated that the AT and GC skew profiles of these DNA

sequences all exhibit low dimensional chaotic behaviour. It suggests that chaotic properties may be ubiquitous in the

DNA sequences of all organisms.
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1. Introduction

Chaos is a ubiquitous phenomenon in nature. It is

applied to deterministic dynamical systems which are

aperiodic and exhibit sensitive dependence on initial

conditions. The researches of chaos[1−6] on one hand

advance the development of nonlinear science, and on

the other hand make chaos become a tool and method

to solve problems in other disciplines. Biological sys-

tems are complex nonlinear systems in which chaotic

phenomenon have been reported.[7−11] Therefore it is

possible that chaotic theory may be used to explain

or understand the complexity of life activity.[12]

The DNA is a nucleic acid which contains the

genetic instructions used in the development and

functioning of all known living organisms and some

viruses.[13] In living organisms, DNA does not usu-

ally exist as a single molecule, but instead as a pair

of molecules which are held tightly together.[14] These

two long strands entwine like vines, in the shape of a

double helix as shown in Fig.1. A DNA sequence is a

succession of letters representing the primary struc-

ture of a DNA molecule strand. It is made up of

four nucleotides: guanine G, adenine A, cytosine C,

thymine T, which carry the genetic information as well

as the evolutionary information of living organisms.

Consequently, manipulation, searching, and mining

useful information from these DNA sequences have

recently become a real challenge and hot subject of

research.[15−17] Nicolay et al.[18,19] use the continuous

wavelet transform to perform a space-scale analysis

of the AT and GC skews[20−22] (strand asymmetries)

in human genomic sequences, which have been shown

to correlate with gene transcription. It is shown that

the observed nonlinear oscillations are likely to dis-

play all the characteristic features of chaotic strange

attractors. They discussed the possibility that repli-

cation and gene regulation processes are governed by

a low-dimensional dynamical system that displays de-

terministic chaos.

Fig. 1. The structure of part of a DNA double helix.

We wonder if the chaotic features also exist in

the skew profiles of other organisms. In this paper,

we investigate the AT and GC skew profiles of Ar-

chaea, Bacteria, Plants and Animals, each kind with

two typical samples. The skew profiles are analysed

using continuous wavelet transform and then nonlin-

ear time series methods. The invariant measures of
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correlation dimension and the largest Lyapunov expo-

nent are calculated. It is demonstrated that the AT

and GC skew profiles of these DNA sequences exhibit

similar low-dimensional chaotic behaviour. We sug-

gest that chaotic properties may be ubiquitous in the

DNA sequences of all organisms.

2. Data

In our work the eight DNA sequences samples are

Methanosarcina barkeri str. fusaro (NC−007355.1)

and Methanosarcina acetivorans C2A (NC−003552.1)

from Archaea, Sorangium cellulosum ’So ce 56’

(NC−010162.1) and Chitinophaga pinensis DSM 2588

(NC−013132.1) from Bacteria, Oryza sativa chromo-

some 1 (NC−008394.1) and Arabidopsis thaliana chro-

mosome 2 (NC−003071.7) from Plants, contigs of Pan

troglodytes chromosome 21 (NT−106996.1) and Mus

musculus chromosome 6 (NT−039340.7) from Ani-

mals. These DNA sequences were all downloaded from

GenBank (http://www.ncbi.nlm.nih.gov/). The AT

and GC skew profiles, namely SAT = (A−T )/(A+T )

and SGC = (G−C)/(G+C)[20] in adjacent 1 kb win-

dows, are computed for each chromosome or contig.

We consider S = SAT−SGC, in order to obtain larger

fluctuation amplitudes than those displayed by each

individual skew.

3. Methods

3.1.Continuous wavelet transformation

Continuous wavelet transformation possesses the

ability to construct a time-frequency representation

of a signal that offers very good time and frequency

localization. In mathematics, the continuous wavelet

transform of a continuous, square-integrable function

x(t) at a scale a > 0 and translational value b is ex-

pressed by the following integral

X(a, b) =
1√
a

∫ ∞

−∞
x(t)ψ∗

(
t− b

a

)
dt, (1)

where ψ(t) is a continuous function in both the time

domain and the frequency domain. It is called the

mother wavelet. In our work, we use the first deriva-

tive of the Gaussian function g(0)(x) = e−x2/2/
√
2π,

namely g(1)(x) = dg(0)(x)/dx.

3.2.Phase space reconstruction

Phase space reconstruction is a powerful tech-

nique to recover the topological structure of a dynam-

ical system given by a scalar time series. The recon-

structed attractor preserves the invariant character-

istics of the original one. In our study, time delay

embedding[16] is used to reconstruct the attractor of

skew profiles.

Suppose a single system variable time series x1,

x2, . . .xN of a dynamical system is observable, accord-

ing to Taken’s theorem[23] the original phase space ge-

ometry of the system may be reconstructed in the m-

dimensional phase space. The reconstructed attractor

of the original system is given by the vector sequence:

P (i) = (xi, xi+τ , xi+2τ ..., xi+(m−1)τ ), (2)

where τ and m are the embedding delay and the em-

bedding dimension, respectively. Takens states that

for an infinite, noise free data series and a large enough

m, this procedure provides a one-to-one image of the

original system. A sufficient condition is m ≥ 2d+ 1,

where d is the dimension of the original attractor.

3.3.Time delay

A reasonable time delay τ is very important for

efficient phase space reconstruction because usually

we have to deal with a finite amount of noisy data.

A small delay will yield strongly correlated vector ele-

ments, while a large delay leads to vectors whose com-

ponents are almost uncorrelated.[24] The time delayed

mutual information method suggested by Fraser and

Swinney[25] is commonly used to determine a reason-

able delay. Unlike the autocorrelation function, the

mutual information takes into account also the non-

linear correlations. A measure of mutual information

between data of a time series X(i), i = 1, 2, . . . is

S(τ) =
∑
ij

pij(τ) ln
pij(τ)
pipj

, (3)

where pi is the probability to find a time series value in

the i-th interval, and pij is the joint probability that

an observation falls into the i-th interval and the ob-

servation time τ later falls into the j-th interval. The

first minimum of S(τ) is chosen as a delay time for

the reconstruction of phase space.

3.4. Embedding dimension

The false nearest neighbour (FNN) algorithm

suggested by Kennel et al.[26] is the most com-

monly employed method to determine the minimal
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sufficient embedding dimension. The idea of the

algorithm is the following. For each point Xn

in the time series we look for its nearest neigh-

bour Xl in an m-dimensional space. Calculate

the separation between these two points Rn(m) =√
(Xl −Xn)2 + (Xl−1 −Xn−1)2 + . . .. Then com-

pute the separation Rn(m+1) in anm+1-dimensional

space. If Rn(m+ 1) significantly exceeds Rn(m), this

point is marked as having an FNN. The criterion that

the embedding dimension is high enough is that the

fraction of FNNs is zero, or at least sufficiently small.

3.5.Correlation dimension

The correlation dimension method is used for de-

tecting the possible presence of chaos. An algorithm

suggested by Grassberger and Procaccia[27] is the most

commonly employed method. Let C(ε) be the number

of points within all the sphere of radius ε,

C(ε) =
2

N(N − 1)

N∑
j=1

N∑
i=j+1

Θ(ε− εij), (4)

where Θ is the Heaviside function defined as Θ(x) = 0 for x < 0

1 for x ≥ 0
and εij is the spatial separation be-

tween two points labeled i and j. The C(r) is called

correlation sum. A plot of logC(r) versus log r should

give an approximately straight line whose slope in the

limit of small r and large N is the correlation dimen-

sion

D2 = lim
r→0

lim
N→∞

d logC(r)

d log r
. (5)

If the system is chaotic, the slope of logC(r) vs

log r converges to m over an appropriate interval as m

increases.

3.6. Largest Lyapunov exponent (LLE)

The Lyapunov exponent measures how pre-

dictable or unpredictable the system is. For a chaotic

system, there is at least one positive Lyapunov expo-

nent. According to the methodology of Kantz,[28] we

consider the representation of the time series as a tra-

jectory in the embedding space. Assume that we ob-

serve a close return sn′ to a previously visited point sn.

Then one can consider the distance d0 = ∥sn − sn′∥ as

a small perturbation, which should grow exponentially

in time. At time t the distance is dt = ∥sn+t − sn′+t∥.

For a chaotic system one obtains |dt| ≈ d0e
λt, where

λ is the LLE. In practice, one computes

S (ε,m, t) =

⟨
ln

(
1

|un|
∑

sn′∈un

|sn+t − sn′+t|
)⟩

n

.(6)

If S (ε,m, t) exhibits a linear increase with identical

slope for all m larger than some m0 and for a reason-

able range of ε, then this slope can be taken as an

estimate of the LLE.

4. Analysis

According to Ref. [18], for each sample first we

use the continuous wavelet transform to perform a

space-scale analysis of the AT and GC skews of the

selected genomic sequences. The analysing wavelet is

first derivative of Gaussian function g(1)(x). A reason-

able filtering scale has been chosen to smooth out the

high frequency noisy fluctuations of the profile. The

denoised skew profiles are then used to phase space

reconstruction.

Fig. 2. Skew profile S of Arabidopsis thaliana chromo-

some 2 (NC−003071.7).

Fig. 3. Denoised skew profile S′ of Arabidopsis thaliana

chromosome 2 after low-pass filtering at scale s = 160 kb.
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Fig. 4. Result of mutual information method for the de-

noised skew profile S′.

Take the analysis of Arabidopsis thaliana as ex-

ample. Figure 2 shows the skew profile S of Arabidop-

sis thaliana chromosome 2. Using g(1)(x) as smooth-

ing filter, we show the skew profile obtained at the

scale s = 160 kb in Fig. 3. Mutual information method

presents its first minimum at τ = 60kb, which is cho-

sen as the appropriate time delay for phase space re-

construction as shown in Fig. 4. The results obtained

with the FNN method are presented in Fig. 5. It can

be well observed that the fraction of FNN convinc-

ingly drops to zero for m = 4. So we take the minimal

sufficient embedding dimension as 4. With τ = 60 kb

and m = 4, the reconstructed attractor is shown in

Fig. 6(e).

Fig. 5. Result of FNN method for the denoised skew

profile S′.
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Fig. 6. Reconstructed attractors of the eight samples with m = 4: (a) Methanosarcina barkeri str. fusaro (NC−007355.1)

with s = 60 kb, τ = 40 kb; (b) Methanosarcina acetivorans C2A (NC−003552.1) with s = 65 kb, τ = 40 kb; (c) Sorangium

cellulosum ’So ce 56’ (NC−010162.1) with s = 100 kb, τ = 40 kb; (d) Chitinophaga pinensis DSM 2588 (NC−013132.1) with

s = 80 kb, τ = 40 kb; (e) Oryza sativa chromosome 1 (NC−008394.1) with s = 160 kb, τ = 60 kb; (f) Arabidopsis thaliana

chromosome 2 (NC−003071.7) with s = 160 kb, τ = 60 kb; (g) Pan troglodytes chromosome 21 (NT−106996.1) with s = 160 kb,

τ = 60 kb; (h) Mus musculus chromosome 6 (NT−039340.7) with s = 160 kb, τ = 60 kb.

Next, using program d2 in TISEAN package,[28]

we obtain the correlation dimension of the denoised

Fig. 7. Estimation the correlation dimension D2 of the de-

noised skew profile S′, ε is the radius of a sphere in the phase

space.

Fig. 8. Estimation the LLE of the denoised skew profile S′.

skew profile S′ of Arabidopsis thaliana. The D2 ≈
1.25 as shown in Fig. 7. This value indicates the pos-

sible existence of low-dimensional attractor. Further,

using the TISEAN package we compute the LLE for

the denoised skew profile. In Fig. 8, the computed

LLE is the mean value of local slopes gathered from

the linear regime when m = 4, 5, 6 and converges to

0.00725. This positive value indicates the existence of

chaotic behaviour and is consistent with the estima-

tion from the correlation dimension method and the

FNN method as discussed above.

Finally, we report our results of all these eight

samples. In fact, just like what Nicolay et al. find

in human DNA sequences, we detect low-dimensional

chaotic behaviour in the skew profiles of all these DNA

sequences. Figure 5 shows the reconstructed attrac-

tors of these samples. We see that the attractors share

similar shape. They all look like two strands of inter-

secting rings. The values of the LLE and correlation

dimension of these DNA sequences are shown in Table

1. It is shown that the LLE of these samples are very

close to each other and are in the range of [0.00675,

0.0095]. The values of correlation dimension are in

the range of [1.15, 1.50]. Thus these DNA sequences

exhibit similar low-dimensional chaotic behaviour.
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Table 1. Computation of the largest Lyapunov exponents and D2 of the eight samples.

sample name λmax D2

Archaea
Methanosarcina acetivorans (NC−003552.1) 0.00775 1.15

Methanosarcina barkeri (NC−007355.1) 0.00675 1.20

Bacteria
Chitinophaga pinensis (NC−013132.1) 0.0095 1.50

Sorangium cellulosum (NC−010162.1) 0.00925 1.35

Plants
Arabidopsis thaliana (NC−003071.7) 0.00725 1.25

Oryza sativa (NC−008394.1) 0.00675 1.30

Animals
Pan troglodytes (NT−106996.1) 0.00705 1.30

Mus musculus (NT−039340.7) 0.00715 1.31

5. Conclusion

In summary, we have investigated the DNA sequences of eight samples from archaea, bacteria, plants and

animals. After denoising with continuous wavelet transformation, the skew profiles of these DNA sequences are

analysed by phase space reconstruction method. Correlation dimension and the LLE indicate low dimensional

chaotic behaviour in all these skew profiles. Furthermore, the skew profiles have similar attractor shape. We

suggest that chaotic properties may be ubiquitous in the DNA sequences of all organisms.
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