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This paper studies the average fidelity of teleportation and thermal entanglement for a two-qubit Heisenberg XY Z

chain in the presence of both an inhomogeneous magnetic field and a Dzyaloshinski-Moriya interaction. It shows that for

a fixed D, the increase of b, will broaden the critical temperature at the cost of decreasing the thermal entanglement.

And it can modulate the inhomogeneous magnetic field and the Dzyaloshinski-Moriya interaction for the average fidelity

of teleportation to be optimal.
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In recent years, entanglement has been exten-
sively studied because it has the fascinating features
of quantum mechanics and it provides a fundamental
resource in quantum information processing, such as

quantum teleportation,!*?) quantum dense coding, >4

(5,6]

quantum cryptographic key distribution, quantum

computation,(”® and so on. As one knows that
quantum teleportation process allows the two dis-
tant parties, the sender Alice and the receiver Bob,
to utilise the nonlocal correlations of the quantum
channel initially shared by Einstin-Podolsky—Rosen
(EPR)[! pair, to teleport an unknown quantum state
lo) = al 1) +b] }), Alice makes a Bell-basis measure-
ment on her EPR particle and the unknown quan-
tum system, then Bob can reconstruct the state |¢)
with a local unitary operation on his EPR particle
according to the classical information published by
Alice.

tion scheme, the precondition is to find the quantum

Generally, for a perfect quantum teleporta-

channel. Recently, the teleportation with some solid
systems such as quantum chain becomes an attrac-
tive emerging field,19~12 A quantum chain is usually
referred as a spin chain which is a one-dimensional
array of qubits coupled permanently by mutual in-

teraction. Lately, great efforts have been taken to
study the teleportation in the one-dimensional Heisen-
berg chain,!'®=22| as it can be considered as an im-
portant source of entanglement. Yeo has studied
the teleportation in thermal entangled state of a
two-qubit Heisenberg XX chain,?3! Zhang studied
thermal entanglement and teleportation in a two-
qubit Heisenberg chain with Dzyaloshinski—Moriya
(DM) interaction.? Very recently, the Heisenberg
model, including Ising model,/?® XY model,[2¢ X X X
model, 2”7 X X Z model,[?® and XY Z model,?! have
also been widely studied. In this paper, we study the
quantum teleportation and thermal entanglement via
a two-qubit Heisenberg XY Z spin chain by introduc-
ing the Z-component DM interaction and an inhomo-
geneous magnetic field along the Z-component in the
presence of an external uniform magnetic field. By
modulating the corresponding parameters, the ther-

mal entanglement and the average fidelity can be effi-

ciently controlled.

The model Hamiltonian of our system can be de-

*Project supported by the National Natural Science Foundation of China (Grant No. 60667001).

TCorresponding author. E-mail: szhang@ybu.edu.cn

@© 2010 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

090313-1



Chin. Phys. B Vol. 19, No. 9 (2010) 090313

scribed by

_ T X Y Y z .z
H = Jyoio; + Jyoioy + J. 0705
+D.(of0; —0307)

+(B: +b.)o7 + (B, — b,)03, (1)

where J; (i = =z,y,z) are the real coupling co-
efficients with J; > 0 corresponding to the anti-

J.+ 2B, 0
0 —(J. — 2b,
- (J: = 26.)
0 Jo+J, — 2D,
Jo —J, 0

Without loss of generality, after some straightforward
calculations, the eigenvectors of this channel Hamilto-
nian is
| ¥12) = sin0;12]00) + cos bq2]11),
| Sp34> = sin 934‘01> + x cos 934‘10>, (3)
with the corresponding eigenvalues
Eyp = J, £wr,
B3y = —J, £ wo,

where

wi = \J4B2 + (1, — J,)2,

wa = /402 +4D2 + (J, + J,)? .
Jo+Jy —2D;i
Ve 4,7 FADE
Iz — Jy
+w; — 2B,
V(Je + Jy)? +4D?

+wy — 2b, '

The state of the system at thermal equilibrium
(thermal state) is p(T) = (1/2)e(=PH) where Z =
Tr[e(~#H)] is the partition function of the system, H
is the Hamiltonian of the system, § = 1/kgT, T is the
temperature, and kg is the Boltzman constant which

012 = arctan

034 = arctan

is taken to be 1 for simplicity. Therefore, the density
matrix of the system discussed above can be written
as

1 0 Uz Us 0

p(T) = )
0 Us Us O
) 0 0 Us

ferromagnetic case and J; < 0 corresponding to
the ferromagnetic case, D, is the Z-component DM
coupling parameter, B, (uniform external magnetic
field) and b, (nonuniform external magnetic field) are
the Z-component magnetic field parameters, and o
are the Pauli matrices. Under the standard bases
{]00), |01), |10), |11)}, the matrix form of Hamilto-
nian Eq. (1) can be expressed as

0 Jo —Jy,
Iz +Jy +2D, i 0
_(Jz +2bz) 0
0 Jz 72BZ

where

Uy =e P [cosh(ﬁwl) - Qwﬁ sinh(ﬁwl)} ,

1

Uy = eP/= [cosh(ﬁwg) - % sinh(ﬁwg)} ,

2
57,V AD?2 + (Jo + Jy)?

Us = —xe sinh(Bws),
wa
4D2 + (J, + J,)2
Uy = —x* el VADE + (J: + ) sinh(Bws),
w2

2
Us = P/ [cosh(ﬁwz) + 26 sinh(ﬁwg)} ,
w2
Us = e P [cosh(ﬁwl) + 5. sinh(ﬁwl)} ,
w1

§=—e P Jo=Jy sinh(Bw1),
w1
where the partition function Z is given by Z =
2[e=A7= cosh(Bw;) + 7= cosh(Bw;)]. We now study
the quantum teleportation through a two-qubit
Heisenberg XY Z chain by using the standard tele-
portation protocol.’%) Assume that the input state is
an arbitrary two-qubit pure state, such as

0 . 0
| Win) = cos §|10> + e ?sin §|01>,
(0<f<7 and 0< ¢ <2m).

(6)

Then the output state is given by[3!]

>

4,J=0,2,y,2

Pout = Pij(o; @ oj)pin(o; @ 05), (7)

where oy is the identity matrix and o; (i = x,y, z) are
the Pauli matrices, pi, is the density matrix of the in-
put state, P;; = Tr [E'p(T)] Tx[E7p(T)], 3,; Pij =
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1, and E° = |¢-) (¥~ |, B! = |7 )(d7|, E? =
| @) (@F|, B3 = |Wt)(¥T|, where |¢T) = (]00) £
111))/v/2, |¥%) = (]01) + |10))/v/2. After the cal-
culations the output density matrix can be expressed

as
a 0 0 w
1 0 b €0 ()
Pout = 55 P
zZ? 0 € ¢ 0
w* 0 0 d
where

a= (U1 + Us)(Uz + Us),

0\* 0\?
b(U2+U5)2<sin2> +(U1+U6)2(cos2) ,

A% 6\?
c:(U1+U5)2<sin2> +(U2+U5)2(C082) )
d= (U + Us)(Uz + Us),
w= (U +Us)(Us + Us) sin (e ? 4+ e~ 1?),

w* (U1+U6)(U2+U5)Sln9( 10 emi?),
U3 + U4)zel¢ sinf + 26%e" ¢ sin 6,

— 5(U3 + Uy)%e 1?sin @ + 20%e'? sin 6.

In order to describe the output quantum entan-
glement, we use Wooters’ concurrencel®? which varies
from C = 0 for a separable state to C' = 1 for a maxi-
mally entangled state. Since the density matrix in this
paper only contains non-zero elements along the main

diagonal and anti-diagonal, (i.e., in an ‘X’ formation),

the concurrence can be calculated as!3?]

C(pout) = 2max {o, le| — Vad, |w] — \/%} . (9)

Figure 1 demonstrates the Cyy; versus tempera-
ture T for different inhomogeneous magnetic field b,
when the input state is a maximally entangled state.
We can see that the C,, first maintains a stable
value at a short range of temperature 7', then it de-
creases monotonically with the increase of T. Let T}*
(k=1,2,...,
trary two curves shown in Fig. 1. At these points, the

6) be the intersection points for arbi-

Cout values corresponding to different b, are equal.
It can be easily seen that when T < TF, the Coyu
While when 7 > TF,
the Cyyt increases with increasing b,, meanwhile, we

decreases with increasing b,.

obtain a higher critical temperature. Therefore, the
inhomogeneous magnetic field is beneficial to broaden
the critical temperature at the cost of decreasing the

concurrence.
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Fig. 1. Teleported thermal concurrence Coyt as a function
of T for different inhomogeneous magnetic field b, with
the coupling constant J, = 0.95, J, = 0.05, J, = 0.2, for
a finite value of uniform magnetic field B, = 0.5 and the
DM interaction D, = 0.25.

The quality of the teleported state poyt is charac-

terised by the fidelity F(pin, Pous), defined by!>4

F(pin, pout) = {Tr(\/(pin)l/z/’out(pin)l/z) . (10)

For F(pin, pout) = 0, it means that the information is
completely destroyed in the transmission process, and
the teleportation fails. While for F(pin, Pout) = 1, it
means that the final state is identical to the initial
state. In common situation 0 < F' < 1, it results in
distortions to the quantum information at a certain
extent after being transmitted. After a straightfor-
ward calculation, the fidelity is given by

0 0
F(pin, pout) = (U2 + U5)2(sin4 5 + cos? 2)

0 071
+4sin? = cos? 3 {2(U3 + Uy)?

2

4262 cos(2¢)]

50 0
+2(Uy + Ug)?sin? = cos? —

3 5 (11)

As is well known that the fidelity can be regarded
as a useful indicator of teleportation quality. When
the input state is a pure state, the efficiency of quan-
tum communication is characterised by the average
fidelity. The average fidelity Fa of teleportation can

be formulated as[3?!

_ [JTdé [ Fsingde
B 4 '

Fa (12)

Through some straightforward algebra, we can obtain
the average fidelity as
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Fp =

4 [2e2ﬁ‘72 coshQ(Bu&) +e267: cosh2(5w1) + 287 7(‘71;;]9)2 Sinh2(5w2)

In Fig. 2, the average fidelity F is plotted as a
function of the temperature 7" under different inho-
mogeneous magnetic field b,. From the figure we can
see that the average fidelity Fs first maintains a fixed
value at a short range of temperature T then it de-
creases monotonically with the increase of T', at last T,
these four lines superpose. Let T (i = 1,2,...,6) be
the intersection points for arbitrary two curves shown
in Fig. 2. When T < T, the Fa decreases with in-
creasing b,, when T' > T, the Fa increases with in-
creasing b,. Meanwhile, increasing b, can broaden the
region where Fj is larger than 2/3 for the classical
case.

Fa

Fig. 2. The average fidelity Fia as a function of the tem-
perature 7" with different inhomogeneous magnetic field
b., where we set J; = 0.95, J, = 0.05, J, = 0.2, B, = 0.5,
D, =0.25.

In Fig. 3 we plot the average fidelity Fa as a func-
tion of the DM interaction D, with different values of
the inhomogeneous magnetic field b, at a finite tem-
perature T' = 0.1, where we set J, = 0.95, J, =
0.05, J, = 0.2 and B, = 0.5. From this figure we can
see clearly that for small b, (b, = 0), we can get the
maximum value of the fidelity Fa by increasing the
D.. Then the average fidelity Fi tends to the limited
value of fidelity 2/3 for classical communication fol-
lowing the further increase of D,. While for relatively
large value of b, (b, = 0.6), the average fidelity Fa de-
creases monotonically with the increase of D, to the

372

(13)

limited value of fidelity 2/3 for classical communica-
tion. Therefore, in order to illustrate the superiority
of quantum communication, one should take D, less
than 1.5 in the presence of the inhomogeneous mag-
netic field.
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Fig. 3. The average fidelity Fs as a function of the DM in-
teraction with the different inhomogeneous magnetic field

b, at a finite temperature T = 0.1. We work in units

where D, and b, are dimensionless.

In conclusion, we have studied the quantum tele-
portation via a two-qubit Heisenberg XY Z chain un-
der the DM coupling parameter and the inhomoge-
neous magnetic field. Our study shows that both the
concurrence and the fidelity decrease with the increase
of T, and we know that the inhomogeneous magnetic
field not only increases the output entanglement when
T > TF, but also enhances the critical temperature.
We can see that the average fidelity increases with the
increase of the inhomogeneous magnetic field when the
DM coupling parameter is set to zero. The influence
of D, on the model resembles the effects of b, when
b, is modulative. In addition, the effects of the inho-
mogeneous magnetic field on the average fidelity and
output entanglement are studied for a fixed D,. The
inhomogeneous magnetic field not only can improve
the critical temperature, but also can enhance the av-
erage fidelity.
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