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Tangent response in coupled dynamical systems
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‘We construct new unidirectional coupling schemes for autonomous and nonautonomous drive systems, respectively.

Each of these schemes makes the state of the response system asymptotically approach the first-order derivative of the

state of the driver. From the point of view of geometry, the first-order derivative of the state of the driver can be viewed as

a tangent vector of the trajectory of the driver, so the proposed schemes are named tangent response schemes. Numerical

simulations of the Lorenz system and the forced Duffing oscillator verify the validity of the tangent response schemes.

We further point out that the tangent response can be interpreted as a special kind of generalised synchronisation,

thereby explaining why the response system can exhibit rich geometrical structures in its state space.
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1. Introduction

Two or more dynamical systems can realise cou-
pling through the transmission of signals and the sys-
tems with appropriate coupling can exhibit interest-
ing dynamical behaviours, such as the synchronisation
of chaotic systems. The evolutions of two identical
chaotic systems with exactly the same initial condi-
But slight

differences in initial conditions between them make

tions will remain the same all the time.

the trajectories of the two systems diverge exponen-
tially from each other and become uncorrelated in a
short time, which is called the property of sensitive de-
pendence on initial conditions. This property shows
that the synchronisation between two chaotic systems
can be easily destroyed by slight perturbations. This
makes it difficult for chaotic systems to synchronise
with each other. Therefore, chaotic synchronisation
aims to design an appropriate coupling between two
systems so that their evolutions can satisfy a certain
relationship in the asymptotic sense (for example, an
identical relationship) though their initial conditions
are different.

In 1990, Pecora and Carrolll!! published their
seminal paper, which stimulated intense research ac-
tivities on the synchronisation of chaotic systems.
Since then, various chaotic synchronisation schemes
have been proposed and they can be subdivided into
six major classes: complete synchronisation,!'2! gen-
eralised synchronisation (GS),®~8! phase synchroni-
sation,l712 lag synchronisation,['2~19 anticipating

fCorresponding author. E-mail: yhyhyanhua@gmail.com

[16—19]

synchronisation, and projective synchronisa-

n.[20-22] a substantial amount of re-

tio Besides,
search has also been done on the applications of
chaotic synchronisation, especially in the realm of
communications.23—28]

For each of the above-mentioned synchronisation
schemes, there is a certain relationship between the
states of the drive system and the response system.
More specifically, there is an identical relationship for
the complete synchronisation and a certain functional
relationship for the GS. The phase synchronisation
refers to a property of a chaotic flow called a phase,
which has various different definitions.!*) When the
absolute value of the difference in trajectory phase be-
tween two dynamical systems is less than a specified
small positive number, the phase synchronisation oc-
curs. This means that for the phase synchronisation,
there exists a nearly identical relationship between the
phases of the states of the two systems. For the lag
or anticipating synchronisation, the trajectory of the
response system is a delayed or advanced version of
the trajectory of the driver, which implies a coinci-
dence of time-shifted states of the drive system and
the response system. The projective synchronisation
means that the states of the drive system and the re-
sponse system synchronise up to a constant ratio. In
other words, there is a proportional relationship be-
tween the states of the drive system and the response
system. In conclusion, in all the above synchronisa-
tion schemes, the state of the response system can

in some way reflect the state of the driver or a cer-
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tain property of it, say the phase. But in some cases,
besides the state of a dynamical system, the instan-
taneous rate of change of the state may also be very
important. Consider the following situations. When
the movement of a particle is studied, the instanta-
neous velocity of the particle indicates how fast and in
which direction it moves at that moment. When the
change in weather is studied, one is concerned with
air temperature as well as its instantaneous rate of
change since the latter indicates how fast the temper-
ature changes. Besides the above two examples, it
is well known that many physical phenomena can be
described by differential equations which may involve
the first-order derivatives of some variables with re-
spect to time, i.e., the instantaneous rates of change
of these variables. In some instances, the solutions
of equations exist but the equations cannot be solved
analytically. This implies that for some physical phe-
nomena, it is difficult and sometimes impossible to
describe them with exact expressions. However, the
description with differential equations may be possi-
ble and grasps the essence of the phenomena. From
the point of view of geometry, the instantaneous rate
of change can be viewed as the tangent vector of the
evolving trajectory of the dynamical system. There-
fore, the above discussion indicates that the research
on tangent vector is not only of theoretical significance
but also of physical and practical importance.

In this paper, we propose new coupling schemes
named tangent response (TR) schemes for which the
The state of
the response system of the TR scheme is not directly
related to the state of the driver but to the tangent
vector of the trajectory of the driver, which is differ-

coupling mechanism is unidirectional.

ent from the above-mentioned existing schemes. More
precisely, after some transient time, the state of the re-
sponse system at time t will be equal to the tangent
vector of the trajectory of the driver at time ¢t. In
other words, the state of the response system reflects
the rate at which the state of the driver changes with
time. We also point out that the TR can be inter-
preted as a special kind of GS and this interpretation
indicates that the coordinate system of the state space
of the response system is a nonlinear transformation
of the one of the driver.

The rest of the present article is organised as fol-
lows. In Section 2, the principles of the TR schemes
are presented. Then in Section 3, some numerical sim-
ulations are performed to verify the validity of the
proposed schemes and we interpret the TR as a spe-

cial kind of GS. Finally, we summarise our results in
Section 4.

2. Principles of tangent response

schemes

As we have mentioned in Section 1, the coupling
mechanism of the TR scheme is unidirectional and in
this section, we first consider the case where the drive
system satisfies the following autonomous system of
first-order ordinary differential equations:

&(t) = G(z(t)), (1)

where x(t) € R™ represents the n-dimensional state
vector of the driver at time ¢ and G is a map from U
to R™, with U being an open set in R”.

To construct the TR scheme, we first utilise the
linear—nonlinear decomposition method931 to de-
compose the term G(x(t)) as follows:

G(z(t)) = Az(t) + F(z(t)). 2)

The following conditions should be satisfied for this
decomposition: (i) A is an n X n real constant matrix
and the real parts of whose eigenvalues are all nega-
tive and (ii) the map F is differentiable in U, which
implies that the Jacobian matrix of F exists. Condi-
tion (i), which is also mentioned in Refs. [30] and [31],
ensures that the synchronisation can be achieved and
condition (ii) is necessary for the construction of the
response system. Combining Egs. (1) and (2), drive
system (1) becomes

z(t) = Ax(t) + F(z(t)). (3)
The response system is
y(t) = Ay(t) + DF (x(1))(Az(t) + F((1))), (4)

where DF(x(t)) denotes the Jacobian matrix of F' at
z(t), i.e., if F(z) = (Fi(x),...,F.(z))T (the super-
script T denotes transpose) and & = (x1,...,2,)7,
then DF(x(t)) = ((0Fy/0z;)(x(t)))k i=1,... n, Where k
and [ are the row index and the column index, respec-
tively.

The state y(t) of response system (4) asymp-
totically approaches the first-order derivative of the
state x(f) of driver (3), i.e., the invariant mani-
fold of systems (3) and (4) is y(t) = #(¢). This
can be proved by showing that the difference be-
tween y(t) and &(t) tends to the n-dimensional zero
vector as ¢ tends to plus infinity. Let A(t) =

y(t) — &(t), hence A(t) = y(t) — #(t). According
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to Eq. (3), we have &(t) = Az(t) + DF(x(t))x(t) =
Ax(t) + DF(x(t))(Ax(t) + F(x(t))). Subtracting it
from Eq. (4) yields g(t) —&(t) = Ay(t)— Az(t), which
is equivalent to A(t) = AA(t). Since all the eigenval-
ues of A have negative real parts, A(t) converges to
the zero vector in the limit t — oo as expected.

When the driver is a nonautonomous system of
first-order ordinary differential equations, the scheme
can be described as follows.

The driver for this case can be expressed as

z(t) = G(t, =(t)), (5)

where G is a map from an open set U C R™+! to R”.
The term on the right-hand side of Eq. (5) is decom-
posed into two parts

G(t,z(t)) = Az(t) + F(t, z(1)). (6)

For this decomposition, the matrix A and the map F
should satisfy exactly the same conditions as those for
A and F in Eq. (2). Then the driver can be written
in the following form:

&(t) = Ax(t) + F(t,x(t)). (7)
The corresponding response system is

y(t) = Ay(t) + Fi(t, z(t))
+ Fo(t, () (Az(t) + F(t,z(1))), (8)

where Fy(t,x(t)) = ((0F/0T)(T,2(t))|,_4)k=1,...n 18
an n-dimensional column vector and Fy(t, x(t)) =
((OFy/0x;)(t, 2(t)))k,1=1,...n Is & square matrix of di-
mension n.

Following a similar process to the above, one can
easily prove that the invariant manifold of systems (7)
and (8) is y(t) = &(t), which is the same as that in
the autonomous case.

In this section, we have described the basic princi-
ples of TR. In the next section, some simulation results

are presented and the TR is interpreted as a special
kind of GS.

3. Numerical simulations of tan-
gent response and its interpre-
tation as generalised synchro-

nisation

To verify the validity of the TR schemes, some nu-

merical simulations are carried out and the results are

presented in this section. Rich geometrical structures
are found in the state space of the response system,
and in order to understand this, we also discuss in this
section the interpretation of TR as a special kind of
GS.

First, we consider the case where the driver is au-
tonomous. The driver is chosen as the famous Lorenz

system: [32]

T1 = —0x1 + 0x2,
T =TT1 — To — T1T3,

T3 = —brs + 172, 9)

where 0 = 10, » = 28, and b = 8/3. Two different
decompositions of the terms on the right-hand side
of Eq. (9) are considered, which lead to two different
ways of convergence of the error vector A(t). For the
first way, the matrix A and the corresponding F(x(t))
are as follows:

-6 0 0
A=10 -3 0 |,
0 0 -1

—ox1 + oxe + 611

F(x(t)) = | roy — a9 —x123 + 322 |, (10)

—brs + x129 + T3

which obviously satisfy the conditions of decomposi-
tion scheme (2).

The corresponding response system can then be
computed from Eq. (4) and the result is as follows:

i = —6y; + (0% — 60 + or)zy
+ (=% + 50)xy — o223,

U2 = —3y2 + (—or + 2r)x; + (or — 2)xs

+ (0 =24 b)x1w3 — 0T223 — T2TH,

U3 = —y3 + (b* — b)as +ra? + oxd
— (o +b)x1Ty — 2223, (11)
The differential equations are numerically solved
by the Runge—Kutta method. The time step is taken
to be 0.01 and 10* data points are generated for each
xr and y; (for all the simulations performed in this
work, the Runge-Kutta method is used for integrat-
ing the differential equations numerically and the time
step is always chosen as 0.01). Since the eigenvalues of
A are —6, -3, and —1, the error vector A(t) converges
to the zero vector exponentially fast[®3] and the state
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space of the error system is shown in Fig. 1. In this fig-
ure, A1, Ao, and Ag are the three elements of the vec-
tor A(t). This figure shows that the coincidence be-
tween Ty, and yy, is achieved after some transient time.
This can also be verified by the plot of y; versus &y.
Figure 2, which is plotted with the 300th data point
to the last one (the data points before the 300th data
point are discarded to remove transients and here-
inafter, unless otherwise specifically mentioned, the
figures of y versus & and the ones of state spaces
of the driver and the response system are plotted in
the same way as that in Fig. 2), shows the plot of 4
versus #1. The plots of yi versus z; (k = 2,3) are
similar to the plot in Fig. 2, so they are omitted here.

2 e
Fig. 1. State space of the error system when A is chosen
as that in Eq. (10). All three elements of A(t) converge to
zero exponentially fast and this indicates that the state of

response system (11) asymptotically approaches the tan-
gent vector of the trajectory of driver (9).

200

100

—100

—200
—200

—~100 0 100 200
)
Fig. 2. Plot of y1 vs. #1. The fact that it is located al-
most on the diagonal verifies the coincidence between @1
and yi.

It is interesting to examine the state space of re-
sponse system (11), and Fig. 3 shows this from var-
ious angles of view. It is obvious that there exists
a strange-attractor-like structure in this state space.
But it is different from the strange attractor of the
Lorenz system with the above parameters. This can
be verified by comparing Fig. 3 with Fig. 4, which
shows the state space of driver (9). The existence of
the strange-attractor-like structure in the state space
of response system (11) is related to another inter-
pretation of TR. To specify this, we take the case
where the drive system is autonomous as an exam-

ple. The invariant manifold of systems (3) and (4)

is y(t) = @(t). Combining it with Eq. (1) yields
y(t) = G(x(t)), which implies that the state y(t)
of response system (4) asymptotically approaches the
image of the state x(t) of driver (3) under the non-
linear transformation G. This indicates that a special
kind of GS[) occurs between systems (3) and (4), for
which the specificity lies in the fact that the func-
tional relationship between x(t) and y(¢) is just the
function G on the right-hand side of driver (1). In
other words, when the coincidence between #(t) and
y(t) is achieved, we can deem that the coordinate sys-
tem of the state space of the response system is a
nonlinear transformation of the one of the driver. For
the Lorenz system with the above parameters, this
transformation is a smooth map from R? to R3. But
it is not a diffeomorphism because it is not injective
(There are three equilibrium points (6v/2,6v/2,27),
(—6v/2, —6+/2,27), and (0,0,0) for the Lorenz system
with the above parameters. This indicates that the
corresponding transformation is not injective.). Since
this coordinate transformation is not a simple trans-
lation or rotation, the state space of the driver is dis-
torted by this transformation. This makes the trajec-
tory observed in the state space of the response sys-
tem a distorted version of the original one in the state
space of the driver. Therefore, the strange-attractor-
like structure in the state space of response system
(11) is the distortion of the strange attractor of driver
(9). This new strange-attractor-like structure is sim-
ilar to the original one since it still has two spirals
and there remains a butterfly structure (see the pic-
ture in the lower left corner of Fig. 3). However, due
to the distortion effect of the nonlinear transforma-
tion, it is not identical to the original one. To observe
the distortion effect of the nonlinear transformation
more clearly, we consider the TR when driver (9) pro-
duces an attractive periodic orbit. The parameters in
Eq. (9) are chosen as o = 10, r = 350, and b = 8/3,
for which the Lorenz system has a globally attracting
limit cycle.?* The matrix A = diag(—10, —20, —30)
and the equations of the corresponding response sys-
tem, which are omitted here, can be obtained from
Eq. (4).
and y;. The state spaces of the driver and the response
system are plotted with the 1000th data point to the
3000th one and the results are shown in Figs. 5 and

3000 data points are generated for each xy

6, respectively. By comparing Fig. 5 with Fig. 6, one
can clearly observe that the periodic orbit in Fig. 5 is

distorted by the nonlinear transformation.
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Fig. 3. State space of response system (11). A strange-attractor-like structure exists in it.
40
20
g g 0
—20
—40
-20 —-10 O 10 20 -20 —-10 O 10 20
1 1
ZHG
—40 —20 —10 z1
50 50
g 25 o 25
0
20 0
40 — 4020 —40 40

T2 x1

Fig. 4. State space of drive system (9) with the parameters o = 10, r = 28, and b = 8/3. The strange attractor
of the Lorenz system is shown from various angles of view.

090501-5



Chin. Phys. B Vol. 19, No. 9 (2010) 090501

450 200
400

350 \
AN

3

)
(

250 —200
7100 50 0 50 100 7100 50 0 50 100
1
450
RN AARY
g g 350 \ /
| 300 NI u)
250 f
1 250
200, —200—100 0 200 —100 0 100 200

2

Fig. 5. State space of drive system (9) with the parameters ¢ = 10, r = 350, and b = 8/3. For these parameters,
the Lorenz system has a stable periodic trajectory.
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Fig. 6. State space of the response system corresponding to driver (9) with the parameters ¢ = 10, r = 350,
and b = 8/3. The periodic trajectory in it is a distortion of the one in Fig. 5.
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Now consider another decomposition of the terms
on the right-hand side of Eq. (9) with the parameters
o =10, r =28, and b = 8/3. The matrix A is chosen

as

-2 20 0
A=|-20-2 0 |, (12)
0 0 —1

whose eigenvalues are \; = —2 + 20i, Ay = —2 — 201,
and A3 = —1, where i is the imaginary unit. The
corresponding response system can be obtained from
Eq. (4). All other simulation conditions and parame-
ters are the same as those in Figs. 3 and 4. According
to the theory of system of linear first-order ordinary
differential equations, the error vector A(t) converges
to the zero vector spirally,®3] which is shown in Fig. 7.

10

5 —10
=
—20
-30

100
100

0
—50 _
Az —100-100"Y A,

Fig. 7. State space of the error system when A is chosen
as that in Eq. (12). The error vector A(t) converges to
the zero vector spirally and the coincidence between
and yi, is achieved asymptotically.

The above simulations demonstrate that the TR,
is achievable for autonomous drive system (3) and cor-
responding response system (4). Further, we can con-
trol the convergence of the error vector A(t) by ad-
justing the matrix A.

Now we consider the case where the driver is
nonautonomous. The driver is chosen as the forced

Duffing oscillator, given as

xr1 = T2,

iy = 21 — o5 — 69 + pcos(wt), (13)

where 6 = 0.25, p = 0.4, and w = 1. This system
has the form of Eq. (5) and for this parameter setting,
the system has a chaotic attractor.*®) The matrix A
is chosen as
-3 15
A= . (14)
—15 -3
The corresponding F'(¢,x(t)) can be obtained
from Eq. (6). Then according to Eq. (8), the response

system can be obtained. 6 x 10* data points are gen-
erated for each z; and y;. Figures 8 and 9 show the
state space of the error system and the plot of y; ver-
sus @1, respectively. These two figures demonstrate
that y, approaches &, asymptotically. To observe the
distortion effect of the nonlinear transformation, the
state spaces of the response system and the driver are
plotted in Figs. 10 and 11, respectively. There is a
strange-attractor-like structure in the state space of
the response system and according to the above anal-
ysis, it is the distortion of the strange attractor in
Fig. 11.

1.5

1.0r1
0.5r
>
< ot

—-0.57

-1.0 : : : :
-15 -1.0 =05 0 0.5 1.0

Aq
Fig. 8. State space of the error system of driver (13) and
the corresponding response system. As the error vector
A(t) approaches the zero vector, y(t) approaches #(t)
asymptotically.

15
1.07
0.5¢

s 0

—0.5}
—1.0f

—-1.5 : - * : :

-1.5 -1.0 -0.5 0 0.5 1.0 1.5
T

Fig. 9. Plot of y1 vs. £1, which verifies that y; converges

to o1 after some transient time.

-15 —-1.0 —-05 O 0.5 1.0 1.5
!
Fig. 10. State space of the response system corresponding
to driver (13). The strange-attractor-like structure in this
figure is a distorted version of the strange attractor of the
forced Duffing oscillator.
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1
Fig. 11. State space of drive system (13). For the param-
eters given above, there exists a strange attractor in this
state space.

This simulation has demonstrated that if the
driver is nonautonomous, then the response system
can be constructed according to Eq. (8), which ensures
that the TR between systems (7) and (8) is achievable.

In this section, we have verified the validity of the
TR schemes by applying them to the Lorenz system
and the forced Duffing oscillator. Further, we have
pointed out that the TR can also be interpreted as
a special kind of GS. In this interpretation, the state
space of the response system can be viewed as a dis-
torted version of the one of the drive system. We
have visualised this distortion effect by comparing the
state spaces of various drivers with the ones of the
corresponding response systems.

4. Conclusion

The main work of this paper and its significance
can be summarised as follows.

Several different types of synchronisations of cou-
pled chaotic systems are proposed and investigated
in the existing literature and for the major classes
mentioned in the introduction, the state of the re-
sponse system has some relationship with the one of
the driver. However, in physics one may be concerned
about the value of a physical quantity as well as its
instantaneous rate of change, which is described by
the first-order derivative with respect to time. In this
paper, we construct the TR schemes of coupled dy-
namical systems for autonomous and nonautonomous

drivers, respectively. These schemes relate the state of

the response system to the first-order derivative of the
state of the driver, or more precisely, make the former
asymptotically equivalent to the latter, which extends
the synchronisation phenomena previously discussed
in the literature. The validity of the theoretical anal-
ysis is verified by numerical simulations of the Lorenz
system and the forced Duffing oscillator.

The time evolution of a dynamical system is rep-
resented by a curve in its state space. From a geomet-
ric viewpoint, the first-order derivative of the state is
the tangent vector of the curve, which evolves as the
point moves along the curve. Since the TR schemes
make the state of the response system asymptotically
approach the tangent vector of the trajectory of the
driver, we can track the evolution of the tangent vec-
tor by observing the state of the response system. The
proposed schemes can also be understood as follows.
The evolution of the tangent vector is also a dynamic
behaviour, which accompanies the evolution of the
state of the driver. The response system describes this
behaviour in the asymptotic sense. Information about
this behaviour can be obtained by studying the evo-
lution of the response system. When the dimension of
the state space of the driver is less than or equal to
three, we can plot the trajectory of the response sys-
tem in its own state space to visualise this dynamic
behaviour, as we have done in the simulations.

Besides the above interpretation of TR, it can also
be interpreted as a special kind of GS. This interpreta-
tion shows that after some transient time, the coordi-
nate system of the state space of the response system
is a nonlinear transformation of the one of the driver.
So the attractor structure of the driver appears in the
state space of the response system in a distorted way
and this is why the response system can exhibit rich
geometrical structures, such as a strange-attractor-like
structure, in its state space.

The previous research has shown that the GS
is robust to parameter changes and noise and it
can be used to construct secure communication
systems.[*2736] Since the TR is a special kind of GS,
the proposed schemes may have potential applications
in the field of secure communications.
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