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An improved impulsive control approach to robust lag
synchronization between two different chaotic systems*
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In this paper, a novel robust impulsive lag synchronization scheme for different chaotic systems with parametric

uncertainties is proposed. Based on the theory of impulsive functional differential equations and a new differential

inequality, some new and less conservative sufficient conditions are established to guarantee that the error dynamics can

converge to a predetermined region. Finally, some numerical simulations for the Lorenz system and Chen system are

given to demonstrate the effectiveness and feasibility of the proposed method. Compared with the existing results based

on so-called dual-stage impulsive control, the derived results reduce the complexity of impulsive controller, moreover,

a larger stable region can be obtained under the same parameters, which can be shown in the numerical simulations

finally.
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1. Introduction

Since the pioneering work of Pecora and Carroll, !

many different methods have been used theo-

retically and experimentally to synchronize the

chaotic systems, such as linear and nonlinear feed-
back control,2=4 backstepping control,®=7! sliding

mode control,819 adaptive control,''=! impulsive

[15—20] [21,22]

active control, nonlinear observer

1. [23—25]

control,
approac etc. Among these methods, impul-
sive control is an efficient method to deal with the
dynamical systems which cannot be controlled by con-
tinuous control methods. In addition, in the synchro-
nization process the response system receives the in-
formation from the drive system only at the discrete
time instants, which dramatically reduces the amount
of synchronization information transmitted from the
drive system to the response system and has been ap-
plied to a large number of chaotic-based communica-
tion systems which exhibit good performance for the
security purposes. 2]

Most synchronization methods are focused on
synchronizing two identical chaotic systems. However,
experimental and even more real systems are often not
fully identical. In particular, there are mismatches
in parameters of the systems. It is thus important
and also interesting to investigate synchronization be-

haviour between two different chaotic systems. Thus,

some studies on synchronization between two different
chaotic systems have been performed.[!7—1]

In Refs. [17] and [18], the robust impulsive syn-
chronizations with error bound for different uncertain
chaotic systems are proposed. However, the impul-
sive controller takes effect only when the error satisfies
lle]] > & (constant & > 0 refers to the synchronization
error bound), and once the error magnitude |e]| is
less than or equal to &, the criteria in Refs. [17] and
[18] will become unsupported. To overcome this kind
of instability, Refs. [19] and [20] propose the so-called
dual-stage impulsive control method (corresponding
to the switch of impulsive distances d; and d3), which
can keep the error within a predetermined region. It
is worth pointing out that, the switch time is very
often short in comparison with the whole synchro-
nization process. This is to say, the dual-stage im-
pulsive method mainly uses the second impulsive dis-
tance, do. In fact, to a large extent the switch increases
the complexity of the controller in practical applica-
tion. In this paper, we further study the robust lag
synchronization scheme described in Ref. [19], and by
establishing a new differential inequality, a novel and
efficient impulsive control method is proposed. Com-
pared with the existing results in Refs. [19] and [20],
the results in this paper are less conservative and more

practical. Some numerical simulations show the effec-

*Project supported by the Fundamental Research Funds for the Central Universities (Grant No. CDJZR10170002).
TCorresponding author. E-mail: tdma@cqu.edu.cn, mtd1118@gmail.com
© 2010 Chinese Physics Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

090502-1



Chin. Phys. B Vol. 19, No. 9 (2010) 090502

tiveness and feasibility of the proposed method finally.
Throughout the paper, R, R™ and
R™*™ denote the real number, the n-dimensional Eu-

Notations:

clidean space and the set of all n x m real matrices,
Rt = [0,00). = {1,2,...}. I de-
notes the identity matrix with an appropriate dimen-

respectively.

sion. || - || refers to Euclidean vector norm or the in-

duced matrix 2-norm. Apax(A)(Amin(A)) represents
the maximum (minimum) eigenvalue of matrix A.

2. Problem formulation and some

preliminaries

Considering channel time-delay 7, we give the
drive system at time ¢ — 7 as follows:

w(t—1n) = 1)), (1)

where z(-) € R" is the state vector, A € R™*" is
a known constant matrix, and continuous nonlinear
function f(x) € R™ satisfies the Lipschitz condition
with Lipschitz constant o > 0, i.e.

1f () —

where € R” and ¢ € R".
Assume that the parametric uncertainty satisfies

(A+AA(t—n))e(t—n)+ f(a(—

f@)| < olle -], (2)

the following assumptions:
Assumption 1 Parametric uncertainty AA(t) is
in the form of

AA(t) = EF(t)H, (3)

where E and H are the known real constant matri-
ces with appropriate dimensions, and the uncertain
matrix F'(t) € R™*" satisfies

IF@)] < 1. (4)

Assumption 21!  Parametric uncertainty
AA(t) does not destroy the chaotic behaviour of the
chaotic system (1).

We consider the response system as follows:

2(t) = (A+ AA()&() + g(&(1)), (5)

where #(-) € R™ is the state vector, A e R™™ is
a known constant matrix, and g(€) € R™ is a con-
tinuous nonlinear function. The parametric uncer-
tainty AA(t) satisfies the same assumptions as that
of AA(t), i.e. AA(t) = EF(t)H and ||F(t)|| < 1.
Due to the boundedness of the chaotic signals,
there exists a constant ¢ > 0 such that ||Z] <.

Assumption 319 For the nonlinear functions
f(-) and g(-), there exists a positive constant

1/ ()

Suppose that a discrete instant set {¢;} satisfies
0<ty <tg<...<tp <tpy1<...limg ooty = 00,
ke N, 0<ty < t;. At discrete time tz, the state
variables of the drive system are transmitted to the

—9(@)|| < pllz|. (6)

response system as the control input so that the state
variables of the response system are suddenly changed
at these instants. Therefore, the response system can
be written in the following form:

(1) = (A+ AA()Z() + g(&(t)), t # tr, k€N,
( (e

Az fk): Z(ty) — &(t;) = —Bre(ty), t =t
2(tg) =
(7)
where e(t) = x(t—n)—Z(t) = [z1(t—n) —Z1(¢), z2(t —
n)—Zo(t), ..., 2n(t—n)—7,(t)]" is the synchronization
error, limt_)t; z(t) = z(t)), limt_ﬁg z(t) = &(t;, ),

Z(t) is left-continuous at ¢ = t; which implies &(t) =
Z(ty ), Br € R™™™ are the impulsive control gains.
Azx(ty) = z(t]) —x(t; ) = 0. Then from Egs. (1) and
(7), the following error system is obtained:
éet)=(A+AA(t—n)e(t)+ h(t)
+(A-A+AA(t—n) - AA()Z(t)
+f(@(t) —g(®(1), t #tk, keN,  (8)
Aeli—i, = e(t]) — e(ty) = Bre(ty), t = tx,
e(ta_) = €o,

where h(t) = f(x(t—n)) — f(&(t)).

Note that origin e(t) = 0 is not an equilibrium

point of error system (8), which implies that it is im-
possible to achieve an accurate (complete) synchro-
nization between systems (1) and (7). Therefore,
the following definition of synchronization with error
bound is employed.

Definition 1 The synchronization between sys-
tems (1) and (7) is said to be achieved with error
bound £ > 0 if, for arbitrary initial conditions xy and
&g, the trivial solution of error system (8) asymptot-
ically converges to a predetermined neighbourhood of
the origin for any admissible parametric uncertainty
that satisfies Assumptions 1 and 2.

Here our goal is to set control gains By, and im-
pulsive distances 0y = tp — tx—1 (k € N) such that
the error magnitude ||e|| converges to a neighbour-
hood of the origin with given radius £ (i.e.

= fe € R |le| < €))

region

if the error starts with
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lle]l > &, which implies that impulsive controlled re-
sponse system (7) is synchronized with drive system
(1) for arbitrary initial conditions.

In Refs. [19] and [20], to keep the synchronization
error within region Y7 = {e € R": |le|]| < &} all along,
the so-called dual-stage impulsive control method is
proposed. If error e(t) starts with ||e|| > &, one
chooses impulsive distance d§; such that e(t) enters 1.
If error e(t) enters Y1, one chooses impulsive distance
Jdo such that e(t) enters To = {e € R":||e|| < &}. Tt
is worth noting that the time for entering Y; (corre-
sponding to 77 in Refs. [19] and [20]) is very short in
comparison with the whole synchronization process.
In other words, the main impulsive distance, which is
used for almost the whole synchronization process, is
d2. On the other hand, the switching impulsive dis-
tances will produce the complexity of impulsive con-
troller, therefore, the single impulsive controller with
d2 maybe more reasonable in the sense of the imple-
mentation simplicity. In this paper, under the same
synchronization scheme and the same parameters as
those in Ref. [19
troller to achieve the synchronization with error bound

|, we will use single impulsive con-

in which it will be proven that the derived impulsive
distance is larger than s in the simulation, and thus
the derived result is less conservative and also avoids
unnecessary expense of control energy.

Before giving our main results, we present the
following dilemma which will be employed for future

l

k
(X o

i=1 l=k—i+1

— )( H )\lexp

derivations.

Lemma 127 For any continuous function u(t) :
Rt — RT, if there exist positive constants o and 3
such that

)+ BV ul(t), £ >t" >0, 9)

then u(t) can be bounded by

u(t) < aul(t

u(t) < e Ju(tr) + g (e%“*t*) - 1) . (10)

By using the Grownwell-Bellman inequality[?”]

and some simple mathematical deduction, Lemma 1

can be obtained easily, and the details are omitted for

avoiding unnecessary presentation.

For simplicity, in the following sections, x(t — 7),
h(t), AA(t—n) and AA(t) are denoted by @, &,

(1),
AA and AA respectively.

x(t
h,

3. Main results

The following theorem will give the sufficient con-
ditions for robust stability of error system (8), which
implies that impulsively controlled response system
(7) is synchronized with drive system (1) with error
bound &.

Theorem 1 If the following conditions hold:

)\jexp(

6.
a;+1)<1,jeN, (11)

l+1)) + Xp(%) - 1> <&, (12)

then response system (7) is synchronized with drive system (1) with error bound &, where @ = Agq + 20 +
2| B H, 8 =2s(I|A— A+ E| [ H|+IEI[IHII+1), M = v/ Amax((T + Bi)T(I + By)) and A = Amax(A+

AT).
Proof Choose the following Lyapunov function:

V(e) =e'e. (13)

For t € (ty—1,tx]) and k € N, the time derivative of V(e) along the solution of Eq. (8) is

Vie(t)) = ((A +AAe+h+(A—A+AA—AA)Z+ f(&)

T((A+AA)e+h-|-(A—A—FAA—AA)CE'Ff(i)

- g(i))Te
- g(fﬁ))

=eT(A+ AT e+2e"h+eT(AA+AAT)e +2eT(A— A+ AA - AA)z + 2T (f(a) — g(&))

<(Aa+20+2 HEII IIHII)eTe + 5l

=aV(e)+ BV

(14)
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From Lemma 1, inequality (14) further becomes
le(t)l = V(@) < exp (3t~ tx-0) llett_)l| + 2 (exp (S~ tx1)) 1)

<exp( )H 1)}|+§(exp(0‘§k> 1).

On the other hand, from the second equation of Eq. (8), we obtain

e = I + Br)e(t)]| = \/eT(tk)(Fr By)T(I + Bye(tr) < Ar [le(tr)]l -

Thus, let £ =1 in inequality (15), then we will have

leto < exo (%) el + 2 (e (5] ~1) ¢ ot
letenl < exp (%5 ) lettol + 2 (exw (%5 ) ~1).

and from Eq. (16), we further have

e < A fle <t1>||<A1exp( )n (to)|+)\;ﬂ(exp (‘f)—1>

Similarly, for ¢ € (1, t2],

lewl < exp (%2 ) et + 2 (exp (%52 ) 1)

which leads to

o () (o () 2 o (38) ) 2 (o (32) )

v (2o () et 2 (s (22 (o (22) 1) (2

In general, for any ¢ € (tg, tx+1], we can deduce that

ads ) ) 5
leoll <hiesp (%2 ) daexw (%52 ) -+ dwexp (255 ) exp (%) et
+ é (x\lexp (sz) - ARExp <a5k+1> (exp <a51) — 1)
« 2 2 2
1) ) 1)
+ Agexp (?’) - ARExXp (Oz;_u) <exp (a;) — 1)
+ -+ Agexp <a6;2€+1) (exp (agk> - 1) +exp (ngﬂ> — 1) .

From inequality (11), there must exist a positive constant p < 1 such that

0.
Ajexp (a ;“) <p, jEN,

then inequality (17) further becomes

et < dhesp () fettol + 2 (i( p (20} 1)
() )

< shexp (%2 lettoll + &
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Thus ||e(t)|| < € as k — oo (or t — 00), and we can conclude that synchronization error magnitude ||e(t)| can
asymptotically converge to a value below bound &, which implies that response system (7) is synchronized with
drive system (1) with error bound &. This completes the proof. [

Remark 1 To show the reasonableness of inequality (12), next we will prove the convergence of the following

Y = Zk: (exp (0‘5’“2‘+1> — 1) < ﬁ A\ exp <0“2+1)> + exp (O“s;“> —1. (20)

=1 l=k—i+1

series:

Let § = supj,cy 0. From inequality (18), Eq. (20) becomes

Y < <exp (‘?) — 1) gpi + exp (0‘26) —1= Zz;pi (exp (O‘;) — 1) < ﬁ (exp (O‘;) — 1) . (21)

where the last inequality in (21) uses the fact p < 1. Therefore, we can obtain that the series Xy, is convergent,
which implies the reasonableness of inequality (12).
In practice, for the sake of convenience, gain matrices By are always selected as a constant matrix and
impulsive distances 0 are set to be positive constants, then we have the following corollary straightforwardly.
Corollary 1 Assume that 6, = 0 and By, = B (k € N). If the following conditions hold:

Aexp <o;5> <1, (22)

8 (exp () ~ 1)
o (1 dexp (%))

then response system (7) is synchronized with drive system (1) with error bound &, where

<&, (23)

A= \/)\max((‘[ + B)T(I + B))’

«a and 3 are defined as those in Theorem 1.
Proof Replace \; and dy in inequality (11) with A and & respectively, then one can have inequality (22).
Meanwhile, from inequalities (22) and (23), inequality (17) further becomes

le(o)] < pexp (%) et + 2 (i (e (%) 1) (l_i[mxexp (aj)) o () - 1)

< pFexp <a25) leto)l| + i( (exp (?) . 1> ikl (xexp (“j)) ©exp (“2‘5) . 1)

— oo (2 e+ (o (%) |
)
)

Blexp (%) - 1)

le(to)ll + €. (24)

Thus response system (7) is synchronized with drive system (1) with error bound £. To avoid unnecessary
iteration, the details of proof are omitted. This completes the proof. [J

4. Simulation results tems are as follows:
T = ai(x2 — 1),
Assume that Lorenz system?® drives Chen To = AT1 — T1T3 — T2, (25)
system.[29) Therefore, the drive and the response sys- &3 = T1T9 — a3T3
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and . o } sint 0 0
fli 1(I27I~1)7 o ~ AA =—-AA=0.04 0 cost O
Ty = (by — b1)¥1 — T123 + oo, (26) .
: 0 0 sint
573 = flfg — bg.ig.
From Egs. (8), (25) and (26), we can have the follow- where
ing error system:
é=(A+AAe+h+(A-A+AA-AA)E E=H=E=H =021,
+f(@) —g(®), t #t, k€N, sint 0 0
Aeli=t, = e(ty) — e(ty) = Be(ty), t = ty, F(t)=—-F() = 0 cost 0
e(ty) = eo. 0 0 sint
To compare our results with the existing ones, in
the simulation, we use the same parameters as those From f(2) = g(&) = (0,—& &3, #132)T, we have
in Ref. [19]. Let By, = B = diag{d,d,d}, and then =0

A= |d+1| Let a1 = 10, as = 287 az = 8/3, bl
by = 28 and b3z = 3, then we will have

= 35,

In this simulation, we choose o = 27.5 and ¢ = 60.
By simple computation, we can have Ay = 28.0512,
IE[IH]| = 0.04.

—a1 a0 —10 10 0 |A— A|| = 57.5257, | E||||H| =
A= as —1 0 = 28 =1 0 , Let £ = 0.5, d = —0.98, ‘unknown’ channel time-delay
0 0 —as 0 —-8/3 17 = 3 s, the initial conditions of the drive and the
response systems will be taken as g = (4, 1, 3)T
3 —bi b 0 —3535 0 and @&y = (3, —1, 5)7, respectively. Hence, from in-
A=1by=brbp 0 [=| 7280 |, equalities (22) and (23) in Corollary 1, the estimate of
0 0 —bs3 0 0 -3 bound of stable region is given by § < 1.4134 x 10~4.
|
0.2 T T T T T T T T T
el 0 MWWMWWMMM
_02 | | 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
0.2 T T
es 0 kL L LA“LA“L L L..AAL L‘AJ )/ l‘h LL l..“ul
‘”‘Y‘”"‘ nr ”‘ """”‘ ”‘V”r ‘P'ﬂ""”"
—0.2 L
0 5 10 15 20 25 30 35 40 45 50
002 T T T T T T T T T
es 0

llell

25 30 35 40 45 50

Time/s

Fig. 1.Synchronization errors and their magnitudes with § = 1.4 x 10~% and A = 0.02.
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Under the same synchronization scheme and the
same system parameters, Ref. [19] uses the so-called
dual-stage impulsive control method (i.e., under the
fixed control gain, if e(t) starts with ||e(t)|| > &, one
chooses impulsive distance 1, and if |le(t)|| < &, the
impulsive distance switches to d3), and the impul-
sive distances obtained are §; = 5.5568 x 10~* and
0y = 1.1412x10* respectively. It is worth noting that
under stronger impulsive control gain (corresponding
to A = |d+ 1] = 0.02) and higher impulsive control
frequency (corresponding to ; = 5.5568 x 10~4), syn-
chronization error magnitude ||e(¢)|| will converge to
a value below bound € in a very short time. That is
to say, to achieve the robust synchronization with er-
ror bound ¢, impulsive distance §, = 1.1412 x 10~*
is necessary for almost the whole synchronization pro-
cess. In comparison, in this paper, we use the sin-
gle impulsive controller with larger impulsive distance
§ = 1.4134 x 10~ (other parameters are unchange-
able) in the whole synchronization process, which is
less conservative (0 > do implies larger stable region)
and more practical (the switching impulsive distance
in Refs. [19] and [20] will add complexity to impulsive
controller inevitably).

Robust impulsive lag synchronization between
Lorenz system and Chen system with impulsive dis-
tance § = 1.4 x 10~* and gain coefficient A = |d + 1| =
0.02 is shown in Fig.1. As can be seen, the syn-
chronization has been achieved practically and ||e|| is

smaller than & = 0.5.

5. Conclusions

In this paper, we present an improved impul-
sive control method to synchronize two different
chaotic systems with different parametric uncertain-
ties. Based on an effective differential inequality and
the theory of impulsive differential equations, a ro-
bust lag synchronization with error bound together
with some less conservative conditions is presented
to guarantee that the synchronization error dynam-
ics can converge to a predetermined level. Compared
with the existing results, ours can obtain a larger sta-
ble region, moreover, in the sense of the implemen-
tation simplicity, the method in the paper is more
practical. Finally, numerical simulations are given to
demonstrate the effectiveness of the method.
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