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Concurrence, tangle and fully entangled fraction
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We show that although we cannot distil a singlet from many pairs of bound entangled states, the concurrence and

the tangle of two entangled quantum states are always strictly larger than those of one of them, even both entangled

quantum states are bound entangled. We present a relation between the concurrence and the fidelity of optimal

teleportation. We also give new upper and lower bounds for concurrence and tangle.
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1. Introduction

Quantum entanglement plays a crucial role in
quantum information processing.!!! Quantum entan-
gled states have become the key ingredient in the
rapidly expanding field of quantum information sci-
ence, with remarkable prospective applications such as
quantum teleportation, quantum cryptography, quan-
tum dense coding and parallel computing.

However, it has been shown that not all of the
quantum entangled states are useful in quantum in-
formation processing. There exist bound entangled
states from which no pure entangled states can be
distilled under local operation and classical communi-
cation (LOCC).l With bound entangled states, the
entangled resource teleportation cannot be performed
better than with a classical channel, even if conclu-
sive teleportation is allowed.[! It has been shown that
bound entangled states can enhance the fidelity of tele-
portation for non-bound entangled states.[*5! How-
ever, a bound entangled state can never enhance the
teleportation fidelity of another state which is also
bound entangled.!”!

An important problem in quantum information
theory is to detect quantum entanglement. A series
of excellent results has been obtained on the separa-
bility criteria and the evaluation of measures of quan-
tum entanglement such as entanglement of formation
(EOF)[ and concurrence.[”= The calculation of en-
tanglement of formation or concurrence is complicated
except for 2x2 systems or for states with special forms.
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For general quantum states with higher dimensions or
in the multipartite case, it seems to be very difficult
to obtain analytical formulas. Instead, the lower and
the upper bounds of concurrencel'>=16/ and EQF[7]
have been estimated.

In the rest of this paper, we show in Section 2 that
although we cannot distil pure entangled states from
any bound entangled states, the concurrence and the
tangle of two entangled states will always be strictly
larger than those of one of them, even the two en-
tangled states are both bound entangled. We study
the relation between the fidelity of optimal telepor-
tation and concurrence in Section 3. We investigate
bounds for concurrence and tangle in Section 4. New
lower and upper bounds for concurrence and tangle
are derived, which can be used not only for estimating
entanglement, but also for investigating separability.
The subadditivity properties of concurrence and tan-
gle are proved in Section 5. We give conclusions and
remarks in the last section.

2. Concurrence and tangle of two

entangled quantum states

The concurrence and the tangle are two well de-
fined entanglement measures satisfying the standard
properties usually regarded as essential for a good en-
tanglement measure (see, for example, Ref. [18]).

Let Ha (resp. Hp) be an M (resp. N)-
dimensional complex vector space with |i), i =
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1,...,M (resp. |7), j = 1,...,
thonormal basis. We assume M < N for convenience.

N) used as an or-

A general pure state on H ® Hp is of the form
M N
W) =" aili) @ 13), (1)
i=1 j=1
where a;; € C satisfies normalization
M N
>3 e =
i=1j=1

For bipartite pure quantum state |¢) the concur-

rence is defined as[”9

C([¥)) = \/2(1 = Trp%), (2)
where ps = Trpli) )|, while the tangle is defined
a5l19:20]

7([9)) = C*(|¢)) = 2(1 — Trp}). (3)

The definition is extended to general mixed states
p = >, Dili) \b;| by the convex roof,

= min y i 4
{pz,|w>}zp W), )

sz (1)- (5)

Let p = > i pigrlif)(kl] € Ha ® Hp and 0 =
Dy Oivgraev [ F N K] € Har @ Hpr, and p® o =
D igntr gy Pia kO ki) aar (kK |®155") B (1] de-
note the bipartite state in the bipartite partition AA’
and BB'.

Lemma 1 For pure states |¢) € Ha ® Hp and
lp) € Har @ Hp, the inequalities

= min
{pi,l¥s)

C(l9) @ @) = max{C(|9)), C(|#))}, (6)

and

7(l¥) @ @) = max{7([¢}), 7(l¢))} (7)

always hold, the equalities hold if and only if at least
one of the states, |¢0) and |p), is separable.

Proof Without loss of generality we assume
C(Jv)) > C(|p)). First, note that

l)@le) _ )

PO =l @ plf) (8)

where pli! = TrplY)(¥], plf} = Trple)(e|, and
AOSP = Trpp ()] © [p)(el).  Let pif) =
> Ailiy(i| and pA,> = >_,;m;|j){j| be the spectral de-

compositions of pW}> and p‘“’), with 7, A; = 1 and

>_;mj = 1 respectively. By using Eq. (1) one obtains
that

T{(ph )]

= > Aoy liigli' 5|
= A7, 9)

and

From the definition of concurrence and the nor-
malisation conditions of A\; and m; one immediately

obtains
C(lv) ®1¢)) = /201 - p‘,;”ﬁ'”) )
> /201 - 1))
= C( |¢>) (11)

If one of the states [¢)) and |¢), say |¢), is sepa-
rable, then the rank of pL‘f} must be one, which means
that there is only one item in the spectral decomposi-
tion in pw. From the normalisation condition of 7; we
obtain Tr[(pljfj{gm) ]=Tr
(11) becomes an equality.

On the other hand, if both [¢) and |¢) are not

separable, there must be at least two items in the de-

[( p‘;lm )?]. Hence inequality

composition of their reduced density matrices plw> and
ple,), which means that ’I‘lr[(p‘lﬂ(@‘“‘7>
than Tr[(pV)2].

Inequality (7) also holds because for pure quan-
=C?(p). 0

By using the lemma, we have Theorem 1.

)?] is strictly larger

tum state p, 7(p)

Theorem 1 For any quantum mixed states

pEHARHE and 0 € Ha ® Hp, inequalities
Clp @ o) = max{C(p),C(0)} (12)
and

T(p © o) = max{r(p), 7(o)} (13)

hold. They become equalities if and only if at least
one of the states, p and o, is separable.

Proof We assume C(p)
Let p =}, pip; and o = >, q;0; be the optimal de-
2. 0ia;C(pi ® ;).
By using the inequality in Lemma 1 we have

= ZpinC(pi ® ;)
> ZP@%‘C(PO
= ZpiC'(pi) > C(p). (14)

> C(o) for convenience.

compositions such that C(p®0c) =

Clp®o)
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Case 1
separable, i.e. o can be written as 0 =}, g;0;, where

If one of the states p and o, say o, is

> =1 and o; are the density matrices of separable
pure states. Assume p =Y. p;p; to be an optimal de-
composition of p such that C(p) = >, piC(p;). Using

Lemma 1 we have

Clpo) < ZpinC(pi ® ;)
ij

= 2_pit;C(pi)
= Zpic(ﬂi)

— C(p). (15)

Inequalities (14) and (15) show that if o is separable,
then C(p® o) = C(p).

Case 2 If both p and o are not separable, using
Lemma 1 we have

Clpoo) = ZpiqjC(pi ® 0;)
j

> ZpinC(pi)
= Zpic(/h‘) > C(p), (16)

i.e. inequality (12) is strictly an inequality.

The inequality (13) for tangle 7 can be proved
similarly. O

Remark In Ref. [5] the author showed that any
entangled state p can enhance the teleportation power
of a state 0. This holds even if state p is bound en-
tangled. But if p is bound entangled, the correspond-
ing state o must be free entangled (distillable). From
Theorem 1, we see that even both p and ¢ are bound
entangled states, the concurrence and the tangle can
be still strictly larger than that of one state.

3. Relation between concurrence

and fully entangled fraction

Quantum entangled states are the key resources
in quantum teleportation.l?' =24 As shown in Ref. [25],
the optimal teleportation fidelity is related to the con-
For a high-
dimensional case, the optimal fidelity of teleportation

currence of a two-qubit quantum state.

with quantum state p € Ha ® Hp as an entangled
resource, and with dimensions M = N = d, is given
by [3:26]

d 1

F(p) = m]:(ﬂ) + PR (17)

where F(p) is the fully entangled fraction of p and
defined as

F(p) = Iggg(czﬁlplaﬁ% (18)

where e denotes the set of d x d-dimensional maximally
entangled states.

Theorem 2 For any bipartite quantum state
p € Ha ® Hp with dimensions M = N = d, we have

o lFw -3 (19)

Proof It is shown that for any pure state |¢)) €
[27]

C(p) >

Ha ® Hp, the following inequality holds:

2d , 1
cv) =\ 7257 (mxlwla - 7). (0

Let p =), pilti) (| be the optimal decomposi-
tion such that C'(p) = >, p:C(|;)). We have

= ZPz‘C(Wi))
> szr(maxw@ -3)
= \/7<|¢>e sz ol )

2d
— i (mastolole) - 1)
2d
=1 (70 -3)
which ends the proof. O

Inequality (19) shows a relation between the lower
bound of concurrence and the fully entangled frac-
tion (thus the optimal teleportation fidelity), namely
the fully entangled fraction of quantum state p is lim-
ited by its concurrence. Moreover inequality (19) also
gives a lower bound for concurrence which is obviously
closer than that in Ref. [27].

4. Bounds of concurrence and
tangle for bipartite quantum

systems

In this section we derive new lower and upper
bounds of concurrence and tangle for arbitrary quan-
tum states.
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We see that inequalities (12) and (13) can be re-
garded as lower bounds, respectively, for C' and 7 of a
certain state that can be achieved with the help of an-
other state. In fact, there have been many lower and
upper bounds for concurrence and tangle.[12—16,28—32]
Here we list just several important ones that will be

used in the following. In Ref. [12] a lower bound for a

= m[max(ﬂnwmlﬁ,||R(p)|\KF)_1],

(21)
where T4, R and || - ||k r represent the partial trans-

pose, the realignment, and the trace norm (sum of the
singular values), respectively.

In Refs. [14], [28] and [29], from the separabil-
ity criteria related to local uncertainty relation, co-

bipartite state p € Ha®H g, with dimensions M < N,
has been obtained as
variance matrix and correlation matrix, the following

C(p) lower bounds for bipartite concurrence are obtained:
|
- 2M(M —1)
and
8 MN(M —-1)(N -1
Co) >\ sEmaG=T <||T(P)||KF VMNOL 1 >>, (23)

where the entries of the matrices C' and T are given by C;; = (A ® AP) — M@ In) Iy ® AP), and Tj; =
(MN/2)(A @ AP), with )\?/B denoting the normalised generator of SU(M/N) that satisfies Tr{)\,?/B)\f‘/B} =
9k and (X) = Tr{pX} representing the expection value of X. It is shown that the lower bounds (22) and (23)
are independent of (21). Besides, in Ref. [15], a lower bound for tangle has been derived as
8 MN(M - 1)(N — 1)
S — ] TP
0> srvore (Tl : ,

where || X||gs = /Tr(X XT) denotes the Frobenius (Hilbert—Schmidt) norm. Experimentally measurable lower
and upper bounds for concurrence have been presented in Refs. [16] and [32] as follows:

(24)

V2T — Trl3]) < Co) < /21 - Tel2)). (25)

Since the convexity of C2(p), 7(p) > C?(p) always holds. In Refs. [19] and [20] the authors point out that
for two qubits quantum systems, tangle T is always equal to the square of concurrence C?, as a decomposition
{pi, |¥i)} achieving the minimum in Eq. (4) will have the property that C(|i;)) = C(];)) for all 4, j. But for
higher-dimensional systems we do not have similar equations. Therefore it is meaningful to derive valid upper
bound for tangle and lower bound for concurrence. In the following we derive an effective upper bound for
tangle, which can be used to estimate the entanglement of quantum states. We also derive new lower bound for
concurrence which is better than those in inequalities (21)—(23) for certain quantum states.

Theorem 3 For any quantum state p € Ha4 ® Hp, we have

7(p) < min{2(1 - Tr(p%)), 2(1 - Tr(p}))}, (26)

0>\ sarem <||T<p>|Hs _ YN DN ”) , (27)

where p4/p is the reduced matrix of p, and T'(p) is the correlation matrix of p defined in inequality (23).

Proof We assume 1—Tr(p%) < 1—Tr(p%) for convenience. From the definition of 7, we have that for pure
state ), 7(|)) = 2(1 fTr(pllZf))z). Let p =), pipi be the optimal decomposition such that 7(p) = . pi7(p;).
We have

() = D pir(p) = > pi2[l = Tr(p{ )] = 2

1 Tr Z_pxpﬁ”)?] < 2[1 - Tr(p3)). (28)
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To prove inequality (27), first note that in Ref. [15] the author obtained for pure state |)) € Ha @ Hp,

C(lw)) = ¢ ST Tl - 2= =), (20)
Using inequality va — b > /a — Vb for any a > b, we have
COO 2 \ 3w <||T<|w>>||Hs - YMNOT DV~ ”) . (30)
Now let p =), pip; be the optimal decomposition such that C(p) =3, p;C(p;). We obtain
Clp) = ZPiC<Pi) > melm <|T(pi)||HS - \/MN(M; DV = 1)>
= \/m (;pi|T(Pi)|HS - \/MN(M ; DiC 1)>
B e (HT(P)HHS _ MNOLHV ”) ,
which ends the proof. O

Measurable upper bound (26), together with the lower bound in inequalities (21)—(25), allows for the better
estimation of entanglement for arbitrary quantum states. Moreover, since the upper bound is exactly the value
of tangle for pure states, the upper bound can be a good estimation when the state is very weakly mixed. As
an example, we consider the 3 x 3 mixed state p = ((1 — p)/9)Iy + p|t) (|, where |¢) is a randomly generated
pure state, Ig is the 9 x 9 identity matrix. The upper and lower line is the upper and lower bounds for tangle
respectively. To compare the validity of the estimation of 7(p), we take p = 0.981, 0.993 and 0.998 sequentially.
As seen from Fig. 1, for weakly mixed states (with large p), the bounds provide an excellent estimation for
tangle. One can also easily find that lower bound (27) is obviously stronger than the value obtained from

inequality (23) when ||T||xr = ||T||us-

' 0.70F
0.70
0.70
0.66 0.66
2 0.65 [
=]
=
Q
M
0.62
0.60 r 0.62r
0.58
0.55 . . ‘ . (a) ] (b) 0.58 1 (c) ]
0 02 04 06 08 1.0 0 02 04 06 0.8 1.0 0 02 04 06 0.8 1.0
p = 0.981 p = 0.993 p = 0.998

Fig. 1. Upper and lower bounds for 7(p), with p = 0.981, 0.993 and 0.998 taken sequentially to show the validity

of these bounds.

5. Subadditivity of concurrence and tangle

The additivity is an important property of entanglement measures, though it is usually rather difficult to
prove. The strong subadditivity of relative entropy has been proved in Refs. [33] and [34]. In this section, we
prove the subadditivity of concurrence and tangle.
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Theorem 6 Let p and o be two mixed quantum
states in H4 ® Hp. We have

Clp®0) < Clp) + C(0)
and
T(p®o) <7(p)+7(0). (31)

Proof We first prove the theorem for pure states.
Let |¢) and |¢) be two pure states in Hq ® Hp. As-
sume that plj)) = >, Ail9)(¢] and p‘f> = > mili) (]
are the spectral decompositions of the reduced matri-
ces of pl*? and pl?), then we will have

31C0) + C(P?
1= ()] + 1 = T((p))’)

:1—2/\?+1—Z77]2-
i J

> 1*2/\127712'
ij

= 5C%(%) 19). (32)

Namely, C(ji) @ [6)) < C(11)) + C(|9)). For tangle
7, the following inequality can be obtained similarly
by changing the first inequality in inequality (32) into
am equality: 7(|9) ® |8)) < 7(1¥)) +7(16)).

Now let p = >, pipi and o =}, qj0; be two
mixed states at an optimal decomposition such that

C(p) = X, piClpy) and C(o) = X2, ¢;C(0), then we
will have

Clp) + C(o) = Zpiq]' [C(pi) + C(o;)]

> " pig;Clpi @ 0;)
i

> C(p®o). (33)

The inequality for 7 can be derived similarly. O

6. Conclusions and remarks

We investigate the concurrence and the tangle
of quantum states. It is shown that although one
can not distil singlets from many bound entangled
states, the concurrence (and the tangle) C(p ® o)
(and T7(p®0)) is always larger than max{C(p),C(0)}
(max{7(p),7(0)}) respectively. We derive a relation
between concurrence and the optimal fidelity of tele-
portation, which shows that the optimal fidelity of
teleportation is limited by the concurrence. We also
present new upper and lower bounds for concurrence
and tangle, which give rise to the better estimation
for entanglement of quantum states. Finally we prove
the subadditivity of concurrence and tangle.
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