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By analysing the properties of two-mode quadratures in an entangled state representation (ESR) we derive from
ESR some complicated exponential quadrature operators for nonlinear two-mode squeezing, which directly leads to
wave function of the nonlinear squeezed state in ESR.
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1. Introduction parametric down conversion is an entangled state in

) the frequency domain.'*) The conception of entan-
Because the quantum fluctuation of one quadra-

led state, has received more and more attention as it
ture of the light field in the squeezed state is less than & ’

in a coherent state, squeezed states is a very impor- can be employed in quantum teleportation, quantum

tant topic in quantum optics' =7 and has potential ap- cryptography, and quantum superdense coding.!?) For
plications in quantum communication.8=10 Besides,  analysing two-mode light field, the two-mode quadra-
it has been recognised that the two-mode squeezed tures that are characteristic of the quantum fluctua-
state (idle mode and signal mode) produced from a  tion of various states are

f+ab gl
a1 +az+a; +a ay +ay —a; —a
93/2 : 2= (Q1+Q2) /2, 23/22.1 2= (P +P)/2, (1)

with [(Q1 + Q2) /2, (Py + P,) /2] = i. It has been known that the exponential quadrature operator ei*(F2@1+Q2F1)
= eAMPAHR)(@Q14Q2)—(Qu=Q2) (P =P2)l/2-X g 5 standard two-mode squeezing operator, an interesting question
thus challenges us, i.e. how a complicated exponential quadrature operator, say, ei’\(P1+P2)2(Q1+Q2)/2, affects
squeezing. This problem seems tough. In this work we show that by analysing the properties of two-mode
quadratures in an entangled state representation!314 we can derive some generalised two-mode squeezing op-
erators in the entangled state representation (ESR), these complicated operators generate nonlinear two-mode
squeezing. The merit of the ESR of these operators lies in that they can directly lead to the wave function of
the nonlinear squeezed state in ESR.

2. Brief review of two bipartite entangled states

In Refs. [13]-[15] it has been shown that operators P; + P, and Q1 — Q2 possess a common eigenvector,
that is,

1 2 * 3
) = exp | =5 [nf* +nal —5"a} + alab| 00), 0= + i, (2)
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with the eigenvector equations

(Q1—Q2)|m) =

where a;-r (i = 1,2) are the bosonic operators

il = 6i; , and [00) is the vacuum
state in Fock space. It is Einstein—Podolsky—Rosen
(EPR)I*] who first used the commutative relation
[Q1 — @2, P+ P,] = 0 to propose the concept of

quantum entanglement and argued the incomplete-

obeying [ai, at]

ness of quantum mechanics. With using the technique
of integration within an ordered product (IWOP) of
operators,[”_lg} |n> state spans a complete and or-
thonormal space

a2
/777 ) (] =1, (4)
(€1g"y = mb(n —n")o(n" —n"). (5)
Thus we name |n) the EPR entangled state. The state
conjugate to |n) is |£), which is the common eigen-

vector of another pair of EPR commutative operators

Q1 + Q2 and P, — Py, the explicit form of |£) is

1 *
[€) = exp |~ [¢” + €af + €"al — afal| 00), (6)
which satisfies the eigenvalue equations

(Q1+Q2) [€) = V24 [€),
(P — P) [€) = V26 |E), (7)

and the completeness relation

[Toe-1 e=avie.  ®
(€€} m5(6 — €)5(6" — €7). o)

Then in Refs. [20] and [21] it has been shown that the

two-mode squeezing operator exp {)\ (aiag — alag)}

is neatly expressed as

exp [\ (afad = a102)] = [ 2w ol =

5= [ e el (1)

The overlap between these two mutually conjugate

or

states is

(nl &) = *exp[(nf ng*) /2]

Thus an interesting question that naturally arises is

(12)

whether we can derive the standard squeezing opera-
tor directly from the properties of two-mode quadra-
tures in the entangled state representation (|n) or |£)).
The answer is affirmative.

V2 [n),

(Pr+ P2) ) = V22 |n) 3)

\
3. Exponential quadrature opera-

tors for standard linear squeez-
ing
We begin with elucidating the properties of

quadrature operators in |n) state in more detail. From
Eq. (2) we see

(a1 - a$> Im =mnln), (az - af) Im) = —n"In),
(13)
and using
Lo
Pi—ﬁ(az ai); Qz—ﬂ<az+a) (14)
we have the quadrature operators behaviour in (| rep-
resentation
il (P = o) = —iv2 - o 09
(n(Q1+Q2) = 1\63772 (nl. (16)
One can check Eq. (15) by using Eq. (12),
(n| (P1 = P2) )
= V2& (1] €)
- Sseeplime-om]. (7
(n (Q1+ Q2) [€)
= \/551 (nl &)
= %51 exp [i (m&2 — &ime)] - (18)
So
L P+ P, g2 19
<77\§( 1+ 2)(Q1+Q2)—17728772<77|~ (19)
Letting 7o = eV yields
(n \1 (P1+ P2) (Q1+ Q2)
6 0
8,’:;} ay <7717772 - ey‘
0
=ig, (m,m2 = e”|. (20)
From ef)‘a%f (y) = f(y— ) and Eq. (20) we see
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i a2 _ _
IMPFP)(Q11Q2)/2 = ¢ )\ay <771a772 = ey‘ = <7717 e’ /\‘ - <7717 € /\772 ) (21)

(m,m2 e
which indicates that unitary operator elIAP1H+2)(@14Q2)=Al/2 plays a role of one-sided squeezing, it squeezes

(n] elAPHP)(@Q14Q2)=A/2 — o =A/2 (m, e_)\772’ . (22)

Using complete-orthonormal relation (4), we have

i d?n i . d?n _
IAPIHP)(Q14Q2)/2 =/7 i) (] e MPr+P)(@1+Q2)/2 — /7|n> (m, e g, (23)
which is the natural representation of eMFP1+72)(@1+Q2)/2 ip |p). Similarly, from Eq. (15) we can prove
<77‘ e~ IM@1=Q2)(Pi—P2)/2 _ <e—/\7717772| . (24)
Due to
[(P1+ P2) (Q1 + Q2), (@1 — Q2) (Pr — )] =0, (25)
we see
(m1,m2| e MR (@FQ2) = (Qu=Q2) (P = F2)l/22 {m1,m2 e MPaQtQaPy) — o> <e_>\771» e_A772| (26)
or
i —alal — — —
R e R G T (27)

From completeness (4) we indeed have usual two-mode squeezing operator
y [ d%n A A Maraz—ala}) A(P2Q14QaPy)
e / T ‘77> <e_ m, e 772| — eMaraz—ajay) _ JIA(P2Q1+Q2P1) (28)

We can make a similar discussion on the squeezing unitary operator in (£| representation.

4. Entangled state representation of some complicated exponential
quadrature operators for nonlinear squeezing

Now we turn to the nonlinear squeezing, in Eq. (2) letting 7o = 1/w, so Ow/Ony = —1/n3 = —w?, we

consider the following product of quadrature operators in (7| representation:

1 ow 0 1 0 1
wl 3 (Pr+ P2)* (Q1 + Q2) = 1\/5775371;;% <7717w' = —iﬂ% <7717w'7 (29)

then using e)‘a%f (y) = f(y+ \) we have

AP P2(QuhQ2)/2 _ VA < 1’ _ < _ ‘ _ < o 30
7 € =€ w ) - ) - ) *
(m1, 2| o U w+ V2 n 1+ V2 (30)
Noticing
(P1+ P2)* (Q1 + Q2), (P + P) (Qs +Q2)} = =2 (P, + P)* (Q1 + Q2), (31)
and using the operator identity
eATE = oA(-1)/2 B[4 B] = —\A4, (32)
we have
IANPLHP2)? (Q14Q2) /2= 1f(P1+P2)(Q1+Q2) /2
| .
= exp [iA~ [ (Pi+ Po)* (Q1 + Q) /2| e P (@ut@a)/2, (33)
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From Egs. (33) and (30) we can deduce

<7717772‘ ei)\(P1+P2)2(Q1+Q2)/2—if(PlerZ)(QlJer)/z
b '
= <771>T]2\ exp i\ e f (Pl + P2)2 (Ql + QQ) /2 e_lf(P1+P2)(Q1+Q2)/2
= {m, 2] o HI(QrQ/2 - <771, efﬁ2| ) (34)
where
~ n
" o (35)
14 \/5)\ 7 72

Using completeness relation (4) yields the following entangled state representation of this exponential quadrature

operator for nonlinear squeezing:

. . . a2
QIAPIEP) (Q11Q2) /21 F(Py+P2) (Qu+Q2) /2 :/J

Similarly, let 7; = 1/77?_1, (1 =1,2), and O7;/0n; =

—(n—1)/n}, (where n > 2), we see

(ol 5 (P + P2)" Q1 + Q2)

.= 0
= ivan-! <77|775LaT72 (N1, m2]

0 1
— iV L | a7
i(n—1) o7 <771 ey (37)
and
1 n
(nl B (Q1—Q2)" (PL — P)
0 1
B RV, e WAy 38
1 (TL ) 67’1 < n7\1/7_>17772 5 ( )
then using efAQ%f (y) = f(y — \) we have
(115 m2| eIMPLHPR)"(Q14Q2)/2 - <771, Z.i . (39)
2
<7717772| e_i)\(Q1—Q2)"(P1—P2)/2 — <$7n2 7(40)
1
where

K; = "1+ A(n—1)v2r-ipgi—t,
(J=12). (41)
In particular, when n = 2, Eq. (39) reduces

to Eq. (30). Noting that [(P;+ P2)"(Q1 + Q2),
(Q1—Q2)" (P — P)] =0, we can further derive

e AMP1+P)" (Q14Q2)—(Q1—Q2)" (P1—P2)]/2

_ [d* mone
- - 77> T 0 1
T K1 K2

Thus we obtain a new approach to deriving two-mode

. (42)

nonlinear squeezing operators.

7) (11, 721 - (36)

\
5. Wave function of nonlinear

squeezed state in ESR

The advantage of Eqgs. (42) and (36) lies in the
fact that it directly leads us to derive the wave func-
tion of the nonlinear squeezed state in ESR, i.e., it is
very convenient for us to calculate the wave function
(WF) by using the above results. For example, for

two-mode nonlinear squeezing
IANPLHP2)? (Q14Q2)/2—1f(PL+P2)(Q1+Q2) /2 1)

= Sy, (43)

whose wave function in (7| representation is given by
Egs. (36) and (5) as

2,/
IS 1) = Gl [ <2 ) 3l 0)
= (m,iel [¥), (44)

the wave function of S |1)) can be caluculated directly
by (n| ¥) . In particular, when |¢)) = |00), then from

bl o0 =exp |5 ()|, (45)
we know that the wave function is
018100} = exp |~ (1 + ).
fla = e (46)
1+2) 7 2

Thus we provide a new approach to calculating wave
functions of some two-mode nonlinear squeezed states.
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The resolution of unity in differential form for EPR
entangled state representation and its application in
nonlinear operators normal ordering expansion are
shown in Ref. [22].

In summary, after knowing the properties of

two-mode quadratures in the entangled state repre-
sentation, we derive some complicated exponential
quadrature operators for nonlinear two-mode squeez-
ing, which directly leads to the wave function of the
nonlinear squeezed state.
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